.

=13

Thé 30 Year Horizon

Manuel Bronstein William Burge  Timothy Daly
James Davenport Michael Dewar  Martin Dunstan
Albrecht Fortenbacher Patrizia Gianni Johannes Grabmeier
Jocelyn Guidry Richard Jenks  Larry Lambe
Michael Monagan Scott Morrison  William Sit
Jonathan Steinbach Robert Sutor Barry Trager
Stephen Watt Jim Wen Clifton Williamson

Volume 7.1: Axiom Hyperdoc Pages



Portions Copyright (c) 2005 Timothy Daly
The Blue Bayou image Copyright (c) 2004 Jocelyn Guidry
Portions Copyright (c) 2004 Martin Dunstan

Portions Copyright (c) 1991-2002,
The Numerical ALgorithms Group Ltd.
A1l rights reserved.

This book and the Axiom software is licensed as follows:

Redistribution and use in source and binary forms, with or
without modification, are permitted provided that the following
conditions are

met:

- Redistributions of source code must retain the above
copyright notice, this list of conditions and the
following disclaimer.

- Redistributions in binary form must reproduce the above
copyright notice, this list of conditions and the
following disclaimer in the documentation and/or other
materials provided with the distribution.

- Neither the name of The Numerical ALgorithms Group Ltd.
nor the names of its contributors may be used to endorse
or promote products derived from this software without
specific prior written permission.

THIS SOFTWARE IS PROVIDED BY THE COPYRIGHT HOLDERS AND
CONTRIBUTORS "AS IS" AND ANY EXPRESS OR IMPLIED WARRANTIES,
INCLUDING, BUT NOT LIMITED TO, THE IMPLIED WARRANTIES OF
MERCHANTABILITY AND FITNESS FOR A PARTICULAR PURPOSE ARE
DISCLAIMED. IN NO EVENT SHALL THE COPYRIGHT OWNER OR
CONTRIBUTORS BE LIABLE FOR ANY DIRECT, INDIRECT, INCIDENTAL,
SPECIAL, EXEMPLARY, OR CONSEQUENTIAL DAMAGES (INCLUDING,

BUT NOT LIMITED TO, PROCUREMENT OF SUBSTITUTE GOODS OR
SERVICES; LOSS OF USE, DATA, OR PROFITS; OR BUSINESS
INTERRUPTION) HOWEVER CAUSED AND ON ANY THEORY OF LIABILITY,
WHETHER IN CONTRACT, STRICT LIABILITY, OR TORT (INCLUDING
NEGLIGENCE OR OTHERWISE) ARISING IN ANY WAY OUT OF THE USE
OF THIS SOFTWARE, EVEN IF ADVISED OF THE POSSIBILITY OF
SUCH DAMAGE.

Inclusion of names in the list of credits is based on historical information and is as accurate
as possible. Inclusion of names does not in any way imply an endorsement but represents
historical influence on Axiom development.



ii

Cyril Alberga
George Andrews
Yurij Baransky
Gilbert Baumslag
Mark Botch
Martin Brock
William Burge
Bruce Char
Gregory V. Chudnovsky
Don Coppersmith
Gary Cornell
Timothy Daly Sr.
Jean Della Dora
Claire DiCrescendo
Martin Dunstan
Robert Edwards
Richard Fateman
Brian Ford
Constantine Frangos
Marc Gaetano
Patricia Gianni

Laureano Gonzalez-Vega

Matt Grayson
Oswald Gschnitzer
Vilya Harvey
Ralf Hemmecke
Pietro Iglio

Grant Keady
Klaus Kusche
Frederic Lehobey
Rudiger Loos
Camm Maguire
Tan Meikle
Gerard Milmeister
Michael Monagan
Mark Murray
John Nelder
Jinzhong Niu
Julian A. Padget
Susan Pelzel
Claude Quitte
Renaud Rioboo
Simon Robinson
Philip Santas
Gerhard Schneider
Fritz Schwarz
Elena Smirnova
Robert Sutor
James Thatcher
Dylan Thurston
Gregory Vanuxem
Juergen Weiss
James Wen

John M. Wiley
Stephen Wilson
Sandra Wityak

Roy Adler

Henry Baker

David R. Barton
Fred Blair
Alexandre Bouyer
Manuel Bronstein
Quentin Carpent
Cheekai Chin

Josh Cohen

George Corliss
Meino Cramer
Timothy Daly Jr.
Gabriel Dos Reis
Sam Dooley

Brian Dupee

Heow Eide-Goodman
Bertfried Fauser
Albrecht Fortenbacher
Timothy Freeman
Rudiger Gebauer
Holger Gollan
Stephen Gortler
James Griesmer
Jocelyn Guidry
Satoshi Hamaguchi
Henderson

Richard Jenks
Tony Kennedy
Bernhard Kutzler
Michel Levaud
Michael Lucks

Bob McElrath
David Mentre
Mohammed Mobarak
Marc Moreno-Maza,
William Naylor
Godfrey Nolan
Michael O’Connor
Bill Page

Michel Petitot
Norman Ramsey
Jean Rivlin
Michael Rothstein
Alfred Scheerhorn
Martin Schoenert
Nick Simicich
Jonathan Steinbach
Moss E. Sweedler
Baldir Thomas
Barry Trager
Bernhard Wall

M. Weller
Thorsten Werther
Berhard Will
Shmuel Winograd
Waldemar Wiwianka

Richard Anderson
Stephen Balzac
Gerald Baumgartner
Vladimir Bondarenko
Peter A. Broadbery
Florian Bundschuh
Bob Caviness

David V. Chudnovsky
Christophe Conil
Robert Corless
Claire Di Crescenzo
James H. Davenport
Michael Dewar
Lionel Ducos
Dominique Duval
Lars Erickson
Stuart Feldman
George Frances
Korrinn Fu

Kathy Gerber
Teresa Gomez-Diaz
Johannes Grabmeier
Vladimir Grinberg
Steve Hague

Martin Hassner
Antoine Hersen

Kai Kaminski

Paul Kosinski

Larry Lambe
Howard Levy
Richard Luczak
Michael McGettrick
Victor S. Miller

H. Michael Moeller
Scott Morrison

C. Andrew Neff
Arthur Norman
Kostas Oikonomou
Jaap Weel

Didier Pinchon
Michael Richardson
Nicolas Robidoux
Martin Rubey
William Schelter
Marshall Schor
William Sit
Christine Sundaresan
Eugene Surowitz
Mike Thomas
Themos T. Tsikas
Stephen Watt

Mark Wegman
Michael Wester
Clifton J. Williamson
Robert Wisbauer
Knut Wolf



Contents

1

[T releasenofeshll . . . . . . . . . . . . e e 1
CITT Whatisnew m Axioml . . . . . . . . . . v v v v e e e e 1
L2 Onhne Information . . . . . . . . . . . 000000 e e e e e e 3
L1l3 March 2012 Kelease Noted . . . . . . . . . . . . . . . . .« ... 4
[LT.4  January 2012 Release Noted . . . . . . . . . . . . . . ... ... .... 6
LI1o November 2011 Release Noted . . . . . . . . . . . ... ... ... ... 9
[LT.6_September 2011 Release Noted . . . . . . . . . . . . ... ... .... 12
LI.7 July 201T Release Noted . . . . . . . . . . . . . . . .. ... .... 15
LIS  May 20IT Release Noted . . . . . . . . . . . . . . .. ... ... .... 16
19 March 2011 Belease Noted . . . . . . . . . . . . . . . o . 19
[LT.TU0 January 2011 Release Noted . . . . . . . . . . . . . .. .. ... .... 21
L1 1T Navember 2010 Release Noted . . . . . . . . . .. .. ... .. ..... 24
[L.I.T2 September 2010 Release Noted . . . . . . . . . . . .. ... ... ... 26
[CTT3 July 2010 Release Noted . . . . . . . . . . . . . .. ... ... ..... 29
ILLL. 14 May 2010 Release Noted . . . . . . . . . . . . . . . . .. ... 32
[TTh March 2000 Release NOLES . . . . . v oo v e oo e e e e e s s 37
[LI.I6 _January 2010 Release Noted . . . . . . . . . . . . . .. . . ... .... 40
[T I7 Naovember 2009 Release Nofed . . . . . . . . . . . . 42
IL.1.18 deptember 2009 Rhelease Noted . . . . . . . . . . . .. ..o 45
LT.T9 July 2009 Release Nofed . . . . . . . . . . . . . . . . . .. .. .... 47
[[LT.20 May 2009 Release Noted . . . . . . . . . . . . . . . . . .. ... 49
L1 21 March 2009 Release Noted . . . . . . . . . . . .. .. ... ... .... 54
[LT.2Z2Z January 2009 Release Noted . . . . . . . . . . . . . .. .. .. .... 60
[[T23 November 23, 2008 Release Nofed . . . . . . . . ... ... ... .... 65
IL.1.24 September 25, 2008 Release Noted . . . . . . . . . . . ... ... .. 67
[LT.25 July 23, 2008 Release Noted . . . . . . . . . . . . . . . .. ... 70
[[T.26 May 27, 2008 Release Noted . . . . . . . . . . . . . v v 74
[LI.27 March 25, 2008 Release Nofed . . . . . . . . . . . . . . . . ... 75
IL.1.25 January 2o, 2008 Release Noteqg . . . . . . . . . . ... ... ... 78
IL.1.2Y9 November 2o, 2007 Release Noteqd . . . . . . . . . . .. ... ... ... 84
L.I.30 Feature Complete Release Feb 2009 . . . . . . ... . .. ... .... 88

iii



iv CONTENTS

B_Special hyperdoc paged 91
7 1 0 O 91
P11 Names of software and Tacilitied . . . . . . v o v v v, 91
B.I.2Z  Special hooks To Unix . . . . . . . v v v v v v i e e e e e e 91
PI3  HyperDoc menu macrod . . . .« ¢ v v v v v vt e e e e e e 92
B.1.4  Bitmaps and bitmap manipulafion macrod . . . . . . . . . .. ... .. 93
B.I.5 HyperDoc buffon objectd . . . .. .. . . ... ... ... ... .... 94
E.1.6 Standard HyperDoc button configurationy . . . . . . . . . . . . . . .. 94
B.I.7 _HyperDoc graphics macrod . . . . . . . . . . v v v v v v v v v 94

P I8 TeX and LaTeX compafibilify macrod . . . ... .. ... .. .. ... 95
B9 Book and .hf pagemacrod . . . . . . . . . . . ..o 97
110 Browse macras . . . . . . . . .t e e e e e e e e e e e e e e e e 100
B.I.TT Support for outpuf and graph paste-ind . . .. .. .. ... ... ... 101
E.I.T2 Hook for including a Iocal menu ifem on the rootpagd . . . . . . . .. 101
PTT3 Nof Connecfed fTo Axiomd . . . . . . . . . . ... .. ... .... 102
E.I.T4 Do You Really Want to Exitq] . . . . . . . . . . . . .. .. .. ... .. 102

B LIS MisSing Pagd . . . . . . v v v v e e e e e e e e e e e e e e e e 102
BITTI6 Something is Wrong . . . . . . . . . . .. Lo 103
.................................... 103
B__Hyperdoc paged 105
B.I rootpage.hll . . . . . . . . . . .o 105
B.I.T Axiom HyperDoc Top Level . . . . . . . . . . .. . ... ... ..... 105
B.I.Z Axiom — The Scienfific Computafion Systemd . . . . .. ... ... .. 107
B3 System Commandd . . . . . . . . . ... . o 108
B.I.4 Axiom Exampled . . . . . . . . . . ..o 109

BT h Axiom Referencd . . . . . . . . . . . ... ... ... 111
BT NAG Documentafion . . . . . . . . . . . . ... ... ... 113

3 oeb [ 119
BZ T —Abstract Algebrd . . . . . . . . . ..o 119
B.2.2Z Number Theory] . . . . . . . . . . . . . i 120

B3 alsthil . . . . . e 120
B3 T AssociafionTasl . . . . . . . L 120

3.4 [ 126
B4 T OmneDimensionalArray] . . . . . . . . . . . . o oo 126

B0 artayZ.oll . . . v v o e e e e e e e e e e e e e e e 131
B.5.T  TwoDimensionalArray] . . . . . . . . . . . o o e 131

BB hasichil . . . . . . . . . e 143
BT BasicCommandd . . . . . ... ... ... ... ... ... ....... 143
BE2Z—Calculud . . . . . . . . e 144
....................................... 145
B.7. I BalancedBinaryTred . . . . . . . . . . . . .. e 145

3.8 b 0. . 151
BT DBmarvyEXPansion . . . . . v v v v v v v e e e e e e e e e e e e e e e 151

B9 Bbmcal bl . . . . . . . . . . 156

p.Y.1  bit Map Catalog . . . . . . ... .. ... 0000 156




CONTENTS v

B 10 bop.Ifl . . . . . o o e e e 157
BIU.T _BasicOperaton . . . . . « v v v v o e et e e e e e e e 157
BT hsfree Bl . . . . . . . . . . 166
B.IT.T BinarySearchTred. . . . . . . . . . . . . . . . . . ... 166
B2 card il . . . . . . . . e e 173
12 1 CardmalNumbed . . . . . . . . . . . 0 e 173
B3 carfenDll . . . . . . . . . . e 183
BI3T CarfesianTensal . . . . . . . . v v vt e e e e e e e e e e 183
BTAd cclasshil . . . . . . . . e 209
14 T CharacterClasd . . . . . . . . . . o o o e 209
BIocharhil . . . . . . . . . e 216
Lol Characted . . . . . . . . . o o 0 e e e e e e e e e 216
B.I5.2 ClhiffordAlgebra . . . . . . . . . . . . . . . e 222
B.I5.3 The Complex Numbers as a Clifford Algebra . . . . . . ... ... .. 223
B.I5.4 The Quafernion Numbers as a Clifford Algebrg . . . . . . . . ... .. 227
B.I5.5 The Exterior Algebra on a Ihree dpacd . . . . . . .« . v .« v v v v .. 232
B.I5.6_The Dirac Spin Algebrd . . . . . . . . . . . . . ... .. ... 238
3.16 D [ 242
310 DICK . . . . e 242
BI7 conffrachil . . . . . . . . . . . . 250
L1/ 1T ContmuedBraction . . . . . . . . . . 0L e e e e e e e e e e e 250
B I8 cphelp.hfl . . . . . . . . e 267
BIRT Confral Panel Bifd . . . . . . . . . . . . . it e e e e 267
3.19 [ 267
B.I9.T Cyclelndicatord . . . . . . . . . . . . . . . . e 267
...................................... 292
B-20.T Examples Of Axiom Commandy . . . . . . . . . . . . . ... ... .. 292
0202 Ihferentiafionl . . . . . . . . . L L L L e e e e e e e e e e e e 293
BZ20.3 Infegrafiod . . . .. . . . .. .. .. o o 298
B.20.4 TLaplace Transformd . . . . . . . . . . . . . . ... ... ... . .... 305
D200 Tamitd . . . L L L e e e e e e e e e e e e e e 308
................................... 313
B20.7 2-D Graphicd . . . . . . . . . . . . .. 321
B20.8"3-D Graphicd . . . . . . . . . . . .. 323
D20 Y Seried . . oL oL L L L o L o e e e e e e e e e e e e e e e e e e e e e e 325
B20T0Smummafiond . . . . . . . . . e e 330
BT decimalBfl . . . . . . . . . . . e 336
B-2T1.T Decimal Expansion] . . . . . . . . . . . . . . .. .. ... 336
B22 derham Bll . . . . . . . . . e 340
B22.T DeRhamComplex . . . . . . . . .« . . . o et 340
B3 dHoalhll . . . . . . . . 357
2ol DoublebFloafl. . . . . . . . . L e e e e 357
B24 dmp.nifl . . . . . . e e 363
B:24.T DistribufedMultivariatePoly] . . . . . . . . . . . . . . . . ... ... .. 363
§ & 368



vi

CONTENTS

b.2(.1 EBExample ot Standard Evaluation . . . . . . . . ... .. ... .....
b.2(.2 Example of Standard Evaluation . . . . . . . ... ... ... .....

328 exdift hil

p.28.1 Computing Derivatives . . . . . . . . . . . . . ... o 00
b2x 2 Derivatives of Functions of Several Variabled

p.28.0 Derivatives ot Higher Order . . . . . . . . . . . . ... ... ... ...
p.25.4 Multiple Derivatives | . . . . . . . . . . ... o0,

p.23.0 _Multiple Derivatives I . . . . . . . .. . . . ..o
b.25.0_Derivatives of Functions Involving Formal Integrald . . . . . . . . . ..
IR _Exidl

P S
p.2Y9.1 Laplace transtorm with a single polq . . . . . . . .. . ... ... ...
p.2Y.2 Laplace transitorm of a trigonometric function . . . . . . . . . . . . ..
b.2Y9.5 Laplace transiorm requiring a definite integration . . . . . . . . . . . .
pb.29.4 Laplace transtorm orf exponentialy . . . . . . . . . .. ... oL ..
p.2Y.0 Laplace transtorm ot an exponential imntegral . . . . . . . . . . . . ..
p.2Y9.0 Laplace transtorm ot special ftunctiony . . . . . . . . . . . . . ... ..

Dol exint DRl . . L L L L e e

p.oU.l Integral of a kational Function . . . . . . . . . .. ... ... ... ..

b.oU.2 Integral of a kational Function with a keal Parameted . . . . . . . . .
b.oU.o Integral of a kational Function with a Complex Paramete] . . . . . .

p.oU.4 Two Similar Integrands Froducing Very Ditierent kesulty . . . . . . .
pb.o0.5 An Inftegral Which Does Not kxasfl . . . . . . . ... ... ... ....

p.oU.6 A Irigonometric Function of a Quadratid . . . . . . . . .. ... ...
b.oU0.7 Integrating a Function with a Hidden Algebraic helationy . . . . . ..
p.oU.8 Details Tor integrating a tunction with a Hidden Algebraic helation . .
p.oU.Y An Integral Involving a koot of a Iranscendental Function . . . . . .
p.oU.1UAn Integral of a Non-elementary Function . . . . . . . . . . . ... ..

p.ol.l Computing Limitd . . . . . . . . . . ... 00000

b3l 2 Linmats of Functions with Parameterd
bal s One-sided [amitd
baold Two-sided Tamitd . . . . . . . . . 0 Ll e e e e e e

p.ol.o Limits at Infinity] . . . . . . . .. o000 oo
p.ol.6 Rheal Limits vs. Complex Limitd . . . . . . . . ... ..o
p.ol.7 Complex Limits at Infinity . . . . . .. ... ... . 0.

a2

exmatrix htl




CONTENTS vii

§ DO . . . o e e e e e e e e 424
B3B3 T EXDPIESSION  + « « v v v v e e e e e e e e e e e e e e e e e 424
B34 explotZd.hfl . . . . . . . . . 437
B.34.T Plotfing Functions of One Variabld . . . . . . . . ... ... ... ... 437
B34.2 Plotting Parametric Curved . . . . . . . . . . .. .. ... ... .... 437
B.34.3 Plotting Using Polar Coordinated . . . . . . . . . . ... ... ... .. 438
B.34.4 Plotting Plane Algebraic Curved . . . . . . .. ... ... ... .... 439
B35 explotdd.hfl . . . . . . . .. 439
B.35.1T Plotfing Functions of Two Variabled . . . . . . . .. ... .. ... .. 439
B35.2 Plotfing Parametfric Surfaced . . . . . . . . . .. .. ... ... .... 440
B.35.3 Plotting Parametric Curved . . . . . . . . . . . . . .. ... 441
3.36 D [ 442
B80T EXDOSUTE . . v v v v v v e e e e e e e e e e e e e e e e e e e 442
B.36.2 System Defined Exposure Groupg. . . . . . . . . . . o v o o v v . 443
B36.3 What is an Fxposure Group? . . . . . . . .« ..o 444
B-36.4 Details on EXPOSUTE . . . . . .« v v v v o 445
B3 exseries Ill . . . . . . . . . e e 445
B37. T _Converting FEXPressions t0 SerTey . . . . v v v v v v v v v v e e e e e 445
B.37.2 Manipulating Power Seried . . . . . . . . . . . . . oo 447
BR7 3 Funciions on POWer SET1es . . . . v o v v oo, 449
B.37.4 Substituting Numerical Values in Power Seried . . . . . . . . . . . .. 450
Do exsum Bfl . L L L L L L L L e e e e e e e e e e e e e 452
B38.T Summing the Enfriesofa List . ... ... ... ... ... ... ... 452
B38.2 Summing the Enfriesof a List 11 . . . . . . . ... ... ... ..... 453
B38.3 ApproxXimating @ . . . . .« . vt e e e e e e e e e e e e e e 454
B384 Closed Form Swmmafiond . . . . . . . . 00000000000 455
Daxa dSumsorCmbed . o0 0L 0L L L e e e e e e e e 456
B38.6 Sums of Polynomiald . . . . . . . . . . . ... .. 458
Bax  Sums of General BFunctiond . . . . . . . . s, 459
B3R R Tnfimife Sumd . . . . . . . . . ... 460
3.39 [ 460
B39.T FlexibleArray . . . . . . . . o v v v v 460
BAO HIe Dl . . . . . e 468
BEAOTETTE . . . . . o e e 468
BT Hoal Bl . . . . . . . . . 475
BATT FEToall. . . . . . . . . o e 475
o4l 2 Infroduction to Bloafl . . . . . . . . . L0000 o 476
b4l 3 Conversion Functiond . . . . . . . o L. L0 0 e e e e e e e e 478
BATZ Outpuf Funcfiong . . . . . . . . . . . . . o e 486
B-41.5 An Example: Determinant of a Hilbert Mafri . . ... ... ... .. 490
B.41.6 _Expanding Factored Objectd . . . . . . . . . . . . . ... ... .... 509
B.41.7 Arithmetic with Factored Objectd . . . . . . . . . ... . ... .. 511
B.4AT.8 Creafing New Factored Objectd . . . . . . . . . . . . . ... ... ... 518
B:4T.9 Factored Objects with Variabled . . .. ... ... ... ... ..... 522
B IZRA . . . . .. 525




viii CONTENTS

B3 Trachll . . . . . . e 529
BT FTaciion . . . . . . o v v e e e e e e e e e e e e e e 529
344 Ip S 535
B.44.T FullParfialFracExpansion . . . . . . . . . . . .. . . ... .. ..... 535
B Tunctionhil . . . . . . .. 546
b4da | BFunctions m AXIOMI . . . . ... L0 e e e e e e e e e e e e e e 546
BAh 2 Rafional Funcfiond . . . . . . . . . . . . . . .. 547
B.45.3 Algebraic Funcliond . . . . . . . . . .. ... ... ... ... ... 550
B.45.4 Elemenfary Functiond . . . . . . . . . . . . . .. ... .. ... .... 553
B455 Simplification] . . . . . . . . ..o 554
BZ6 ebIhfl . . . . . . 561
B.46.T GroebnerFactorizafionPkg . . . . . . . ... ... ... ... ..., 561
347 o [ 565
.4 . 565
348 orap [ 587
3.43 DOICY . . . . . e 587
B.48.2 Graphics Exampled . . . . . . . . . . .. o 588
BA83Assorted Graphics Exampled . . . . . . . . . o oot 589
B.48.4 Three Dimensional Graphicd . .. ... ... ... ... ... ..... 591
B4R Functions of One Variabld . . . . . . . . v v i e e e 596
B4R 6 Paramefric Carved . . . . . . . . . . . .. e e 598
B487 Polar Coordinafed . . . . . . . . . .. ... .. ... ... 600
B.4A8.8 Implicit Curved . . . . . . . . . . . e 602
BARU Tistsof Pomfd . . . . . . . . . . . . 605
B.48. 10 Two Dimensional Graphicd . . . . . . . . . . .. .. ... .. ..... 628
B2 1T Funciions of One Varabld . . . . . . . . . . o e e s e s 629
bdx 2 Parametric Cuarved . . . . 0 L L L L 0L L L o s s e e e e e e e e 631
L4y laPolar Coordimated . . . . . . . . L L L L e e e e e e e e e 634
B.48.I4Implicit Curved . . . . . . . . . . . . . e 636
BARToTasts of Pomfd . . . . . . . . . e 637
B.48.16 Representation Theory] . . . . . . . . v o v v v v v v v i e e e e e 669
BABI7Group Theoryl . . . . . . v v v v e e e e e e e e e e e e e e e e 670
B3.49 ostbLLhll . . . . . . e 671
B49.T GeneralSparseTabld . . . .. ... ... ... ... ... ... ..... 671
b.oU D.OU . . . e e e e e e 675
3.50 Head . . . . . . . o e 675
BhT hexadechfl . . . . . . . . . . . . e 677
B.-5I.T HexadecimalExpansion. . . . . . . . . . . . . . ... ... 677
BR2Zmbhll. . . . . e 681
§ OCI . . . . o e e e e e e 681
BRhZ7 Basic Funcfiond . . . . . . . . . . . ... 683
523 Primes and Facforizafiod . . . . . . . .. ... 00000000 697
B2 4 Some Number Theorefic Funcfiond . . . . . . . . . . . ... ... ... 701
.53 intheoryv.hfl . . . . . . . . . . . 707
B:53.T InfegerNumberTheoryFunctiond. . . . . . . . ... ... ... ... .. 707




CONTENTS

.03 D U . e e e e e e e e e e e
p.od.l LexlnangularPackagd . . . . . . . . .. ... .00
.........................................
§ Y D . 1
........................................
LBOo0 1l The Axiom Iank to NAG Softward . . . . . . . . . . . . . . . . . ...

p.00.2 Use of the Link from HyperDod . . . . . . . ... ... ... .. .. ..
b.0U.o CUZ Zeros of Polynomial§ . . . . . . . . . . . .. ... ... ...

p.00.0__DUIL Quadraturd . . . . . . . . . . . e e e e e e e e e
b.oU.7 DOZ Ordinary Difterential Fiquationyg . . . . . . . . . . . . .. .. ...
b.0U.8 DUos Partial Ditterential lkquationy . . . . . . . . . . . .. .. ... ..

p.00.Y KOOI Intferpolation . . . . . . . . . . . .. . . oo
p.60. 10 EUZ Curve and Surface Fittingl . . . . . . . . . . . . ... ...

p.00.11 K04 Minimizing or Maximizing a Function . . . . . . . . . . . .. . ..
b.0U. 1201 Matrix Operations - Including Inversionm . . . . . . . .. ... ..
b.0U. 1o FUZ Eagenvalues and Higenvectory . . . . . . . . . . . .. .. ... ..

p.00.14 FO4 Simultaneous Linear Equationy . . . . . . . . .. . ... ... ..
B.00.1o0 FOY Linear Equations (LAPACK) . . ... ... ... .. ... ....

b.0l.2 Creating Lastq. . . . . . . . . . . . . . .o

p.0l.5o Accessing List BElementy . . . . . . . . . . . ..o
p.0l.4 Changing last Klementy . . . . . . . . . . ... o oo

Lol a Other Functiond . . . . . . . . . . L L e e e e e e e e e
Hb.01.0 D DOtl . . . . . e e e e e e e e e e e

p.0Z2.1 lLinearUrdinaryDifferentialOperatoy . . . . . . . . . . . .. ... ...
b.62.2 Ditferential Operators with Series Coeticienty . . . . . . . . . . . . ..

p.0s.1 LinearOrdinaryDifferentialOperatorlf . . . . . . . .. . . ... ... ..
b.bo.2 Ditterential Operators with Kational Function Coetficienty . . . . . . .
364 _lodo? hi

p.o4.1 lLinearUrdinaryDifferentialOperator4 . . . . . . . . . . . . . . . .. ..
b.04.2 Ditterential Operators with Constant Coeticienty . . . . . . . . . . . .

b.04.0 Ditterential Operators with Matrix Coemnicients OUperating on Vectory .
b.0 D [

ix



CONTENTS

B.65.T LiePolynomial . . . . . . .. ... ... ... 905
3.66 o 0 . . . . e e 926
3.66 VIiagmal . . . . . .. e e e 926
BEZmanUhil . . . . . . . . . e 936
BE7T Reference SearcH . . . . . . . . . . . . ... L 00000 936
B67.2Z Lisp Functiong . . . . . . . v v v v vt e e e e e e e e 937
DO/ 3 AXIOmM Browsen . . . . . . . . L. oo e e e e e e e e e e e e 947
B.67.4 The Hyvperdoc Browse Facility] . . . . .. . ... .. ... .. ..... 948
B.68 mapping.hfl . . . . . . . . . . e e 949
B.68.1 Domain Mapping('L',S,...) . . . . . . . .. ... ... ... ...... 949
B:68.2 Domain Constructor Mapping . . . . . . . . . . . .. ... ... .. 949
B.69 mappkgl.hfl . . . . . . . 950
B.69.1 MappingPackagell . . . . . . . . . . . . . ... ... ... .. ... 950
B mseT Dll . . . . . . . 962
BT NMIEESell . . . . . . . . e 962
B mafox Bll . . . . . L e e e e 968
BT MEIENR . . . . . . o o e e e e e e 968
BrT.Z Creafing Matriced . . . . . . . . . . . o v v v v i e 969
B.7I.3 Operations on Mafriced . . . . . . . . . . . . . . . .. .. ... 981
B2 mKiamc hll . . . . . .. e 991
L2 1T MakeFunmction . . . . . . . . L L Lo o e e e e e e e e e e e e 991
3 D [ 996
B73T MultivariatePolynomial . . . . . . . . . . . . . . . o 996
B mewuser bil . . . . . . . ... 1002
B.74.1 NoMoreHelp :-( . . . . . . . .. . ... .. .. .. ... ... 1002
B2 YouTried TE1 . . . . . . . . . . . . .. 1003
B moneDll . . . . ... 1003
BT NOOE . . . . . o e e e e e e e e 1003
B76mumbershil . . . . . . ... 1006
B.76. T Axiom Number Typed . . . . . . . o v v v i i e e e e e e e 1006
B2 Fraciionl . . . . . . . . o e 1008
L0 a5 KRational Number . . . . . . 0 . L 0 0L oL e e e 1010
3.76.2 OCTY . o v e e e e e e 1014
B.76.5 Infeger Exampled . . . . . . . . . . ... oo 1019
B.76.6 Infeger Example Proof . . . . . . . . . . . ... ... ... ... .... 1021
B.76.7 Infeger Problemd . . . . . . . . . . . . . . . e 1022
B.76.8 Infteger Problem Proofl . . . . . . . . . . . . ... ... .. ... ... 1023
B.76.9 Solufion to Problem 1 . . . . . . . . . . . ... ... ... ...... 1023
B.76.10Solufion to Problem #2 . . . . . . . . . . . . . . ... ... 1027
B actmll . . . . 1029
BT Octonionl . . . . . . . . . . e 1029
B.78 odpolifl . . . . . . . e e 1038
B.78.1 OrderlyDifferenfialPolynomial . . . . . . . . . ... ... ... ... .. 1038
B.79 op.hfl . . . . . 1056
3,79 Operatol] . . . . . . . . .. 1056



CONTENTS xi

BROT OrderedVariahlelisl . . . . . . . . . . . . . .. . . .. . ... ... 1067
B3.81 p P 1070
BRTT Permanenfl . ... ... ... ... ... ... ... ... 1070
3.82 D [ 1073
Lx2 I PartialbBraction . . . . . . . . . Lo s e e e e e e e e 1073
b.30 D U . o e e e e e e e e e e e e e e e e e e e e 1080
B83.T Polynomiald . . . . . . . . . . . . .. 1080
B.83.2 The Specific Polynomial Typed . . . . . . . . . . . . ... ... .... 1081
B-83.3 Basic Operafions On Polynomiald. . . . . . . . . . . ... ... .. .. 1082
B-83.4 Polynomial Evaluation and Subsfitufion . . . . . . . ... .. ... .. 1089
B335 Greatest Common Divisors, Resultants, and Discriminanty . . . . . . 1093
B.83.6 Roots of Polynomiald. . . . . . . . ... ... ... ... ... ... 1095
B3.84 D O 1095
B.84.1T Polynomial . . . . . . . . . . . . . . . .. e 1095
3.85 ¢ S 1119
B85 T Quafernion . . . . . . . . . . . . 1119
D0 radixX DU . . L L L L L L e e e e e e e e e e e e e e e e e e e 1125
B86.T RadixExpansion . . . . . . . . .. . . . ... .. ... .. ....... 1125
BRZxecloshil . . . . . . . . 1134
BRZT RealClosurd . . . . . . . . . . v e e e e e s 1134
3.88 o [ 1229
B.88.T SquarefreeRegularTriangularSe . . . .. ... .. ... ... ... .. 1229
S = 0 I 1241
B.89.T SparseTabld . . . . . . . . . . . . e 1241
BO0 sfream Dll . . . . . . . . .. e 1245
BUOTSTreaml . . . . . . v o e e e e e e 1245
3.9 S [ 1251
3.9 . 1251
B2 SIrfhI Dl . . . . . . 1266
b.92.1 String'lablg . . . . . . . . . e 1266
3.9 b O 1269
3.9 bol . . . . . 1269
BO4Table hll . . . . . . . . e 1280
BUOZTTABRId . . . . . . e e 1280
BOh Textile Dll . . . . . . . . . . 1289
BUS T TextEIId . . . . . . . . e e 1289
3.90 D S 1295
BUG.T Axiom TOPICY - - - - - « « « o oo 1295
B.96.2 Solving Equationd . . . . . . . . . .. ... oo 1297
B.96.3 Linear Algebra . . . . . . . . . . . . . e 1298
BU6Z Calcnlud . . . . . . . . e 1300
3.9 DE.DT . . . . e e e e e e e 1301
BIO7T Calegory Typg . . . . . . . o o o o v 1301
BORumion hll . . . . . . . e 1301
p.98.1 Domain Union(a:A.....b:B) . . . .. ... ... . ... ... ..... 1301

BYx 2 Domain Constructor Union




xii CONTENTS

p.98.5 Domain Union(A....B) . . . . . . .. ... ... ... ... ..... 1303
BURZ Domaim Consfructor Unioml . . . . . . . . . . . ..o vt oo 1304
3.99 oDl . . .. e e e 1304
B.99.T UniversalSegment] . . . . . . . . . . . . . . . . e 1304
B T00UD.DA . . . . . . e e e e e 1309
B.100.T UnivariatePolynomial . . . . . . . . . . . . ... ... ... ... . 1309
3.10 p.hfl . . .. 1327
B-10T.T UnivariateSkewPolynomial . . . . . . . . . . . ... ... ... .. 1327
BI02xector Dll . . . . . . . . . e 1333
BIOZTVeckol . . . . . . . . .o e 1333
BIO3xard hil . . . . . . . o e e 1339
BOOZTVaId . . . . . o e e 1339
BI0dwmtsel bll . . . . . . . . . 1342
B.I0Z.TWuWenTsunTriangularSef . . . . . . . . . . ... ... ... ...... 1342
3.10 DEXD-NT . . . v o e e e e e e 1351
B-105.TSome Examples of Domains and Packaged . . . . . . . ... ... ... 1351
B.I06xpbwpolv.hfl . . . . . . . . 1356
BI06.TXPBWPolynomial . . . . . . . . . ... .. ... .. ... 1356
3. 107XDp [ 1377
BIO7.TXPolynomial . . . . . . . . . . . . . . . . . e 1377
B IOSXDI I . . . . . o o o e e e e e e e e e 1384
BI0STXPolynomialRing . . . . . . . . . . . .. . . 1384
3.109 dep.ll . . . .. e e e e 1445
B.I09.TInfegerLinearDependencd . . . . . . . . . . . . . . . ... .. ..... 1445

B4 Users Guide Pages (ug.ht) 1451
02 Users Guudd . . . . . . . 0 0 o oL e e e e 1452

p  Users Guide Chapter 0 (ug00.ht) 1455
b.0.3 What’s New for May 2008 . . . . . . . . . . . v v v v v v 1455
b.0.4New polynomial domains and algorithmg . . .. ... ... ... ... 1456
p-0.5— FEnhancements to HyperDoc and Graphicd . . . . . . . . . .. .. ... 1457
b6 Fnhancements To NAGTIMK . . . . . . . . . . ... ..o 1458
.0.7__Enhancements to the Lisp systeml. . . . . . . . . . ... ... ..... 1458

b Users Guide Chapter 1 (ug0l.ht) 1465
B0 An Overview of Asdoml . . . . . . . . . .. ..o 1465
b.0.9  Starfing Up and Winding Down] . . . . . . . . . . . . . oo v v ... 1466
EOTO CIel . . . . . . e e 1469
B-0IT Typographic Conventiong . . . . . . v v v v v v v v v v e e e e e e e 1470
b.0.12 The Axiom Languagd . . . . . . . . v v v v v v i e e e e e e 1471
b.0. I3 Arithmefic Expressiond . . . . . . . . . . . . o v i i 1472
b0 14 Previons Kesultd . . . . . 0 0 . . 0 0L s e e e e 1474
B.UI5 Some Typed . . . . . o . o e e e e e e e 1476
p.0.16 bymbols, Variables, Assignments, and Declarationy . . . . . . . . . .. 1479

O 1/ Conversion 1485




CONTENTS xiii

B0 I8 Calling Funcfiond . . . . . . . . . . . . . o 1487
EOT9 Some Predefined Macrad . . . . . . . . . . . . . .. ... 1490
b.0.20 Long Lined . . . . . . . . o i e e e e e e 1491
EO2T Commentd . . . . . . . . . . . . ... 1492
5.0 DRICY . . . . . e e 1492
EO23Numberd . . . . . . . e 1495
D024 Data Structured. . . . . . . L L L 0L L e s e e e e e e e e 1514
B.0.25 Expanding to Higher Dimensiond . . . . . . . . . . . .. ... ... .. 1530
b.0.26_Writing Your Own Funcfiond . . . . . . . . . . . . . . .. . . ... .. 1535
B-027 Solufion of Equafiond . . . . .. ... ... ... ... ..., 1583
................................... 1625
B.0.29 Subdomains Againl . . . . . . . . . ..o 1656
b.0.30 Package Calling and Target Typed . . . . . . . . . ... ... ... .. 1663
b.03T Resolving Tvped . . . . .« o v v i e e e e e e e e e e e e e e 1672
b-0.32 Exposing Domains and Packaged . . . . . . . .. .. ... .. ..... 1675
f-0.33 Commands for Snooping . . . . . . . . . . . ... oo 1679
[7 Users (Guide Chapter 3 (ug03.ht) 1685

[[.0.34 Using Hyperdod . . . . . . . v v v v v v i i e e e e e e e 1685

0 Headingd . . . . . . . . . . . e e 1686
[[.0.36_Kev Definifiong . . . . . . . . . . . . . . o 1687
[[O37 Scroll Bard . . . . . . . . . e e 1688
[[LU38 Inpuf Aread . . . . . . . . . . o e e e e 1689
[[039 Radio Buftons and Toggled . . . . . . . . . . . .. ... ... ..... 1691
[[[0:40 Search Stringd . . . . . . . . . . o o e 1692
[[.0.4T Logical Searched . . . . . . . . . . . . . . . . . ... 1693
042 Example Paged . . . . . . . . . . . . . . ... 1694
[[.0.43 X Window Resources for Hyperdod . . . . . . . . . . . . ... .. ... 1695

B Users Guide Chapter 4 (ug04.ht) 1699

BX0.4Z4 Inpuf Files and Outpul Styled . . . . v v v v v v v v v e e e e e e 1699
B.0.45 Inpuf Filed . . . . . . . . . . . e 1700
B.0.46 _The .axiom.input Fild . . . . . . . . . . . . . . . v i e 1702
B.0.47 _Common Features of Using Oufput Formatd . . . . . . . .. . ... .. 1703
B.0.48" Monospace 2D Mathematical Formafl. . . . . . . . . .. ... ... .. 1706
RO4Y HIMIE Formafl . . . . . . . o L 0oL e e e e 1720
B-0.50 Immediate and Delayed Assignmentd . . . . . . . . . ... ... .. .. 1722
ROBT BIockd . . . . . . . . e 1730
R OS2 af-then-elsd . . . . . . . . .. o s e e e e e 1739
8.0 DI . . e e e 1742
B:0.54 Compiling vs. Inferprefing Toopd . . . . . . . . . . . . ... ... ... 1744
BUDD 1efUrm 1N LOODY - - « « v v v o v e e e e e e e e e e e e e e e 1744
B.U.56 _break in Loopd . . . . . . . o . e e e e e e e e 1748
B.U.57 break vs. =>1in Loop Bodied. . . . . . . . . . . . . ... .. 1751
B:U58 More Examplesof breall . . . . . . . . . . ... ..o 1752

BUDY 1ferate Im LOODS - -+« v v v v v e e e e e e e e e e e e e e e 1760




CONTENTS

Xiv

B0.60 while Loops . . . . . . . . . . 1761
BIOGT Tor Loopd -+« « v v v o e e e e e e e e e e e 1768
B.U.6Z foriinn.murepeaf] . . . . . . . . . .. ... ... ... ... 1769
B.U.63 foriinn.mbysrepeaf] . ... ... ... ... ... ... ..... 1773
B.U.64 Toriinn.. repeall . . . . . . . . . i e e e e e e e 1774
BO65 forxinlrepeall. . . . . . . . . . . . . . .. ... 1775
RO06 “Such that” Predicated . . . . . . . . . . . . . . . 00000 e e 1778
ROB7 Parallel Tferafionl . . . . . . . . . . o v v v i e e e e e e e 1780
B:0.68" Creafing [ists and Streams with I[teratord . . . . . . . . . . . . . . .. 1786
B:0:69 _Addendum: Appending a Graph to a Viewport Window Containing g

Graph . . . . . . . e 1985
B.0.70_Three-Dimensional Graphic§ . . . .. . . . .. ... ... .. ..... 1988
B.0.71 Plotting Three-Dimensional Functions of Two Variable . . . . . . . . 1989
B.0.7Z2 Plotfing Three-Dimensional Parametric Space Curved . . . . .. . .. 1991
B.0.73 Plotfing 3D Parametric Surfaced . . . . . .. .. .. ... ... .... 1994
B0 74 Three-Dimensional Opfiond . . . . . . . . . . . ... ... .. .. 1998
B.0.75 The makeObject Command . . . . . . . . . .. ... ... ... .. 2008
B.0.76_Building 3D Objects From Primifived . . . .. .. ... ... ... .. 2010
B.0.77 _Coordinate System Transformafiond . ... ... ... ... ... ... 2023
B.U.78 Three-Dimensional Clipping . . . . . . . . . ... ... ... ...... 2030
B 79 Three-Dimensional Confrol=Panel . . . . . . . . . . ... ... ... .. 2032
B.0.80 Operations for Three-Dimensional Graphicd . . . . . . . . .. ... .. 2037
B.0.8T Cusfomizafion using .Xdefaultd . . . . . . ... ... ... ... .... 2044

9O Users Guide Chapter 8 (ug08.ht) 2047

Pp.08Z Advanced Problem Solving . . . . . . . .. .. ... .. ... .. 2047
B0 x3 Numeric Funcfions . . . . . . . . . o L. L 0L s e e e e e e e e 2049
P.0.84 Polynomial Factorizatiod . . . . . . . ... ... ... ... ...... 2071
P-U85 Infeger and Ratfional Number Coefficientd . . . . . . . . . .. ... .. 2072
BOxb Fimite Beld Coefficientd . . . . . . . . . . . oL 0oL 2074
P.0.87 Simple Algebraic Extension Field Coefficient . . . . . . . . . . .. .. 2076
P.0.88 Factoring Rational Functiond . . . . . . .. ... ... .. ... .... 2081
P.0.89 Manipulating Symbolic Roots of a Polynomia] . . ... ... ... .. 2082
P-0.90 Using a Single Root of a Polynomia] . . . . . . . . .. ... ... ... 2083
Pp.09T Using ATl Rootsof a Polynomial . . .. .. ... .. ... .. ..... 2087
p.0.92 Computation of Figenvalues and Figenvectord . . . . . . . . . .. ... 2093
P.0.93 Solution of Linear and Polynomial Equationd . . . . .. ... ... .. 2100
P.0.94 Solufion of Systems of Linear Equationd . . . . . ... ... ... ... 2101
P.0.95 Solufion of a Single Polynomial Equafion . . .. ... . ... ... .. 2105
P-096 Solufion of Systems of Polynomial Equafiony . . . . .. ... ... .. 2110
BEOU7TomiEd . . . . . . e 2115
P.0.98 Laplace Transformd . . . . . . . . . . . ... ... 2122
B.U.99 Infegrafion . . . . . . . . . . .. e 2127
P.0.100 Working with Power Seried . . . . . . . . . ... ... ... ... 2134
OO T0TCreafion of Power Seried . . . . . . . . . . . . oo v v v 2136




CONTENTS XV

OO0 103 Power Series Anithmefid . . . . . . . . . . ., 2145
OO0 104 Fanciions on Power Seried . . . . o o v o o o, 2148
P.0.105 Converting To Power Seried . . . . . . . . . o v v v v v v v e e 2156
00106 Power Series from FOrmulad . . . . . v v oo v e e, 2164
P.0. 107 Substituting Numerical Values in Power Seried . . . . . . . . . . . .. 2171
P.0.108 Example: Bernoulli Polynomials and Sums of Powerd. . . . . . . . . . 2173
P.0.109 Solution of Differential Equationd . . . . . . . . . . .. ... ... ... 2181
P.0.TT0 Closed-Form Solufions of Linear Differential Equationd . . . . . . . . . 2182
OO TTTClosed-Form Solitions of Non-Iinear DEd . . . . . . . . . o . v . . .. 2190
PUTITZ Power Series Solutions of Differential Equationd . . . . . . . . . . . .. 2200
QO llsbkmite Brelds . . 0 0 0 L 0 0L 2205
OO TITaModnlar Arithmetic and Prime Fieldd . . . . . . . . . . . . . . . . .. 2207
0 11hExtensions of Binite Bieldd . . . . . . . . . . . . .. . . ... 2216
PO IT6 rreducible Mod Polynomial Representationd . . . . ... .. ... .. 2219
P.U.ITT7Cyclic Group Representationd . . . . . . . . . . . . . . .. ... .... 2228
PpUTI8 Normal Basis Representationy . . . . . . . . . . . .. ... ... .... 2234
P.0. 119 Conversion Operations for Finite Fieldd . . . . . . . . .. . .. .. .. 2242
P.0.T20 Utility Operations for Finite Fieldd . . . . . . . . . . . . . . . . .. .. 2250
P.0.12T Primary Decomposition of Ideald . . . . . . . . .. ... ... ... .. 2267
P.0.T2ZComputafion of Galois Groupd . . . . . . . . . . . . ... ... .... 2276
Pp0.I23 Non-Associative Algebras and Genefic Lawyg . . . . . . . .. . ... .. 2295
10 Users (Guide Chapter 10 (uglO.ht) 2307
[0.0.T24nferactive Programming . . . . . . . . .« . o o o v v v v v v v 2307
[0.0.12ZPrawing Ribbons Inferactivelyy . . . . . . . . .. ... ... ... ... 2308
[0.0.126\ Ribbon Programl . . . . . . . . . . . . . . . . .. ... ... 2314
[0.0.12Toloring and Positioning Ribbond . . . . . . . . . ... ... ... .. 2317
[0.0.12®oints, Lines, and Curved . . . . . . . . . . . . . . . . v v .. 2318
[0.0.I3Wepresentatiod . . . . . . . . . . . . . . ... L. 2396
[0.0.13Multiple Representationd . . . .. . .. ... ... ... ... ... .. 2397
OO TaAdd Domainl . . . . . o o 0 0 0 e e e e e e e e e 2399
MOOT3Pefanlfd . . . . . . . . e 2400
TO.0.T3OTICINT . . v v v v v e e e e e e e e e e e e e e e e e e e e 2401
LOO Taphort FOrmda . . . . . . . 0 o o e e e e e e e e e e e e e 2402
[0.0.136&xample T: Chifford Algebrd . . . . . . . . . . . ... ... ... .... 2403
[0.0.I3Example Z2: Building A Query Facility . . . . . . . . . ... .. .. .. 2406
[0.0. I3 Litfle Query Languagd . . . . . . . . . . . o o v v v v v v i e 2407
[0 T3 he Database Constriictol . . . . . . . . o v v v i e e e e 2410
[0.0.I4d@uery Equationd . . . . . . . . . . v v v it e e e e e 2413
OO TADatal asts . . . . 0 o L L e s e e e e e e e e e e e e 2414
OO d3ndex Cardd . . . . . . . . o 0 0 e e e e e e e e e e e 2415
[0.0.148 reafing a Databasd . . . . . . . . . . . ... ... .. ......... 2416
IL0.0. 14&Futting 1t All 'Togethenl . . . . . . . . . . . . . . . . ... ... .... 2417

[0.0.14Fxample Queried . . . . . . . . . . o e e e e 2418




xvi CONTENTS

11 Users Guide Chapter 14 (ugl4.ht) 2431
[TOTAMIOWSE . . . . o v v v e e e e e e e e e e e e e e e e e e 2431
[T.0.14The Front Page: Searching the Library]. . . . . . . . . . . . . .. ... 2432
[T.0.T4&he Constructor Pagd . . . . . . . . . . . . . . . . .. .. ... .... 2434
[T0T4%onstructor Page Buffond . . . . . . . . . . . .. ... .. .. .... 2436
[ITOTh0ross Beferencd . . . . . . . . . . . . . . . . ... 2438
MOTiViews Of Consfrucford . . . . . . . . . o ..o o000 oo 2442
[T.0.I5%iving Parameters to Constructory . . . . . . . . . . . . . . . .. ... 2444
[T ThMGscellaneons Featnres of Browsa . . . . . v v oo v oo e e e 2445
[T.0.15&fhe Description Page for Operafiond . . . . . . . . ... ... .. ... 2446
[T.0. 153 1ews of Operationg . . . . . . . . . . . . o v v v i i i i it 2447
[1.0.I5& apitalization Convention . . . . . . . . . . . . . . .. ... ... ... 2450

12 Users Guide Chapter 15 (ugld.ht) 2453
PO IV hat’s New 1n Axiom Version 2.0 . . . . . o o o s, 2453
[Z.0.158mportant Things to Read Firsfl . . . . . . . .. ... ... ... ... 2454
[Z.0.15%he NAG Library LinK . . . . . . . .. ... .o oo 2454
[2.0.I6Unterpreting NAG Documentafiod . . ... ... .. .. ... ..... 2455
[Z.0.I60Using the Lin . . . . . . . . . . . . 2458
[Z2.0.16Providing values for Argument Subprogramy . . . . .. .. ... ... 2461
[2.0.168xeneral Fortran-generation ufilifies in Axiom] . . . . . . . . . . . . .. 2465
210 TeXome fechnicalinformafiond . .. ... ... ... ... ... ...... 2490
[2.0.163nferactive Front-end and Languagd . . . . . . . . .. ... ... ... 2491
12.0.166.1D T S 2492
[Z0.I6HyperDod . . . . . . . . o o e 2494
L2 0 Tod)ocumentation . . . . . . . . L. L 0L L e e e e e e e e e 2495

L3 Users Guide Chapter 16 (ugl6.ht) 2497
[3.0.I6Wxiom System Commandd . . . . . . . . . . ... ... ... ... 2498
Lo O 1 /ntroductionl . . . . . 0 o oo e e e e e e e e e 2500
13.0.17)abbreviation . . . . . . . . . . . ... ..o 2502
15.0.172bootl . . . . . .. e 2504
13.0.173cd . . . . . . e e e e e 2505
.................................... 2506
.................................... 2507
13.0.170 pild . . .. 2509
15.0. 17 )displayl . . . . . . . . . 2512
15.0.173ed1t] . . . . . . e 2514
C30I790 . . . . . . o 2515
13.0.180framd . . . . . . . . . 2516
13.0.180held . . . . . . . . . . e 2518
................................... 2519
................................... 2523
..................................... 2525
..................................... 2526



CONTENTS xvii

.................................... 2527
[3.0.I188quif] . . . . . . . . . e 2529
15.0.189read . . . . . . . L e 2530
13.0.100sell . . . . . . . . . e 2531
13.0.190show . . . . . . . . . . e 2533
13.0.192spool . . . . . . . . e 2534
IL5.0.193synonyml . . . . . . .. L e e e e e e 2535
15.0.194systeml . . . . . . . L 2536
15.0.199tracd . . . . . . . . e 2538
13.0.19Gundd . . . . . . . . . .. 2544
13.0.197whatl . . . . . . . . . . . 2546

14 Users Guide Chapter 21 (ug2l.ht) 2549
[4.0.19Frograms for Axiom Imaged . . . . . . . . . . . . o o oo 2549
[2.0.199mag DUT . .« v o e e e e e e e e e e 2550
[Z20.200magesZanpuf] . . . . . . . . o . o e e e e e e 2551
[40200mages3anpull . . . . . . . . . . . . ... Lo 2551
[Z0.202ZMAageSDanDUT «» -« - « v v v v v e e e e e e e e e e e e e e e e e 2552
[AU0203magesbanpul] . . . . .« .« . o oo e e e 2554
[ZU020AMagesS7InpUl - - - -« « « v v v e e e e e e e e e e e 2555
[Z20.200magesSanput] . . . . . . . . o o o e e e e e e e e e 2556
[4.0.20@onformalinpuf . . . . . . . . . . . . . . .. ..o 2557
[4.0.20Tknot.inpuf] . . . . . . . . . . . . e 2561
[Z.0.20&tube.anpull . . . . . . . . . . .. e 2561
[Z40209hirianpul . . . . . . . . . .. 2564
[XUZTTETTaINDUT . . - .« v o o e e e e e e e e e e e e e e e 2565
[ZU0ZThnfoineanpull . . . . . . .« « v v e e e e 2567
[4.0.2T3cherk.inpufl . . . . . . . . . . . . . . .o 2568

I5 Hypertex Language Pages 2571
[5.0.2T& reafing Hyperdoc Paged . . . . . . . . . . . . .. .. ... ...... 2571

I5.T hitxadvpagel.hf] . . . . . . . . . . . . . e 2572
I5.T.T Inpuf Aread . . . . . . . . . . . . e e 2572
T2 HTXAdvPageIxPatchT patel . . . . . . . .. .. ... ... .. .. 2573
Lo.l.6 HIXAdvPagelxPatchlA patch . . . . . . . . . . ... . ... 2573
5. T4 HTXAdvPagelxPatchZ patchl . . . . . . ... ... ... ... ..... 2574
[5.1.5 HTXAdvPagelxPatchZA paftch . . .. ... ... ... ... ...... 2574

[5.2 hitxadvpageZ.hf] . . . . . . . . . . . . e e 2575
o2 1T KRadio butfond . . . . . . . . . oL e e e 2575

Ib3 htxadvpage3d.hil . . . . . . . . . . L 2578
METTIVECTOS . . . . o o o o e e e e e e 2578

[5.4 hitxadvpaged.hl] . . . . . . . . . . . . e 2579
AT Patchand Pastd . . .. .. ... ... ... .. ... .. ........ 2579
542 paftchlT patch . . . . . . . . . . . . . L 2582
[543 PatchT patch . . . . . . . . . . . ... ... ... 2582

[5.4.4 PatchZpatch . . . . . . . . . . . . . . . ... 2583




xviii CONTENTS

I5.5 hixadvpaged.hll . . . . . . . . . . . e 2583
[55. T Axiom paste-ind . . . . . . . . . . oL e 2583
[5.6_hitxadvpageb.hll . . . . . . . . . . . . e 2586
[ BT Miscellaneond . . . . . . . . . v v v i e e e e e e e e 2586
[5.6.2 HTXAdvPagebxPatchI patcl . . . . . . .. ... ... ... .. .. 2588
Lo.6.0 HIXAdvPagebxPatchlA patch . . . . . . . . . ... ... ... . 2588
[5.6.4 HTXAdvPagebxPatchZ patch . . . . . .. .. ... ... ... ..... 2588
[5.6.0 HTXAdvPagebxPatchZA patchl . . . . . ... ... ... ... ..... 2589
[5.6.6 _HTXAdvPagebxPatchd patchl . . . . . ... ... ... ... ...... 2589
5.6, 7 HTXAdvPagebxPatchJA pafch . . . . . . . . .. ... ... ... ... 2589
I5.7 htxadvioppage.hfl . . . . . . . . . . L L 2590
[5.7. T Advanced features in Hyperdod . . . . . . . . . . . .. ... ... ... 2590
I5.8 htxformatpagel.h . . . . . . . . . . . .. . . ... 2591
[5.8. 1 Using the special characterd . . . . . . . . . . . . .. ... .. ..... 2591
[5.8.2 HTXFormatPagelxPatchl patch . . . ... ... ... ... ...... 2592
583 HTXFormatPageIxPatchZ patcl . . . . . . ... ... ... ... ... 2592
LI5.9 hixformatpageZ.hf . . . . . . . . . . . o 2593
[5.9.T Formaffing without commandd . . . . . . . . .. ... ... ... ... 2593
[5.9.2 HTXFormatPageZxPatchl patch . . . ... ... .. ... .. ..... 2594
[5.9.3 HTXFormatPageZxPatchZ patchl . . . ... ... ... ... ...... 2595
[5.9.4 HTXFormatPageZxPatchZA pafch . . ... . ... ... .. ... ... 2595
[5.9.5 HTXFormatPage2xPatchd patchl . . . . . . . ... ... ... ... .. 2596
[5.9.6 _HTXFormatPageZ2xPatch3A patch . . . .. ... ... .. .. ..... 2596
[5.9.7 HTXFormatPageZxPatchd patchl . . . ... ... ... ... ...... 2597
[5.9.8 HTXFormatPageZxPatch4A patch . . ... ... ... ... ...... 2597
[5.I0htxformatpaged.hl . . . . . . . . . ..o o 2597
[5.T0.TUsing different fonfd . . . . . . . . . . . . . ..o 0oL 2597
[5.710.2ZHTXFormatPage3xPatchl patchl . . . . ... ... ... ... ..... 2599
[5.10.3 HT XFormatPage3xPatchZ patchl . . . . . . .. .. .. ... ... ... 2600
[5.10.4HTXFormatPage3xPatchd patchl . . . . .. ... ... ... ...... 2600
[5.10.5 HT XFormatPage3dxPatchd patchl . . . . .. ... ... ... ...... 2601
5. IThtxformatpaged.hf . . . . . . . . . . . ..o o o 2601
[BITTIndenfafiond . . . . . ... .. . ... ... ... ... ... ....... 2601
L5.1T.2HTXFormatPagedxPatchl patch . . . . . . .. ... ... ... .... 2604
L5 IT.3HTXFormatPagedxPatchTA patch . . ... ... ... ... ...... 2604
L5 IT.4HTXFormatPagedxPatchZ patchl . . . . . . ... ... ... ...... 2604
5. IT 5 HTXFormatPagedxPatchZA pafch . . . . . . .. .. ... .. ... .. 2605
[5.11.6 HT XFormatPagedxPatchd patchl . . . . . . . ... ... ... ... .. 2605
L5.1T.7HTXFormatPagedxPatch3A patch . . . . . .. ... ... ... ... . 2606
L5.IT.8 HT' XFormatPagedxPatch4 patchl . . . . ... ... ... ... ... .. 2606
L5. IT.9 HTXFormatPagedxPatchb patchl . . . . . . ... .. ... .. ..... 2607
B IT.THTXFormatPagedxPatchoA paftch . . . . . . .. . ... ... . ... 2607
5. I2htxformatpaged.hl . . . . . . . . . o oo 2608
[5.12.TCreating Lists and Tabled . . . . . . . . . . . ... ... ... ..... 2608
L5.12.2HTXFormatPageb5xPatchl patch . . . . . . .. ... ... ... ... 2610

[5.12.3HTXFormatPagebxPatchTA patchl . . . .. .. .. ... ... ..... 2611




CONTENTS xix

[5.12.4HTXFormatPagebxPatch? patchl . . . . . . ... ... ... .. .... 2611
[5.12.5 HT XFormatPagebxPatchZA patchl . . . . .. ... ... ... ..... 2612
[5.12.6 HT XFormatPagebxPatchd patchl . . . . . . .. ... ... ... .... 2612
[5.12.7HTXFormatPagebxPatchdA patchl . . . . . ... ... ... ...... 2613

5. I8htxtormatpaged . . . . . . . . . . L 2613
Lalo Il Boxesand Laned . . . . . . . . . L L e e e 2613
[5.13.2HTXFormatPagebxPatchl patch . . . . . . ... ... ... ... ... 2614
[5.13.3 HT' XFormatPagebxPatchZ patchl . . . . ... .. ... ... ... ... 2615

I5. T4htxformatpaged . . . . . . . . . . o e e e e e e e e e 2615
[ TZTIMICTO-SPacing . . . .« v v v v v et e e e e e e e e 2615
I ZHTXFormatPagerxPatchT patcy . . . . . .. ... ... ... ... .. 2617
[5.14.3 HT XFormatPage7xPatch2 patchl . . . . . . .. ... ... ... .... 2618
[5.14.4HTXFormatPage7xPatchZA patch . . . . . .. ... ... ... ... 2618
[5.14.5 HT XFormatPage7xPatchd patchl . . . .. . ... ... ... ...... 2618
[5.14.6 HT XFormatPage7xPatchdA patchl . . . . ... ... ... ... .... 2619

5. I6htxformatpaged . . . . . . . . ..o L 2620
[5.I5. T Bitmaps and Imaged . . . . . . . . . . . .. ... ... .. 2620
[5.15. 2HTXFormatPageS8xPatchl patchl . . .. ... ... ... ........ 2621
[5.15.3 HTXFormatPageS8xPatch2 patchl . . . . . . .. ... ... .. ..... 2622
[5.15.4HTXFormatPageS8xPatchZA patchl . . .. ... ... ... .. ..... 2622
[5.I6htxformattoppage hf . . . . . . . . . . ..o Lo oo 2622
5.16.1 Formatfing in Hyperdod . . . . . . . . . . . . . . ... ... .. .... 2622
L5.T77htxinfropagel.h] . . . . . . . . . . . . . e 2623
L5.17.T What Hyperdocdoed. . . . . . . . . . . . . . . . ... ... . ..... 2623
LI5.I8htxinfropageZ.hf] . . . . . . . . . . . . e 2624
[5.I8. THow Hyperdoc doesifl . . . . . . . . . . . . . o . v v v v v v v i 2624

5 I9htxintropaged.hfl . . . . . . . . ... 2626
[5.19.TA simple fext pagd . . . . . . . . . . . . . . . . e 2626
I5.20htxintrofoppage.hll . . . . . . . . . . . . .. ..o 2628
[520.TFrst Stepd . . . . . . . . o o o o 2628
Lo.Zlhtxlinkpagel.htl . . . . . . . . ..o oo 2629
2T Thinking toanamed pagd . . . . . . . . .« o v o v v 2629
[5.21.2HTXLinkPageIxPatchT patcl . . . . . . . . ... ... .. ... .... 2631
52T I HTXLinkPagelxPatchIA patch . . . . . . . ... ... ... ... .. 2631
[52T.4Test Help Pagd . . . . . . . . . . . . . e e e e e 2632
Lo.Z2ZhtxlinkpageZ.htl . . . . . . . . .o o o 2632
522 TStandard Paged . . . . . . . . . .« ..o 2632
[5.22. 2HTXLinkPage2xPatchl patcll . . . . . . .. .. ... ... ... .... 2634
[5.22 S HTXLinkPage2xPatchIA patch . . . . . .. .. .. ... ... ... .. 2634

5. 23htxlinkpaged. bl . . . . . . . . L 2635
A3 TAcTive Axiom commandd . . . . . v v v v v v v e e e e e e 2635
523 2ZHTXLinkPagedxPatchT patch . . . . . . . .. .. ... ... ... ... 2638
523 T HTXTinkPage3xPatchTA patch . . . . . . . . ... ... ... ... .. 2639
[5.23. AHTXLinkPagedxPatchZ patch . . . . . . . . ... ... .. ... .... 2639
[5.23. 5 HT' XLinkPage3xPatchZA patch . . . . . . .. ... ... ... ... .. 2639

523 6 HTXLinkPage3xPatchd pafch . . . . . . . .. .. ... ... .. .. .. 2640



XX CONTENTS

[5.23. THTXLinkPage3xPatch3A patch . . . . . . . .. .. ... 2640
[524htxlinkpaged.hfl . . . . . . . . . . e 2641
2L TLinKing To Lisp . . - .« v o v v o e e e e e 2641
Lo.24.2H 1 XLinkPagedxPatchl patchy . . . . . . . ... ... ... ... .. .. 2645
5243 HTXLinkPagedxPatchTA patcH . . . . . . . . ... ... ... .. .. 2646
[5.24.4HTXLinkPagedxPatchZ patcl . . . . . . . . .. .. ... .. 2646
[5.245 HTXLinkPagedxPatchZA patch . . . . . . . ... ... . 2646
52246 HTXLinkPagedxPatchd patch . . . . . . . . . .. ... ... ... .. 2647
Lo.24.FHI1 XLinkPagedxPatchdA patchy . . . . . . . . .. ... ... ... ... 2647
524 8HTXLinkPagedxPatchd patch . . . . . . . . ... ... ... ... ... 2648
5249 HTXTinkPagedxPatch4A patch . . . . . . . . . . . .. ... .. 2648
0524 THTXLinkPagedxPatchd patcl . . . . . . . .. ... ... 2648
0524 THTXTLinkPagedxPatchoA patch . . . . . . . .. . ... 2649
Lo.Zohtxlinkpageo.htl . . . . . . . . . ..o oo 2650
525 T0mKIng To Unix . . . . .« .« o v v v vttt e e e e 2650
525 2ZHTXLinkPagebxPatchT patch . . . . . . . .. ... ... ... . ... 2651
[5.25. 3 HTXLinkPage5xPatchTA patch . . . . . . . .. .. ... 2652
[5.25.4HTXLinkPagesxPatchZ patcl . . . . . . . . ... ... 2652
5255 HTXLinkPagebxPatchZA patcH . . . . . . . . .. .. ... ... ... 2652
Lo.Zohtxlinkpageb.htl . . . . . . . . ..o oo o o 2653
[5.26.T How to use yvour pages with Hyperdod . . . . . . . . . . . . . .. ... 2653
[5.26.ZHTXLinkPagebxPatchl patcl . . . . . . . . . ... ... ... 2655
[5.26. F HTXLinkPagebxPatchIA patch . . . . . . . ... ... ... 2657
[5.26.4HTXLinkPagebxPatchZ patch . . . . . . . . . .. ... ... ... ... 2657
Lo.20.0 H1 XLinkPageoxPatchZA patchy . . . . . . . . . . ... ... ... ... 2658
[5.27htxlinktoppage.hf . . . . . . . . . . Lo o 2658
527 TActions in Hyperdod . . . . . . . .« o v v v v it e 2658
LI5.28htxtoppage. bl . . . . . . . . . L 2659
L[5.28. TExtending Hyperdod . . . . . . . . . . . . . . oo . 2659
I5.29htxtrypage.hf] . . . . . . . . . . 2660
[5.29.TTry out Hyperdod . . . . . . . . . . . . . . . . e 2660
I6 NAG Library Roufined 2663
16 o . . e 2663
BT T NAG On-line Documentafion . . . ... ... ... ........... 2663
[6.T.2 NAG Documentafion: summaryl . . . . . . . . .. ... ... ... .. 2665
61T 3 NAG Documentafion: imtroduction . . . . . . . . . . . . . . . ... 2687
[6.T.4 NAG Documentafion: keyword in confexf . . . .. ... ... .. ... 2704
o 1 5 NAG Dociimentation: conversSion . . . . . v v v v v v v e e s 2802
16 OCOT . . o o 2805
[6.2.T Zeros of Polynomiald . . . . . . . .. ... ... ... ... .... 2805
[6.2.2 Roots of a complex polynomial equatiod . .. ... .. ... ... .. 2809
[6.2.3 Roots of a real polynomial equafion) . . . . . . .. .. ... ... ... 2814
[6.2.4  Roots of One or More Transcendenfal Equafiond . . . . . . .. .. .. 2820
[6.2.5 Zero of a confinuous funcfion in a given interval . . . . . . . . . . .. 2824

[6.2.6 Solutfion of a system of nonlinear equafiond . . . . . . .. .. .. ... 2828



CONTENTS xxi

[6.2.7 Solufion of a system of nonlinear equafiond . . . . . . . .. .. .. .. 2832
[6.2.8 Checks the gradients of a set of non-linear funcfiond . . . . . . . . .. 2838
[6.2.9  Discrete Fourier transform of real or complex data value§ . . . . . . . 2841
6710 Discrefe Fourier transform of n real data valued . . . . . . . . . . .. 2849
[6.2Z.TT Discrete Fourier transform of a Hermifian sequencd . . . . . . . . . . 2852
[6.2.12 Discrete Fourier transform of n complex data valued . . . . . . . . .. 2856
62 T3 Circular convolnfion or correlafion of two real vectord . . . . . . . . . 2859
[6.2.14 Discrete Fourier fransforms of m sequenced . . . . . . . . . . . .. .. 2863
[6.2.15 Discrete Fourier transforms of m Hermitian sequenced . . . . . . . . . 2868
[6.2.16 Discrete Fourier transforms of m complex sequenced . . . . . . . . . . 2872
[6.2.1T7 Discrete Fourier transform of bivariate complex datd . . ... . . .. 2876
62 TR Summafion of Serjed . . . . . . . . . .. oL oo 2881
[6.2.T9 Complex conjugate of a sequence of n data valued . . . ... ... .. 2883
[6.2.20 Complex conjugates of m Hermitian sequenced . . . . . . . . . . . .. 2885
[6-22T Form real and imaginary parts of m Hermitian sequence§ . . . . . . . 2887
1§ odl Dl . . . . e e e e 2890
[6.3.T Quadraturd. . . . . . . . . . . . . . . e 2890
[6.3.2 Approximation of the integral over a finife inferval . . ... ... .. 2903
[6.3.3" _Adapfive infegrafion over a finife infegral . . . . . . . . . . . ... .. 2909
[6.3.4  Approximate infegration with local singular poinftd. . . . . . . . . .. 2915
160.5.0 Approximate integration over a (semi-)infinite mterval . . . . . . .. 2921
[6.3.6  Approximafte sine or cosine transform over finite inferval . . . . . . . 2927
[6.3.7 _Adapftive integration of weighted funclion over an inferval . . . . . . 2933
[ 3R MHilberf fransform over onite interval . . . . . . . o o o v v . 2939
16.3.9 Approximate Sine or Cosine over [a,00] . . . . . . . . . . .. ... .. 2945
[6.3.T0 Weights and abscissae for Gaussian quadrature formuld . . . . . . . . 2952
[6.3. 1T Mulfidimensional infegrals with finife imitd . . . . .. . . . . . . .. 2958
[6.3.T2 Third-order finite-difference integrafion . . . . . . . . . . . . . . . .. 2963
[6.3. T3 Monfte Carlo infegration over hyper-rectangular regiond . . . . . . . . 2966
[6.3.T4 Ordinary Differential Equafiond . . . . . .. .. ... ... ... ... 2971
[E3Th Firsi-order ODFE over an interval with initial condifiond . . . . . . . . 2978
6316 First-order ODE with inifial condifions and user funcfion . . . . . . . 2986
[6.3.17 First-order ODE with variable-order, variable-sted . . . . . . . . . .. 2994
[6.3.18 Stiff First-order ODE with variable order and steg . . . . . . . . . .. 3003
[6.3. 19 Two-point boundary-value ODF . . . . . . ... .. ... ... .... 3012
[6.3.20 Two-point boundary value ODE with deferred correcfion . . . . . . . 3019
[6.3.2T Fignevalue of regular singular Znd-order Sturm-Liouvilld . . . . . . . 3027
[6.3.22 Two-point boundary-value ODE equafion systemd . . . . . . . . . .. 3050
[6.3.23 Partial differential equationd . . . . . . . . . . . . . ... ... ... 3064
[6.3.24 Discrete elliptic PDE on rectangular region . . . . . . . . . . . .. .. 3071
[6.3.25 Discrete 2nd-order elliptic PDE on rectangular regiond . . . . . . . . 3079
[6.3.26 Helmholfz equafion in 3 dimensions . . . . . . . . . . . . . ... ... 3092
16.4 ge.nfl. . .. . 3102
[6.4.T Inferpolation . . . . . . . . . . . . . . . . e 3102
[6.4.2 Cubic spline inferpolanf . . . . . . . . ... ... ... .. ... 3107

[6.4.3" Monoficify-preserving piecewise cubic Hermite inferpolanf . . . . . . 3112




xxii

CONTENTS

[6.4.4  Piecewise cubic Hermife inferpolanf . . . . . . . . ... ... ... .. 3115
[6.4.5 Piecewise cubic Hermife inferpolant and Ist derif . . . . . . . . . .. 3118
[6.4.6 _Definite integral of piecewise cubic Hermife inferpolanf . . . . . . . . 3121
[6.4.7  Bicubic spline inferpolated surfacd . . . . . . . ... ... .. ... .. 3123
[6. 4.8 Two-D surface mterpolating a set ol scatfered dafa pomtd . . . . . . 3130
[6.4.9 Evaluate 2D interpolant function from FEOISAK . ... . ... .. .. 3133
[6.4.T0 Generate 2D surface inferpolating a scattered data pointd. . . . . . . 3136
[6.4.TT Evaluate ZD interpolating funcfion from EOISEF . . . .. .. .. .. 3142
[6.4.12 Curve and Surface Fitfing . . . . . . . . .. ... ... ... ... .. 3145
[6.4.T3 TLeast-squares polynomial approximafiony . . . . . . . . . . . .. ... 3170
[6.4.T4 Evaluate polynomial from Chebyshev-series representatiog . . . . . . 3176
[6.4.15 Constrained weighted Ieast-squares polynomial . . . . . . . . . . . .. 3180
[6.4.T6 Coefficients of polynomial derivativd . . . . . . . . . . .. . . .. ... 3188
[6.4.T7 Find coefficients of indefinite infegral of polynomia] . . . . . . . . . . 3193
[6.4.18 Evaluate polynomial in Chebyshev-series representation . . . . . . . . 3198
[6.2.T9 Weighted least-squares aprrox to data pointy . . . . . . . . . . . . . . 3203
[6.4.20 Evaluates a cubic spline from its B-spline representation . . . . . .. 3210
[6.4.2T Evaluate cubic spline and 3 derivatives from B-splind . . . . . . . .. 3214
[6.4.22 Definite integral of cubic spline from B-splind . . . . ... .. .. .. 3219
[6.4.23 Cubic spline approximaftion to an arbitrary set pomntd . . . . . . . . . 3223
[6.4.24 Minimal. weighfed least-squares bicubic spline if . . . . . . .. . .. 3232
[6.4.25 DBicubic spline approximaftion to a sef of data valued . . . . . . . . .. 3241
[6.4.26 DBicubic spline approximaftion to a set of scattered datd . . . . . . .. 3252
[6.4.27 Calculates values of a bicubic spline from B-splind . . . . . . . . . .. 3264
[6.4.28 Calculates values of a bicubic spline from B-splind . . . . . . . . . .. 3268
[6.4.29 CTalculates [;_solution to over-determined system equafiony . . . . . . 3272
[6.4.30 Sorts two-dimensional data into rectangular panel§ . . . . . ... .. 3278
[6-43T Minimizing or Maximizing a Function . . . . . . . . . . . . . . . . .. 3282
Lo 4 32 Nhinimizes a. nonhnear fiinction of several variabld . . . . . . . . . . . 3307
[6.4.33 Supply optional paramefers to EO4DGF from fild . . ... ... . .. 3322
[6.4.34 Supply individual opfional params to EO4DGF . . . . . . . . ... .. 3325
[6.4.35 Finding an unconstrained minimum of a sum of squared . . . . . . . . 3327
[6.4.36 Finding an unconstrained minimum of a sum of square§ . . . . . . . . 3333
[6.4.37 Finding a minimum of a function . .. ... ... ... ... ... 3340
6.4.38 Solving [inear programming problemd . . . . . . . . . . . . . . .. .. 3346
[6.4.39 Solving [inear or quadrafic problemg. . . . . . . . . . . ... ... .. 3355
[6.4.40 Minimize an arbitrary smooth constrainted funcfion . . . . . . . . . . 3375
[[6.4.4T Supply optional paramefers to EO4UCF from fild. . . . . . . . . . .. 3426
[6.4.42 Supply individual opfional params to EO4UCH . . . . . . . .. .. .. 3429
o4 43 BHstimates of elements of the variance-covariance matrid . . . . . . . . 3432
o Il . . . . e e e e e 3438
[6.5.T Tinear Algebrd . . . . . . . . . . . . . . . o e 3438
Lo a2 Matrmx Factorizaflon . . . . . . . . . . . oo e e e e e e e e 3442
[6.5.3 Facforizes a real sparse mafrid . . . . . . . . . . . . ... ... .... 3445
[6.5.4 Factorizes a real sparse mafriy . . . . . . . . ... .. .. ... .... 3455

[6.5.5 Incomplefe Cholesky factorization . . . . . .. .. .. .. .. ... .. 3461




CONTENTS xxiii

[6.5.6 Cholesky factor of a symmeftric positive-definite mafrig . . . . . . . . 3468
[6.5.7 QR Tactorization of the real m by n mafrix Al . . ... ... ... .. 3473
65,8 B:=QBorB:=Q'"B ... .... ... . . . . .. ... ... ..., 3478
[6.5.9 First ncolq columns of the real m by m orthogonal mafriy . . . . . . 3483
[6.5.T0 QR factorization of the complex m by n matrix Al . . . . . . . . . .. 3487
6511 B:=QBor B:=0Q"H . . ... ... .. . . ... . ... ...... 3492
[6.5.T2 First ncolg columns of the complex m by m unifary mafrig . . . . . . 3498
[6.5.13 Eigenvalues and Eigenvectord . . . . . . . . . . . . . .. ... ... .. 3503
[6.5.T4 Calculafes all the eigenvalues of a real symmefric mafriy . . . . . . . 3509
[6.5.15 Figenvalues and eigenvectors of a real symmefric mafriy . . .. . . . 3511
[6.5.16_Calculates all the eigenvalues of Ax = ABd . . . . . . . . . .. . ... 3514
[6.5.17 FEigenvalues and eigenvectors of Ax =ABd . . . ... ... ... ... 3517
[6.5.T8 Calculafes all the eigenvalues of a real unsymmefric mafriy . . . . . . 3521
[6.5.T9 Figenvalues and eigenvectors of a real unsymmefric mafriy . . . . . . 3523
[6.5.20 Calculafes all the eigenvalues of a complex matriy . . . . . . . . . .. 3526
[6.5.2T Figenvalues and eigenvectors of a complex mafriy . . . . . . ... .. 3529
[6.5.22 FEigenvalues of a complex Hermifian mafriy . . . . . . . .. .. .. .. 3532
1L6.5.26 Eigenvalues/eigenvectors complex Hermitian matrix . . . . . . . . .. 3535
[6.5.24 Eigenvalues and eigenvectors of a real symmetric mafriy . . . . . .. 3538
[6.5.25 Figenvalues of generalized eigenproblem Ax = AB4d . . . . . . . . .. 3542
[6°5-26 Eigenvalues and eigenvectors of real sparse symmetric problenmy . . . . 3547
[6.5.27 Singular value decomposiftion of a general real mafriy . . . . . . . . . 3560
[6.5.28 Singular value decomposition of a general complex mafriy . . . . . . 3568
[6.5.29 Simulfaneous Linear Equationd. . . . . . . . . . . . . .. ... .... 3575
[6.5.30 Approximafte solufion of a set of complex linear equafiony. . . . . . . 3581
[6.5.3T Approximafte solufion of a set of real linear equafiony . . . . . . . .. 3584
[6.5.32 Real symmefric posifive-definife Tinear equationy . . . . . . . . . . .. 3587
[6.5.33 Set of real linear equations with a single right-hand sidd. . . . . . . . 3591
[6.5.34 Solufion of a sef of real sparse linear equafiond . . . . . . .. ... .. 3594
L6.0.00 heal symmetric positive-deninite tridiagonal linear equationy . . . . . 3597
[6.5.36 Solufion of a linear least-squares problem, Az =9 . . . ... ... .. 3603
[6.5.37 Sparse symmetric positive-definite system linear equationy . . . . . . 3609
[6.5.38 Solves a system of real sparse symmefric finear equafiond . . . . . . . 3615
[6.5.39 Solufion of a system of real linear equaftiond . . ... ... .. .. .. 3626
[6.5.40 Solves sparse unsymmetric equationd . . . .. ... .. ... ... .. 3631
[6.5.41 Linear Algebra Support Routined . . .. . ... ... .. ... .... 3645
16.0.42 Linear Equations (LAPACK) . . . . . . . . ... ... ... .. .... 3678
[6.5.43 Computes the LU factorization of a real m by n mafriy . . . . . . . . 3679
[[6.5.44 Solves a real system of linear equation . . . . . ... ... ... ... 3683
L6.0.40 Factorization of a real symmetric positive-definite matriy . . . . . . . 3687
[[6.5.26_Real symmetric positive-definite system of linear equafiond . . . . . . 3690
[[6.5.47 Sort vector of double precision numbery . . . . . . . . . ... ... .. 3697
[6.5.48 Ranks a vector of double precision numbery . . . ... ... ... .. 3700
[6.5.49 Ranks the rows of a mafrix of double precision numbery. . . . . . . . 3703
[6.5.50 Ranks the columns of a mafrix of double precision numberd . . . . . 3706

[6.5.51T Rearranges a vector of double precision numbery . . . . . . . . . . .. 3709




XXiv CONTENTS

[6.5.5Z2 Inverts a permutafion . . . . . . . . . . . . ... ... ... ... 3711
16.6 oS hfl . . . . e e 3714
[6.6.T Approximafions of Special Functiond . . . ... ... ... ... ... 3714
[6.6.2  Exponential funcfion e . forcomplex 4 . . . . . . . . ... ... ... 3727
16.6.0  Returns the value of the exponential integral £(x) . . . . . . ... .. 3730
[6.6.4  Returns the value of the cosine integral . . . . . . . . . ... ... .. 3733
[6.6.5 Returns the value of the sine infegral . . . .. .. .. ... ... ... 3736
[0 60 Refturns the valie of the Gamma unction . . . . . . . . . . . . . .. 3739
[6.6.7 Returns a value for the logarithm of the Gamma funcfiog . . . . . . . 3742
16.6.8  Incomplete gamma functions P(a,x) and Q(a,x) . ... ... ... .. 3746
[6.6.9  Refurns the value of the complementary error function . . . . . . .. 3749
66 10 Refurns the valiie of the error tunction ertd . . . . . . . . . . . . . .. 3753
16.6.11 Returns the value of the Bessel Function Yp(x) . . . . . . . .. .. .. 3755
16.6.12 Returns the value of the Bessel Function Yi(x) . . . . . . . .. .. .. 3759
16.6.15 Returns the value of the Bessel Function Jo(z) . . . . . . . . ... .. 3764
L0.6.14 Returns the value of the Bessel Function Jy(z) . . . . . . . . ... .. 3768
L6.6.15 Returns a value for the Airy tunction, A«(x) . . . . . . . . . ... .. 3771
16.6.16 Returns a value of the Airy function, Bo(z). . . . . . . . . . .. ... 3776
16.6.17 Value of the derivative of the Airy function A«(x) . . . . . . . .. .. 3780
[1[6.6.18 Value for the derivative of the Airy function Ga(z). . . . . . . . . .. 3784
16.6.19 Values for the Bessel functions Y, ip,(2) . . . . . . . . . . . . ... .. 3788
L6.0.20 Values for the Bessel tunctions J,1,(2) . . . . . . . . .. . ... ... 3793
16.6.21 Value of the Airy tunction Ax(z) or derivative A2 (z) . ... ... .. 3798
16.6.22 Value ot the Airy function 51(z) or derivative 62 (z) . . . . . . . .. 3802
[6.6.23 Returns a sequence of values for the Hankel funcfiond . . . . . . . . . 3806
L6.6.24 Returns the value of the modified Bessel Function Ko(z) . . . . . . . 3812
L6.06.25 Returns the value of the modified Bessel Function Kq(x) . . . . . .. 3815
16.6.20 Returns the value of the modified Bessel Function fo(x) . . . . . . . . 3819
16.6.27 Returns a value for the modified Bessel Function /y(z) . . .. .. .. 3823
[[6.6.28 Sequence of values for the modified Bessel K, (2} . . ... . ... .. 3826
[[6.6.29 Sequence of values for the modified Bessel 7,+,] . . . . . . . . .. .. 3831
6630 Refurns a valne for the Kelvin funcfionher . . . . . . . . . .. . .. 3835
66 31T Refurns a value for the Kelvin function bel X . . . . . o v v v v o o 3839
66 37 Refurns a value for the Kelvin function kKer X . . . . . o o v v v o o . 3842
Lo 6 33 BRetnrns a valnue tor the Kelvin tinetion kexxd . . . . . . . . . . . . .. 3846
16.6.54 Returns a value for the Fresnel Integral S(x) . . . .. .. ... .. .. 3850
L6.6.90 Returns a value for the kresnel Integral C(z) . . . . . . .. . ... .. 3854
[6.6.36_Returns a value of an elementary integral . . . . . . . . ... ... .. 3859
[6.6.37 Value of the symmetrised elliptic infegral of first kind . . . . . . . . . 3862
[6.6.38 Value of the symmetrised ellipfic infegral of second kind . . . . . . . 3866
[6.6.39 Value of the symmetrised ellipfic infegral of third kind . . . . . . . . 3871
16 O o o o o e e e e e e e e e e e e e e e 3876
o 1 Mathemafical Constantd . . . . . . . . . . . . ... .. .. 3876
672 NMachine Constanfd . . . . . . . . . .. ... ... ... ... ..... 3877
[6.7.3 Input/Output Utilitied . . . . . . . . . . . .. .. .. ... .. .... 3884

[6.7.4  Value of the currenf error message unit numbey . . . . . . . . . . .. 3886




CONTENTS XXV

[6.7.5  Value of The current advisory message unit numbeyg . . . . .. . . .. 3889
[6.7.6_Print a real mafrix stored in_a two-dimensional array . . . . . . . . . 3891
[6.7.7  Print a complex mafrix stored in a 2D array] . . . . . . . . . . . ... 3894
o 7x Date and Time Utahitied . . . . . . . 0 0 0 00000000 3898
70 Refurnsfhe cirrent dafe and fimd . . . . . . . . . .. ... ... ... 3900
[6.7.10 From seven-infeger formaf fime and date to character string . . . . . 3901
L6.7.11 Compares two date/time character stringd . . . . . .. ... ... .. 3904
[6.7.12 Amount of processor time used . . . . . . . . . . . . . ... ... ... 3907
I7 NAG ASP Example Cod€ 3909
1 D 0 . . 3909
[7.I.T Aspl Example Codd . . . . . . . . . . . . . . . .. ... 3909
I/ L2 AsplU Example Codgq . . . . . . . . . . . . . . . ..o 3909
[7TIT3 AsplZ Example Codd . . . . . ... . . ... ... ... ... ..... 3910
[7.1.4 Aspl9 Example Codd . . ... ... .. ... ... ... .. ..... 3910
[7.1.5 Asp20 Example Codd . . . . . . . . . . . . ... . .. ... 3913
[7.1.6 _Asp24 Example Codd . . . . . . . . . . . .. ... ... ... ..... 3913
WA L7 AspZ2( Example Codq . . . . . . . . . . . . . ..o 3914
[7TI8 AspZ8 Fxample Codd . . . . . . . . . . ... ... ... ... ... 3914
[7TIT9 AspZ9 Example Codd . . . . . . . . . . . . .. ... ... ... .... 3917
[7.1.T0Asp30 Example Codd . . . . . . . . . . . . ... . .. ... 3918
[7.I.ITAspdT Example Codd . . . . . . . . . . . . . . ... 3919
[7.IT.12Asp33 Example Codd . . . . . . . . . . . . . . . . ... ... .... 3919
I/ L 15 Aspod Example Codg . . . . . . . . . . . . . 0oL 3920
[T ITI4Aspd5 Example Codd . . . . . . . . . . . ... ... ... ... .... 3920
[7TITI5Aspd Example Codd . . . . . . . . . . . ... ... ... ... ..... 3921
[7.1.16 Asp4l Example Codd . . . . . . . . . . . . . . ... 3921
L7.1.17Aspd2 Example Codd . . . . . . . . . . . . . .. ... ... . ..... 3922
WAL IS AspdY Example Codg . . . . . . . . . . . . . oL 3923
[7TITT9AspH0 Example Codd . . . . . . . . . . . .. ... ... ... ... 3924
[7.I1.20Aspb5 Example Codd . . . . . . . . . . .. ... ... ... ... 3925
[7T2TAspb Example Codd . . . . . . . . . . . ... ... ... ... ..... 3926
[7.1.22Asp7 Example Codd . . . . . . . . . . . . . . ... ... .. ...... 3926
W/ L.25 Aspio Example Codg . . . . . . . . . . . . . . .o oL 3927
[7TIT24Asp7d Example Codd . . . . . . . . . . . .. ... .. ... 3927
[T IT25Asp77 Example Codd . . . . . . . . . . .. .. ... ... ... .... 3928
[7.1.26 Asp78 Example Codd . . . . . . . . . . . . .. .. ... ... 3929
M[7.1.27Asp8 Example Codd . . . . . . . . . . . . . .o 3929
7128 AspS80 Example Codd . . . . . . . . . . . . . . . . . .. ... .... 3930
[7.1.29Asp9 Example Codd . . . . . . . . . . . . . . . . . 3930
I8 NAG ANNA Expert System| 3933
[RTammaex hil . . . . . . . . . . e 3933
18.1.1 Axiom/NAG Expert System . . . . . .. . ... . ... ... ..... 3933
[BT.2 Infegratiod . . . . . . . . . .. . 3934

[8.1.3 Ordinary Differenfial Equationd . . . . . . . . ... ... ... ... .. 3935



XXV1

IIs.1.4

Optimization . . . . . . . . . . o e e e e e e e

Is.1.0

Partial Diderential Equationy . . . . . . . . . . . .. ..

IL8.1.6

Examples Using the Axiom/NAG Expert System|

1L38.1.7

Examples Using the Axiom/NAG Expert System|

18.1.8

Examples Using the Axiom/NAG Expert System|

13.1.9

Examples Using the Axiom/NAG Expert System|

IL8.1.10 About the Axiom/NAG Expert System|

I[8.1.11 Introduction to the Axiom/NAG Expert System|

I18.1.12 Example using the Axiom/NAG Expert System|

I8.1.15 Example using the Axiom/NAG Expert System|

II5.1.14 Example using the Axiom/NAG Expert System|

L. L. 1o Decision Agenty

x| 1o Interence NMechanismd

U= I I/ Method Domaind

1LY ANINA Algebra Cod¢q

20 Page hierarchy layout

21 NMakenile

CONTENTS



CONTENTS XxXvii

New Foreword

On October 1, 2001 Axiom was withdrawn from the market and ended life as a commer-
cial product. On September 3, 2002 Axiom was released under the Modified BSD license,
including this document. On August 27, 2003 Axiom was released as free and open source
software available for download from the Free Software Foundation’s website, Savannah.

Work on Axiom has had the generous support of the Center for Algorithms and Interactive
Scientific Computation (CAISS) at City College of New York. Special thanks go to Dr.
Gilbert Baumslag for his support of the long term goal.

The online version of this documentation is roughly 1000 pages. In order to make printed
versions we’ve broken it up into three volumes. The first volume is tutorial in nature. The
second volume is for programmers. The third volume is reference material. We’ve also added
a fourth volume for developers. All of these changes represent an experiment in print-on-
demand delivery of documentation. Time will tell whether the experiment succeeded.

Axiom has been in existence for over thirty years. It is estimated to contain about three
hundred man-years of research and has, as of September 3, 2003, 143 people listed in the
credits. All of these people have contributed directly or indirectly to making Axiom available.
Axiom is being passed to the next generation. I'm looking forward to future milestones.

With that in mind I've introduced the theme of the “30 year horizon”. We must invent
the tools that support the Computational Mathematician working 30 years from now. How
will research be done when every bit of mathematical knowledge is online and instantly
available? What happens when we scale Axiom by a factor of 100, giving us 1.1 million
domains? How can we integrate theory with code? How will we integrate theorems and
proofs of the mathematics with space-time complexity proofs and running code? What
visualization tools are needed? How do we support the conceptual structures and semantics
of mathematics in effective ways? How do we support results from the sciences? How do we
teach the next generation to be effective Computational Mathematicians?

The “30 year horizon” is much nearer than it appears.

Tim Daly
CAISS, City College of New York
November 10, 2003 ((iHy))
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1.1.2 Online Information

Te—
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Online information

Axiom information canbe foundonline at
http://axiom.axiom-developer.org
http://savannah.nongnu.org/projects/axiom
http://sourceforge.net/projects/axiom
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< “What’s New in Axiom” (releaseNotes) [CIT1 on page [
— releasenotes.ht —

\begin{page}{onlineInformation}{Online information}
\beginscroll

Axiom information can be found online at
{http://axiom.axiom-developer.org}
{http://savannah.nongnu.org/projects/axiom}
{http://sourceforge.net/projects/axiom}

\endscroll

\autobuttons

\end{page}

1.1.3 March 2012 Release Notes

I HyperDoc

March 2012 Release Notes

March 2012 Release

A new volume, Volume 8.1, the Axiom Gallery shows examples of Axiom
graphics., These are test cases being collected to show capabilities
of the graphics subsystems.

One of the outstanding graphice bugs was 7217 which gave odd wvalues
for graphics labels. This was fixed by picking up Waldek's patch for
coercion to InputForm. This had the unfortunate gide effect that a
large number of Axiom's 35,000 test cases needed to be updated.

A particularly interesgting article on Literate Programming and
Reproducible Research was publighed in the Journal of Statistical
Software and was added to the documentation page.
(http://www.jstatsoft.org/v46/103/paper)

< “What’s New in Axiom” (releaseNotes) I on page 0
— releasenotes.ht —

\begin{page}{mar2012}{March 2012 Release Notes}
\beginscroll

\begin{verbatim}

March 2012 Release

A new volume, Volume 8.1, the Axiom Gallery shows examples of Axiom
graphics. These are test cases being collected to show capabilities
of the graphics subsystems.
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One of the outstanding graphics bugs was 7217 which gave odd values
for graphics labels. This was fixed by picking up Waldek’s patch for
coercion to InputForm. This had the unfortunate side effect that a
large number of Axiom’s 35,000 test cases needed to be updated.

A particularly interesting article on Literate Programming and
Reproducible Research was published in the Journal of Statistical
Software and was added to the documentation page.
(http://www.jstatsoft.org/v46/i03/paper)

There are two new commands, )tangle and )regress.
A new function, getAncestors was added to the API domain.
The buglist was published and several bugs were added.

New references to Axiom were added to the bibliography, including
Dav12, Jen79, Dav80

Several people contributed to this release, including James Davenport,
Mark Clements, George Legendre, and Waldek Hebisch

bookvol5.pamphlet
add )tangle and )regress commands

bookvol10.4.pamphlet
add Mark Clements, George Legendre
fix 7217 bugs

books/bookvolb
add Mark Clements, George Legendre
fix 7217 bugs

books/bookvol8. 1
A new volume, the Axiom Gallery, showing example graphics

books/bookvolbib
add additional Axiom literature references

books/ps/
add v81* for graphics gallery

readme
add Mark Clements, George Legendre

src/algebra
Makefile fix GUESS, cliquel, and clique2 handling

src/axiom-website/
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add jstat article

src/input/
add testpackage.input
update pasta.input graphics test cases
fix 7216 bugs

\end{verbatim}
\endscroll
\autobuttons
\end{page}

1.1.4 January 2012 Release Notes

HyperDoc
January 2012 Release NHotes

January 2012 Release

The Jenks book was updated by adding appendix E, and the
graphics images from the center of the book.

These people were added to the credits list:
Guilherme Reis, Michael Albaugh, Roger House to credits

Literate documentation was added to the book 3, the compiler
The axiomgraphs were created for the compile command and the parser.

The webszite was updated with several changes including a global
rewrite of the color and fizxes for broken links.

Treeshaking of the compiler and interpreter code continues.

< “What’s New in Axiom” (releaseNotes) [T on page [
— releasenotes.ht —

\begin{page}{jan2012}{January 2012 Release Notes}
\beginscroll

\begin{verbatim}

January 2012 Release

The Jenks book was updated by adding appendix E, and the
graphics images from the center of the book.
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These people were added to the credits list:
Guilherme Reis, Michael Albaugh, Roger House to credits

Literate documentation was added to the book 9, the compiler
The axiomgraphs were created for the compile command and the parser.

The website was updated with several changes including a global
rewrite of the color and fixes for broken links.

Treeshaking of the compiler and interpreter code continues.
Work was done but not completed to move to GCL-2.6.8pre6

bookvolO.pamphlet
add Appendix E
add graphics images from middle of book

bookvol10.4.pamphlet
add Guilherme Reis, Michael Albaugh, Roger House

books/bookvols
localize function names
treeshake interpreter
add Guilherme Reis, Michael Albaugh, Roger House

books/bookvol9
add comment graphs
code cleanup
localize function names
treeshake and document compiler

books/bookvolbib
add additional Axiom literature references

books/ps/
add vOhroot.eps, vOhyper.eps, vOpagel.eps, vOpage2.eps, vOpage3.eps
add vOpage4.eps, vOpage5.eps, vOpage6.eps, vOpage7.eps, vOpage8.eps
v9CommentRecording.eps comment recording chapter
v9CommentSyntaxChecking.eps comment syntax chapter
v9comdefine.eps document compiler
vOcompiler.eps document compiler

readme
add Guilherme Reis, Michael Albaugh, Roger House

src/algebra
Makefile fix autoload

src/axiom-website/
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global background color change to ECEA81
axiom.png make background transparent
books.html fix broken links

litprog.html fix argument count
litprog.html note HTML escape code flaw

/axiomgraph/
axiomgraph.tex literate form of js
index.html add graphs

/axiomgraph/js
arbor.js add graphs
axiomcode.js add graphs, parse tree, default compiler
jquery-1.7.1.js add graphs

/xiomgraph/maps/
algebra. json add graphs
comment . json update comment
add compile.json for the compile command
add compiler.json for the compiler
add dstruct.json for data structures
add funsel.json for function selection
nine.json for global compiler
parse.json for parser

/axiomgraph/style/
axiomgraph.css change background
axiomicon.png add icon

/hyperdoc
change page background color

src/doc/
axiom.sty fix comments

src/input/
Makefile add i2e.input
i2e.input demo InputForm to Expression(Integer)
pasta.input graphics test cases

src/interp
br-con.lisp localize function names, treeshake compiler
cattable.lisp treeshake compiler
ht-util.lisp localize function names
i-funsel.lisp treeshake compiler
parsing.lisp localize function names, treeshake compiler
patches.lisp localize function names
util.lisp treeshake compiler
vmlisp.lisp localize function names, treeshake compiler
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src/scripts/tex/
axiom.sty fix comments

20111130 tpd src/axiom-website/patches.html 20111130.04.tpd.patch

20111130 tpd src/axiom-website/patches.html 20111130 update patch frontier
20111130 tpd src/axiom-website/releasenotes.html

20111130 tpd books/ps/v7lreleasenotes.eps add release notes

20111130 tpd books/ps/v71nov2011.eps added

20111130 tpd books/bookvol7.1 update What’s New Page

20111130 tpd Makefile.pamphlet VERSION = November 2011

20111130 tpd Makefile VERSION = November 2011

\end{verbatim}
\endscroll
\autobuttons
\end{page}

1.1.5 November 2011 Release Notes
& HyperDoc EEE

Hovember 2011 Beleasge Hotes

HNovember 2011 Releage

Treesghaking the interpreter and compiler continues and a few more files
were merged and removed.

Several books and Makefiles were converted to use lisp tangle rather
than noweb. This iz part of the general process to remove nowesh.

Global function rewrites continue, including removing GETREFY and makeprop.

Work was done to improve OpenMath support. The OpenMath semantics CDsg were
added and the OpenMath parser was enhanced.

More effort was put into literate work. In particular, an example of a
literate program using HTML was created and presented at the Clojure/Conj
conference.

< “What’s New in Axiom” (releaseNotes) I on page [
— releasenotes.ht —

\begin{page}{nov2011}{November 2011 Release Notes}
\beginscroll
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\begin{verbatim}
November 2011 Release

Treeshaking the interpreter and compiler continues and a few more files
were merged and removed.

Several books and Makefiles were converted to use lisp tangle rather
than noweb. This is part of the general process to remove noweb.

Global function rewrites continue, including removing GETREFV and makeprop.

Work was done to improve OpenMath support. The OpenMath semantics CDs were
added and the OpenMath parser was enhanced.

More effort was put into literate work. In particular, an example of a
literate program using HTML was created and presented at the Clojure/Conj
conference.

books/Makefile
removed noweb, move to lisp tangle
fix missing index files on PDfs

books/tangle.lisp
fix .input file algebra extraction

books/bookvol10.2
missing/unused function cleanup
remove makeprop
remove noweb, move to lisp tangle

books/bookvol10.3
remove GETREFV
remove makeprop
remove noweb, move to lisp tangle

books/bookvoll0.4
remove noweb, move to lisp tangle

books/bookvol10.5
remove noweb, move to lisp tangle

books/bookvold
missing/unused function cleanup
remove makeprop

books/bookvolb
OpenMath support
add OpenMath stubs
missing/unused function cleanup
remove makeprop
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remove noweb, move to lisp tangle
treeshake interpreter

books/bookvol7.1
fix documentation
update What’s New Page

books/bookvol9
missing/unused function cleanup
remove makeprop
treeshake and merge c-doc.lisp

books/bookvolbib
Axiom OpenMath references
add additional references
add references

books/ps/
v7lreleasenotes.eps add release notes
v71sept2011.eps added

src/algebra/Makefile
fix .input file algebra extraction
remove noweb, move to lisp tangle

src/axiom-website/documentation.html
add Alexander quote
add Knuth quote
add litprog.html
add quote

src/axiom-website/download.html
update to latest release

src/axiom-website/litprog.html
added
add quote
literate program example update

src/interp/Makefile
remove apply.lisp
remove c-doc.lisp
remove noweb, move to lisp tangle
remove nruntime.lisp

src/interp
apply.lisp removed, merged with bookvol9
buildom.lisp remove GETREFV
c-doc.lisp removed
c-util.lisp missing/unused function cleanup

11
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category.lisp remove GETREFV

functor.lisp missing/unused function cleanup, remove GETREFV
g-util.lisp missing/unused function cleanup

i-eval.lisp remove nruntime.lisp

i-specl.lisp treeshake interpreter

i-spec2.lisp fix AN has sqrt: % -> %

i-spec2.lisp remove makeprop

nruncomp.lisp remove GETREFV, treeshake compiler

nrungo.lisp remove nruntime.lisp, treeshake interpreter, remove GETREFV
nruntime.lisp removed

parsing.lisp remove makeprop

sys-pkg.lisp missing/unused function cleanup, remove GETREFV, makeprop
template.lisp remove GETREFV

vmlisp.lisp missing/unused function cleanup, remove GETREFV, makeprop

zips
add cds.tar.gz OpenMath support. add OpenMath CDs
\end{verbatim}
\endscroll
\autobuttons
\end{page}

1.1.6 September 2011 Release Notes

September 2011 Release Hotes

September 2011 Releasze

Thig release continues the task of treeszhaking the compiler and
interpreter. Nine files were merged and removed. In addition,
geveral passes were made for code cleanup.

The Symbolic Ito Calculus package iz being added, starting with the
Bazic8tochasticDifferential and StochasticDifferential domains.
More work remains to be done.

The GUESS package iz being upgraded.

James Cloog and Wilfrid Kendall were added to the credits.

books/bookvoll0. 3
add BazicStochasticDifferential and StochasticDifferential

< “What’s New in Axiom” (releaseNotes) IIT1 on page O
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— releasenotes.ht —

\begin{page}{sept2011}{September 2011 Release Notes}
\beginscroll

\begin{verbatim}

September 2011 Release

This release continues the task of treeshaking the compiler and
interpreter. Nine files were merged and removed. In additionm,
several passes were made for code cleanup.

The Symbolic Ito Calculus package is being added, starting with the
BasicStochasticDifferential and StochasticDifferential domains.
More work remains to be done.

The GUESS package is being upgraded.
James Cloos and Wilfrid Kendall were added to the credits.

books/bookvol10.3
add BasicStochasticDifferential and StochasticDifferential
remove pairp
start upgrade of GUESS package

books/bookvol10.4
remove packageTran

books/bookvoll10.5
add StochasticDifferential

books/bookvols
add BasicStochasticDifferential domain
merge nocompil.lisp, as.lisp, nci.lisp
treeshake interpreter
remove pairp, ncParseAndInterpretString, packageTran
use qc(ad)r forms

books/bookvol7
merge nocompil.lisp

books/bookvol7.1
update What’s New Page

books/bookvol9
remove pairp, isPackageFunction
treeshake compiler
use qc(ad)r forms

books/bookvolbib
add Kendall Ken99a, Ken99b literature references to Axiom
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books/ps/
viO3basicstochasticdifferential.ps added
vl03stochasticdifferential.ps added
v71july2011.eps
v7lreleasenotes.eps add release notes

src/algebra/Makefile
BasicStochasticDifferential domain
add StochasticDifferential
remove upper GUESS package code

src/axiom-website/download.html add Gentoo notes by James Cloos
src/axiom-website/download.html add ubuntu

src/axiom-website/releasenotes.html

src/doc/axiom. sty
fix defplist

src/input/Makefile
document finite field bug
respect the BUILD=fast variable value

src/input/
fix broken tests in axiom, cmds, setcmd, unittestl, unittest2
ffieldbug.input: added

src/interp/Makefile
remove as.lisp, compiler.lisp, database.lisp, define.lisp, foam_1l
remove g-opt.lisp, nci.lisp, package.lisp, ax.lisp

\end{verbatim}
\endscroll
\autobuttons
\end{page}
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1.1.7 July 2011 Release Notes

July 2011 Release Notes

July 2011 Release

The prior release had a bug that caused it to remember the build location.
Thig was a change introduced by the underlving lizp. Thisz was fixed.

Thig release continues treeshaking the compiler.
The modemap.ligp file has been merged and no longer exists.

Thisz release continues to treeszhake the interpreter.
The axext 1.lisp file has been remowved.

Makefile.pamphlet
add BUILD=full / BUILD=fast switch

Book Volume 5 (Interpreter)
treeshake interpreter

< “What’s New in Axiom” (releaseNotes) IIT1 on page O
— releasenotes.ht —

\begin{page}{july2011}{July 2011 Release Notes}
\beginscroll

\begin{verbatim}

July 2011 Release

The prior release had a bug that caused it to remember the build location.
This was a change introduced by the underlying lisp. This was fixed.

This release continues treeshaking the compiler.
The modemap.lisp file has been merged and no longer exists.

This release continues to treeshake the interpreter.
The axext_l.lisp file has been removed.

Makefile.pamphlet
add BUILD=full / BUILD=fast switch

Book Volume 5 (Interpreter)
treeshake interpreter

Book Volume 9 (Compiler)
treeshake compiler

Book Volume 10.3 (Domains)
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help and unit tests for RewriteRule

axiom.sty
add /refsdollar and /defsdollar for better cross references

src/interp/Makefile
add (si::reset-sys-paths) per Camm
remove axext_l aldor support file
remove modemap.lisp

\end{verbatim}
\endscroll
\autobuttons
\end{page}

1.1.8 May 2011 Release Notes

0. What's New in &xiom

Bonline information
EMay 2011
BEMarch 2011
EJanuary 2011

B Hovember 2010
B September 2010
BEJuly 2010
EMay 2010
BMarch 2010
EJanuary 2010
B Hovember 2009
[ September 2009
BJuly 2009
BEMay 2009

B March 2009
EJanuary 2009
B November 2008

< “What’s New in Axiom” (releaseNotes) CIT on page O
— releasenotes.ht —

\begin{page}{may2011}{May 2011 Release Notes}
\beginscroll

\begin{verbatim}

May 2011 Release
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This release involved more work treeshaking of the compiler and
interpreter. Argument naming conventions were normalized to improve
the documentation and clarity.

Time was spent proofreading the books and reducing or eliminating
latex warnings. Missing index files were fixed and errors in the Jenks
book were fixed.

The website has been updated to make Arthur Ralf’s book available
from every page. The website is being rewritten to be IPv6 enabled.

Doug Telford was added to the credits.

Book Volume O (Jenks book)
proofread to chapter 1 (pdf page 86)
replace "operator over" by "operate over"
set textlength 400
port changes to Arthur Ralfs HTML version

Book Volume 1 (Tutorial)
proofread and copyedit
set textlength 400
update HTML image

Book Volume 2
set textlength 400

Book Volume 3
set textlength 400

Book Volume 4
set textlength 400

Book Volume 5 (Interpreter)
add Doug Telford to credits
set textlength 400
treeshake interpreter

Book Volume 6
set textlength 400

Book Volume 7 (Hyperdoc)
set textlength 400

Book Volume 7.1 (Hyperdoc pages)
set textlength 400
update What’s New Page
ps/v71imar2011.eps
ps/v7lreleasenotes.eps add release notes

17
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Book Volume 8
set textlength

400

Book Volume 9 (Compiler)
normalize argument names to top level functions

treeshake compiler

Book Volume 10
set textlength

Book Volume 10.1
set textlength

Book Volume 10.2
set textlength

Book Volume 10.3
set textlength

Book Volume 10.4
set textlength

Book Volume 10.5
set textlength

Book Volume 11
set textlength

Book Volume 12
set textlength

Biblography

400

400

(Categories)
400

(Domains)
400

(Packages)
400

(Numerics)
400

400

400

add several references

set textlength

readme

400

add Doug Telford to credits

website

set up IPv6 address range
download.html add binaries

bugreport.html

add bug reporting instructions

CHAPTER 1. RELEASE NOTES

The website now has an online version of the Jenks book which is a
link to Arthur Ralf’s HTML version. This has been updated with the
proofreading changes for the latex version.

*.html add online book link to Arthur Ralfs HTML version
hyperdoc/axbook/ps/h-root.png port changes
hyperdoc/axbook/section-0.1.xhtml, section-0.6.xhtml, section-0.7.xhtml
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Makefiles
books/Makefile fix missing index
books/Makefile set textlength 400

Testing
Makefile add davis.input
Makefile add erf.input
Makefile bug report regression test
davis.input
erf.input add examples of erf integration
telford.input bug report regression test

src/interp/
define.lisp treeshake compiler
parsing.lisp treeshake compiler
vmlisp.lisp treeshake compiler

\end{verbatim}
\endscroll
\autobuttons
\end{page}

1.1.9 March 2011 Release Notes

0. What's New in Axiom

Aonline information
AMarch 2011
EJanuary 2011

A November 2010
A September 2010
BJuly 2010
HEMay 2010
EMarch 2010

@A January 2010
ANovember 2009
B September 2009
BJuly 2009
HAkay 2009
BEMarch 2009

| January 2009

B November 2008
A September 2008

19
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< “What’s New in Axiom” (releaseNotes) [CIT1 on page [
— releasenotes.ht —

\begin{page}{mar2011}{March 2011 Release Notes}
\beginscroll

\begin{verbatim}

March 2011 Release

This release involved more work treeshaking the compiler.

Book Volume 5 (Interpreter)
add trapNumericErrors
fixup seebook xrefs
move numericFailure code for plot3d
treeshake compiler
treeshake compiler

Book Volume 9 (Compiler)
add seebook changes
fix special declaration for lines in preparsel
fixup seebook xrefs
treeshake compiler

Book Volume 10.3 (Domains)
fix algebra ++ to --

Biblography
add Davenport [Dav10], [DSTxx]
add Fateman [FatO5]

tangle.lisp
fix help file extraction

src/scripts/tex/axiom.sty
add \seebook

src/interp/
Makefile

preload bookvol9
g-util.lisp

treeshake compiler
parsing.lisp

treeshake compiler
util.lisp

treeshake compiler
vmlisp.lisp

move numericFailure code for plot3d

remove extra end{chunk}

treeshake compiler
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\end{verbatim}
\endscroll
\autobuttons
\end{page}

1.1.10 January 2011 Release Notes

Howvember 2010 Eelease NHotes

Howvember 2010 Releaze

Thig release concentrated on treeghaking the compiler code into book wvolume 9.
Due to the complexity of this task it will take several releasesz to complete.

Makefile
automate making help files

books/bookvold
documented debugging technique

books/bookvol5
document compiler related routines
cleanup latex

books/bookvolé

< “What’s New in Axiom” (releaseNotes) I on page [
— releasenotes.ht —

\begin{page}{jan2011}{January 2011 Release Notes}
\beginscroll

\begin{verbatim}

January 2011 Release

This release involved more work treeshaking the compiler.
There is a move to using lisp tangle rather than noweb notangle.
Many of the latex error messages were fixed.

books/Makefile
move bookvol9 to lisp tangle
move to lisp tangle
reduce the noise during make
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books/bookvols
cleaning vmlisp
convert to lisp tangle
move to lisp tangle
sort monitor results

books/bookvol6
move to lisp tangle

books/bookvol7
move to lisp tangle

books/bookvol7.1
move to lisp tangle
update What’s New page

books/bookvol9
cleaning vmlisp
merge and remove newaux.lisp
merge and remove postprop.lisp
move to lisp tangle
treeshake compiler

books/bookvol10.3
cleaning vmlisp

books/bookvol10.4
fixup IntersectionDivisorPackage chunk

books/bookvoll2
add discussion of GTFL

books/bookvolbib
[Loe09], [Mar07], [WeiO03], [WeiO6], [Flo63],

books/ps/v71nov2010.eps
update What’s New page

books/ps/v71lreleasenotes.eps
update What’s New page

src/Makefile
move to lisp tangle

src/axiom-website/download.html
add ubuntu

src/axiom-website/releasenotes.html
add release notes

CHAPTER 1. RELEASE NOTES

[Pra73]
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src/input/Makefile
clean up failing tests

src/input/
*.input add \setlength{\textwidth}{400pt}
fix overfull boxes
clean up failing tests
fix long lines

series.input -- add series to polynomial example
unit-i-funsel.input -- removed
src/interp

Makefile convert bookvol5 to lisp tangle

Makefile merge and remove newaux.lisp

Makefile move to lisp tangle

Makefile remove postprop.lisp

src/interp/br-con.lisp cleaning vmlisp
src/interp/compiler.lisp treeshake compiler
src/interp/newaux.lisp remove newaux.lisp
src/interp/postprop.lisp merged with bookvol9, removed.
src/interp/regress.lisp handle "ok" on --S
src/interp/vmlisp.lisp cleaning

\end{verbatim}
\endscroll
\autobuttons
\end{page}
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1.1.11 November 2010 Release Notes

Hovember 2010 Releasze Notes

Howvember 2010 Releasze

Thig release concentrated on treeshaking the compiler code into book volume 9.
Due to the complexity of this task it will take several releases to complete.

Makefile
automate making help files

books/bookvold
documented debugging technigue

books/bookvol5
document compiler related routines
cleanup latex

books/bookvole

< “What’s New in Axiom” (releaseNotes) IIT1 on page [
— releasenotes.ht —

\begin{page}{nov2010}{November 2010 Release Notes}
\beginscroll

\begin{verbatim}

November 2010 Release

This release concentrated on treeshaking the compiler code into book volume 9.
Due to the complexity of this task it will take several releases to complete.

Makefile
automate making help files

books/bookvold
documented debugging technique

books/bookvolb
document compiler related routines
cleanup latex

books/bookvol6
added section on research ideas

books/bookvol9
treeshake compiler code
document compiler code
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fix |speciall bug
merge and remove fnewmeta
move meta code into bookvol9 from parsing.lisp

books/bookvolbib
Chee Keng Yap [YapO0O], Chudnovsky and Jenks [CJ86], Eric Weisstein [Wein],
David and Gregory Chudnovsky [Chu89], Jenks, [Jen69], Kaufmann [KMJOO],
Linger [LMW79], Wester [Wes99]

src/algebra/Makefile automate making input files
src/doc
axiom.sty collect all script commands in one place

axiom.sty consolidate latex macros

src/input
setcmd.input clean up broken tests

src/interp
Makefile merge and remove fnewmeta

apply, br-con, define, info, category, modemap, postprop fix |speciall| bug
vmlisp fix |speciall| bug

compiler, define, fnewmeta, g-boot, interp-proclaims, iterator, modemap,
parsing, postprop vmlisp treeshake compiler

fnewmeta.lisp removed

i-output.lisp remove droptrailingblanks
parsing.lisp cleanup and reformat
vmlisp.lisp comment out plist assignments
vmlisp.lisp remove droptrailingblanks
vmlisp.lisp rename some fnewmeta variables

vmlisp.lisp rename variables to remove underscores

src/scripts/tex
axiom.sty add defplist, usesstruct

src/doc
axiom.sty add defplist, usesstruct

src/axiom-website/
documentation.html add literate thinking quote

\end{verbatim}
\endscroll
\autobuttons
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\end{page}

1.1.12 September 2010 Release Notes

& HyperDoc [=)=]x]

September 2010 Release Wotes

September 2010 Releasze

Thig release concentrated on treesghaking the compiler code into book volume 9.
Due to the complexity of this task it will take geveral releases to complete.

&dditional global changes included collecting all of the Axiom-related
latex macros into axiom.sty and removing references to &Aldor.

Makefile
always run help extractions in parallel
build sro/input quietly

books/bookvol0
remove references to aldor

books/bookvoll

< “What’s New in Axiom” (releaseNotes) [CIT1 on page [
— releasenotes.ht —

\begin{page}{sept2010}{September 2010 Release Notes}
\beginscroll

\begin{verbatim}

September 2010 Release

This release concentrated on treeshaking the compiler code into book volume 9.
Due to the complexity of this task it will take several releases to complete.

Additional global changes included collecting all of the Axiom-related
latex macros into axiom.sty and removing references to Aldor.

Makefile
always run help extractions in parallel
build src/input quietly

books/bookvol0
remove references to aldor
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books/bookvoll
remove references to aldor

books/bookvol5s

expose StreamTensor, U32Vector, U32VectorPolynomialOperations

mark pure common lisp routines
merge ptrop, varini

move latex macros to axiom.sty
remove POLYVEC

remove compile, duplicated in vol9
remove memq

remove references to aldor
treeshake

remove $useNewParser

books/bookvol7.1
move latex macros to axiom.sty
remove references to aldor
rewrite \pagehead to \pagetitle

books/bookvol9
cross-reference functions and variables
move latex macros to axiom.sty
remove memq
treeshake the compiler code
remove $useNewParser

books/bookvol10
move latex macros to axiom.sty
move GOPTO from bookvoll0.3

books/bookvol10.1
move latex macros to axiom.sty

books/bookvol10.2
move latex macros to axiom.sty

books/bookvol10.3
add U32Vector, move GOPTO from bookvoll0.4
move latex macros to axiom.sty

books/bookvoll0.4
add StreamTensor, U32VectorPolynomialOperations
fix ScriptTensor regression test
move latex macros to axiom.sty
remove POLYVEC
update Chinese Remainder documentation

books/bookvol10.5
move latex macros to axiom.sty

27
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books/bookvolbib
Parnas & Madey [PM95], Parnas & Jin [PJ10], GCL92, AS64, NIST10, RF94,
Hamdy [HamO4], Steele [Ste90], Tim Lahey’s Sage Integration Test Suite

books/ps/
v103guessoptionfunctionsO, v103u32vector, viO4streamtensor,
v104u32vectorpolynomialoperations, v104u32vectorpolynomialoperations

src/algebra
Makefile help and test for StreamTensor
Makefile help and test for U32Vector
Makefile remove references to aldor
Makefile test and help for POLYVEC
Makefile remove POLYVEC
Makefile add help and test for new algebra
Makefile handle case-insensitive MAC filesystem
Makefile remove new algebra scaffolding code

src/doc
axiom.sty collect all script commands in one place
axiom.sty consolidate latex macros

src/input
Makefile add guess.input, manuel.input, risch.input
guess.input test examples of the GUESS package
kamke3.input clean up broken tests
manuel.input add Manuel’s integral to test suite
richlog300-391.input clean up broken tests
richtrig800-899.input clean up broken tests
risch.input illustrate the Risch algorithm
setcmd.input clean up broken tests
test.input clean up broken tests

src/interp
Makefile merge varini
Makefile remove nspadaux, mark, pspadl, pspad2, ptrop, wil, wi2
*.lisp remove memq
treeshake compiler -- br-con, cattable, compiler
remove nspadaux.lisp, mark.lisp, pspadl.lisp, pspad2.lisp,
remove ptrop.lisp, wil.lisp, wi2.lisp
add HTMLFormat code i-output.lisp, vmlisp.lisp

src/scripts/tex
axiom.sty collect all script commands
axiom.sty consolidate latex macros

src/axiom-website/
documentation.html add Knuth quote per W. Sit
download.html add debian, fedora, mandriva, opensuse, slackware, vector
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download.html update ubuntu yum advice

\end{verbatim}
\endscroll
\autobuttons
\end{page}

1.1.13 July 2010 Release Notes

July 2010 Release Hotes

July 2010 Release

This release concentrated on the work of Albert Rich and his Rubi pattern
matching machinery. 211 of his integrals from hisz test szuite were converted
to a regressgion test suite. This will form a baseline for the pattern work
in future releases. David Parnas has a table-based method of zpecifying
programs. Axiom iz trying to synthesize this work with the pattern match
work to create pattern specifications using tables. Martin Baker added

HTML output to the system. Waldek Hebisch implemented the DoubleFloat
representation routines. Martin Rubey implemented Dirichlet.

The symbolic version of the fresnel integrals was added as well asz a
numeric implementation of the fresnelC and fresnelS functicnsz. The
output of these numeric functions were validated against Pearcy's tables,
with the comparison as part of the regression tests. Further work on
numeric approximation isg ongoing and expected in the next release.

< “What’s New in Axiom” (releaseNotes) IIT1 on page O
— releasenotes.ht —

\begin{page}{july2010}{July 2010 Release Notes}
\beginscroll

\begin{verbatim}

July 2010 Release

This release concentrated on the work of Albert Rich and his Rubi pattern
matching machinery. All of his integrals from his test suite were converted
to a regression test suite. This will form a baseline for the pattern work
in future releases. David Parnas has a table-based method of specifying
programs. Axiom is trying to synthesize this work with the pattern match
work to create pattern specifications using tables. Martin Baker added
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HTML output to the system. Waldek Hebisch implemented the DoubleFloat
representation routines. Martin Rubey implemented Dirichlet.

The symbolic version of the fresnel integrals was added as well as a
numeric implementation of the fresnelC and fresnelS functions. The
output of these numeric functions were validated against Pearcy’s tables,
with the comparison as part of the regression tests. Further work on
numeric approximation is ongoing and expected in the next release.

These people were added to the credits list:
Albert D. Rich, David Parnas, Martin Baker

readme
update credits list

Makefile
add Mandriva
fix environment variables
segment test set choice from command line

books/axbook.tgz
rewrite section 8.3.2 for current output

books/bookvol0
rewrite section 8.3.2 for current output

books/bookvoll0.2
add fresnelS, fresnelC to LFCAT
add test and help files for all categories

books/bookvol10.3
add CDFMAT ComplexDoubleFloatMatrix
add CDFVEC ComplexDoubleFloatVector
add DIR Dirichlet
add DFMAT DoubleFloatMatrix
add DFVEC DoubleFloatVector
add HTMLFORM HTMLFormat
add fresnelS, fresnelC to EXPR

books/bookvol10.4
add EXP3D Export3D
add GDRAW GnuDraw
add fresnelC, fresnelS numeric computation to DFSFUN
add fresnelS, fresnelC symbolics to LF, COMMONOP, LIMITPS

books/bookvol10.5
start of numeric analysis of BLAS/LAPACK
tighten array type declarations in BLAS
use simple-array, not simple-vector type in BLAS
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books/bookvold
document the Makefile build process

books/bookvolb
change )version to include *build-version* info
add macros to support algebra
add Albert D. Rich, David Parnas, Martin Baker to credits

books/bookvol6
fix deleted variable from axiom script
remove AXIOMXLROOT reference

books/bookvol7.1
document HTMLFormat

books/bookvol8
add 3D graphic file format table

books/bookvolbib
Adams [AL94], Brunelli [Bru09], Burcin [ES10], Dewar [Dew94], Golub [GL89],
Higham [Hig02], Householder [Hou81], Jenks [JT18], [JT18a], [JT18b], [JWS87],
Lecerf [Le96], Losch [Los60], Luke [Luk169], [Luk269], Pearcey [Peab6],
Press [PTVF95], Taivalsaari [Tai96]

src/algebra/Makefile
add help and test for new algebra
handle case-insensitive MAC filesystem
remove new algebra scaffolding code

src/doc/Makefile
cleanly latex pure latex files

src/input/Makefile add TESTSET=notests
add derivefail, exampleagcode, hyperell, paffexample,
rule-based algebraic integration, rule-based rational integration,
rule-based exponential integration, rule-based hyper integration,
rule-based inverse hyperbolic integration, rule-based log integrationm,
rule-based inverse trig integration, rule-based trig integration

zips
remove aldor.20070901.tgz

src/input
derivefail, examplegcode, hyperell, monitortest, paffexample,
richalgebraic000-099, richalgebraic100-199, richalgebraic200-299,
richalgebraic300-399, richalgebraic400-461, richerror000-078,
richexponential, richhyper000-099, richhyper100-199, richhyper100-199,
richhyper1000-1098, richhyper200-299, richhyper300-399,
richhyper400-499, richhyper500-599, richhyper600-699, richhyper700-799,
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richhyper800-899, richhyper900-999, richintfunc000-032,
richinvhyper000-099, richinvhyper100-199, richinvhyper200-296,
richinvtrig000-092, richlog000-099, richlogl00-199, richlog200-299,
richlog300-391, richrational.input, richspecfunc000-022,
richtrig000-099, richtrigl00-199, richtrig200-299, richtrig300-399,
richtrig400-499, richtrigb00-599, richtrig600-699, richtrig700-799,
richtrig800-899, richtrig900-920

src/interp
i-output.lisp, vmlisp.lisp HTMLFormat support code

src/share/algebra/
browse, category, compress, interp, operation, users daase updated
remove libaldor.al

GCL was upgraded, thanks to Camm Maquire.
\end{verbatim}

\endscroll

\autobuttons

\end{page}

1.1.14 May 2010 Release Notes

= HyperDoc
: May 2010 Release Notes

May 2010 Releacse

This release concentrated on adding new algebra.

& new package was added for factoring over finite fields.

A new volume Axiom Numerics was added, including BLAS and LAPACK in
A new volume Axiom Bibliography was added for literature citations.
GCL wasg upgraded, thanks to Camm Maguire.

These people were added to the credits list:

HNelmon H. F. Beebe, Gaetan Hache, Bill Hart, Kaj Laurson,
Patrice Naudin, Claude Quitte, Steve Toleque

readme
update credits list

(=](a](x]
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\begin{verbatim}

May 2010 Release

This release concentrated on adding new algebra.

A new package was added for factoring over finite fields.

A new volume Axiom Numerics was added, including BLAS and LAPACK in lisp.
A new volume Axiom Bibliography was added for literature citatioms.

GCL was upgraded, thanks to Camm Maquire.

These people were added to the credits list:

Nelson H. F. Beebe, Gaetan Hache, Bill Hart, Kaj Laurson,
Patrice Naudin, Claude Quitte, Steve Toleque

readme
update credits list

Makefile
GCLVERSION gcl-2.6.8pre4 change
clean books from src/algebra
merge all fedoraN stanzas into fedora

books/Makefile
add Axiom Bibliography book
add bookvoll0.5 add Axiom Algebra Numerics

books/bookvol4d Axiom Developers Guide
document how to make graphs in algebra books
document process to add new algebra
document steps for adding algebra

books/bookvol5s Axiom Interpreter
add Naudin, Laurson, Hache to credits
change .spad.pamphlet to just .pamphlet
Add new algebra to exposure list
fix )describe to accept abbreviations

books/bookvol7.1 Axiom Hyperdoc Pages
add mar2010 what’s new page

books/bookvol10.2 Axiom Categories
add AFSPCAT AffineSpaceCategory
add BLMETCT BlowUpMethodCategory
add DIVCAT DivisorCategory
add DSTRCAT DesingTreeCategory
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add INFCLCT
add LOCPOWC
add PACEXTC
add PACFFC
add PACPERC
add PACRATC
add PLACESC
add PRSPCAT
add SETCATD

CHAPTER 1. RELEASE NOTES

InfinitlyClosePointCategory

LocalPowerSeriesCategory
PseudoAlgebraicClosureO0fAlgExtOfRationalNumberCategory
PseudoAlgebraicClosureOfFiniteFieldCategory
PseudoAlgebraicClosure0fPerfectFieldCategory
PseudoAlgebraicClosure0fRationalNumberCategory
PlacesCategory

ProjectiveSpaceCategory

SetCategoryWithDegree

books/bookvol10.3 Axiom Domains

add AFFPL
add AFFPLPS
add AFFSP
add BLHN

add BLQT

add DIV

add DSTREE
add ICP

add INFCLSPS
add INFCLSPT
add NSDPS
add PACEXT
add PACOFF
add PACRAT
add PLACES
add PLACESPS
add PLCS

add PROJPL
add PROJPLPS
add PROJSP
add UTSZ
document and

AffinePlane
AffinePlaneOverPseudoAlgebraicClosure0OfFiniteField
AffineSpace

BlowUpWithHamburgerNoether

BlowUpWithQuadTrans

Divisor

DesingTree

InfClsPt
InfinitlyClosePointOverPseudoAlgebraicClosureOfFiniteField
InfinitlyClosePoint
NeitherSparseOrDensePowerSeries
PseudoAlgebraicClosure0fAlgExtOfRationalNumber
PseudoAlgebraicClosure0fFiniteField
PseudoAlgebraicClosureO0fRationalNumber

Places
PlacesOverPseudoAlgebraicClosure0OfFiniteField

Plcs

ProjectivePlane
ProjectivePlaneOverPseudoAlgebraicClosure0fFiniteField
ProjectiveSpace

UnivariateTaylorSeriesCZero

test Interval

books/bookvol10.4 Axiom Packages

add AFALGGRO
add AFALGRES
add BLUPPACK
add DTP

add FACTEXT
add FACTRN
add FFFACTSE
add FFSQFR
add GPAFF
add INTDIVP
add INTERGB
add INTFRSP
add LISYSER
add LOP

add LPARSPT

AffineAlgebraicSetComputeWithGroebnerBasis
AffineAlgebraicSetComputeWithResultant

BlowUpPackage

DesingTreePackage
FactorisationOverPseudoAlgebraicClosure0OfAlgExt0fRationalNumber
FactorisationOverPseudoAlgebraicClosure0fRationalNumber
FiniteFieldFactorizationWithSizeParseBySideEffect
FiniteFieldSquareFreeDecomposition
GeneralPackageForAlgebraicFunctionField
IntersectionDivisorPackage

InterfaceGroebnerPackage

InterpolateFormsPackage
LinearSystemFromPowerSeriesPackage

LinesOpPack

LocalParametrization0OfSimplePointPackage
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add NPOLYGON NewtonPolygon

add PAFF PackageForAlgebraicFunctionField

add PAFFFF  PackageForAlgebraicFunctionFieldOverFiniteField
add PARAMP  ParametrizationPackage

add PFORP PackageForPoly

add PLPKCRV PolynomialPackageForCurve

add PRJALGPK ProjectiveAlgebraicSetPackage

add RFP RootsFindingPackage

books/bookvol10.5 Axiom Numerics
BLAS1 regress, help, and function documentation
add BLAS1 dasum function
add BLAS1 daxpy
add BLAS1 dcopy

books/bookvolbib Axiom Bibliography
BuhO5 DLMF MahO5 Sei95 Seixx Sch92 SCC92 WJST90
Du95, Ga95, Ha95, Ha96, HI96, HL95, LR88, St93
add Assia Mahboubi [MahO5]
add Soren L. Buhl [BuhO5]
add citation SDJO7
rename and align biblio with bookvol10.1

faq
FAQ 52: Who was User?

lsp/Makefile.pamphlet
GCLVERSION gcl-2.6.8pre4

src/Makefile
add Volume 10.5 Axiom Numerics
change .spad.pamphlet to .pamphlet

src/algebra/Makefile
help and test files for all new algebra
remove unused .as.pamphlet files
axtimer.as, ffrac.as, herm.as, interval.as, invnode.as,
invrender.as, invtypes.as, invutils.as, iviews.as,
mlift.spad.jhd, ndftip.as, nepip.as, noptip.as, nqgip.as,
nrc.as, nsfip.as removed

src/input/Makefile

remove duplicate curl.input invocation

add curry.input, davenport.input, liska.input, paff.input, zimmer.input

fix biquat.input, chtheorem.input, chtheorem.input, cmds.input,
complexfactor.input,dfloat.input, dftrig.input, dop.input,
el.input, ei.input, en.input, gamma.input, grpthry.input,
gstbl.input, ico.input, numericgamma.input, test.input,
unit-i-funsel.input, unittestl.input, unittestl.input,
unittest2.input, unittest2.input
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src/interp/Makefile
add Volume 10.5 Axiom Numerics

src/share/algebra
update browse.daase, category.daase, compress.daase, users.daase,
dependents.daase, interp.daase, libdb.text, operation.daase

zips
gcl-2.6.8pre4.tgz added, fix for ubuntu 9.10
gcl-2.6.8pre4.h.linux.defs.patch added
gcl-2.6.8pred4.o.read.d.patch added
gcl-2.6.8pre4.unixport.init_gcl.lsp.in.patch
gcl-2.6.8pre4.unixport.makefile.patch

src/axiom-website/documentation.html
add Axiom Algebra Numerics
literate programming quotes

src/axiom-website/download.html
add march 2010 ubuntu
update available binary list

\end{verbatim}
\endscroll
\autobuttons
\end{page}
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1.1.15 March 2010 Release Notes
&= HyperDoc [=a]l=]

March 2010 Release Notes

March 2010 Release

This release concentrated on treeshaking more code into the
volume. Support for Jset break quit was added. Zdditiconal d
waz added for branch cuts and clifford algebras. The first

new volume (10.5) on HNumerics wag added. &n example of unic
to fulfill the long-term goal of unicode I/0 szupport.

Thig releasge iz an interim step in the process of merging t
gource code into a single volume. Due to the sgize and compl
task it will take several releases.

Three people were added to the credits list:
John P. Fletcher <J.P.Fletcherfaszton.ac.uk>
Hathaniel Daly <nathaniel.daly@gmail.com
Ted Kogan <ted.koganBgmail. cons

< “What’s New in Axiom” (releaseNotes) I on page [
— releasenotes.ht —

\begin{page}{mar2010}{March 2010 Release Notes}
\beginscroll

\begin{verbatim}

March 2010 Release

This release concentrated on treeshaking more code into the Interpreter
volume. Support for )set break quit was added. Additional documentation
was added for branch cuts and clifford algebras. The first draft of a
new volume (10.5) on Numerics was added. An example of unicode was tested
to fulfill the long-term goal of unicode I/0 support.

This release is an interim step in the process of merging the interpreter
source code into a single volume. Due to the size and complexity of the
task it will take several releases.

Three people were added to the credits list:
John P. Fletcher <J.P.Fletcher@aston.ac.uk>
Nathaniel Daly <nathaniel.daly@gmail.com
Ted Kosan <ted.kosan@gmail.com>

The Axiom website was completely rewritten based on a new style css
provided by Nate. This change was also made to axiom-developer.com.

There is a new set option ")set break quit" per Ralf Hemmecke.
This will cause the interpreter to quit on failure. Documentation
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was added to the books.

books/bookvold Axiom Developers Guide
add )set break quit

books/bookvols Axiom Interpreter
add )set break quit
add support for IndexedBits
begin documentation of macex
merge and remove lisp files from src/interp
remove non-common lisp macros
rewrite to common lisp functioms

books/bookvol7.1 Axiom Hyperdoc Pages
add jan2010 what’s new page
books/ps/v71jan2010.eps added
books/ps/v71lreleasenotes.eps updated for January 2010

books/bookvol8 Axiom Graphics
redefine R1 in view3D for ARM processor

books/bookvoll0 Axiom Algebra Implementation
A new section on Elementary Functions branch cuts based on the
Numerical Mathematics Consortium was added.

books/bookvol10.1 Axiom Algebra Theory
A new chapter on the Clifford algebra was added.
A quote on quaternions from Altman was added

books/bookvol10.3 Axiom Domains
defstream function and KAFILE test bug fixed
fix IndexedBits range error
remove non-common lisp macros
rewrite to common lisp functions

books/bookvol10.4 Axiom Packages
add Ted Kosan to credits
fix broken credit test

books/bookvoll10.5 Axiom Numerics
first draft of numerics volume

faq
FAQ 51: How can I do unicode in xterm?

src/algebra/Makefile
unit test IndexedBits

src/input/Makefile
add monitortest
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remove redundant kafile.input

src/input/
cachedf.input fix tests for )set break quit
kafile.input redundant with KAFILE test, removed
monitortest.input unit test monitor code
pmint.input add comments
pmint.input update pmint with code
setcmd.input add )set break quit
textfile.input --1 out failing test
unittest2.input add Nate Daly to credits
wester.input reformat into regression test file
src/interp
remove compat.lisp, cparse.lisp, intint.lisp, macex.lisp,

remove

remove

remove

monitor.lisp, pf2sex.lisp, ptrees.lisp, serror.lisp
MAKESTRING macro from all files
non common lisp macros

unused functions

g-error.lisp add )set break quit

htcheck.lisp add READLINE from compat.lisp
nci.lisp pick up functions from intint
patches.lisp move global variables to bookvolb
posit.lisp move position functions to bookvolb
util.lisp move global variables to bookvolb

varini
vmlisp
vmlisp
vmlisp

zips

.lisp pick up functions from intint
.lisp add )set break quit

.lisp fix )set break resume bug
.lisp remove some define-functions

utf-8-demo.txt added to demo utf-8 I/0

\end{verbatim}

\endscroll

\autobuttons

\end{page}
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1.1.16 January 2010 Release Notes

& HyperDoc mE0

January 2010 Belease Notes

January 2010 Belease

Thig release concentrated on treeshaking more code into the Interpreter
volume. Ten files have been merged and removed. Call graphs were generated
for all © code and added to the documentation. Several new functions were
added, including flush, machineFraction, and integerDecode.

Thig release ig an interim ztep in the process of merging the interpreter
gource code into a sgingle wvolume. Due to the size and complexity of the
tazk it will take several releases.

Volume 0: Jenks
Lee Duhum fix typos

Wolume 1: Tutorial
Les Duham fix typos

< “What’s New in Axiom” (releaseNotes) IIT1 on page M
— releasenotes.ht —

\begin{page}{jan2010}{January 2010 Release Notes}
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\begin{verbatim}

January 2010 Release

This release concentrated on treeshaking more code into the Interpreter
volume. Ten files have been merged and removed. Call graphs were generated
for all C code and added to the documentation. Several new functions were
added, including flush, machineFraction, and integerDecode.

This release is an interim step in the process of merging the interpreter
source code into a single volume. Due to the size and complexity of the
task it will take several releases.

Volume 0O: Jenks
Lee Duhum fix typos

Volume 1: Tutorial
Lee Duham fix typos

Volume 5: Interpreter
)describe no longer needs cat, dom, pkg arg
add Lee Duham to credits list
add banner and cleanup globals
add DoubleFloat trig macros
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support DFLOAT machineFraction, integerDecode

do not set si::*system-directory* in restart

fix )display all output bug

merge fname.lisp, alql.lisp, i-syscmd, i-toplev, pathname.lisp
merge daase.lisp, exposed.lsp

Volume 7: Hyperdoc
add call graph for ex2ht, htadd, hthits, hypertex, spadbuf

Volume 8: Graphics
add call graph for view2d, view3d, viewalone, viewman

Volume 10.2 Categories
latex cleanup
FileCategory add flush

Volume 10.3 Domains
DoubleFloat add dfloat machineFraction, integerDecode
DoubleFloat rewrite doublefloat to use typed macros
File add flush

Volume 10.4 Packages
document RepeatedSquaring
fix API regression

lsp/Makefile add compiler::link per Camm Maguire

src/algebra
remove exposed.lsp

src/axiom-website
add fedora 10 nov2009 build
add nov2009 builds
move CVS instruction to git
axbook add Stack and Queue
axbook fix typos

src/input
add ackerman to test function caching
add dftrig to test DoubleFloat trig changes
rewrite dfloat, dop, el, ei, en, numericgamma using machineFraction
r20bugs, setcmd, unittestl, unitest2 fix broken tests
zimmbron fix typo in bibliography

src/interp
remove alql, cformat, daase, fname, i-sysmcd, i-toplev, intfile,
pathname, packtran

other src files
add call graph information edible.c, asq.c
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src/doc/msgs/s2-us.msgs remove S2IZ0049D
src/share/doc/msgs/s2-us.msgs removed

\end{verbatim}
\endscroll
\autobuttons
\end{page}

1.1.17 November 2009 Release Notes
HyperDoc . [(Co][x]

November 2009 Release Notes

Summary: November 2009 release

The major changes are:
A new )describe command, boot language removal, and more motion
toward a fully literate system.

The Jdescribe command was added.

The )describe function was added to Volume & (Interpreter)

The Jdescribe function was documented in Volume 2 (Users Guide)
The Degcription field for the Categories, Domains, and Packages
were cleanup up and reformatted in Volumes 10.2 (Categories)
10.3 (Domaing) and 10.4 (Packages)

Boot Language removal

211 of the boot-converted lisp files were reformatted from their
compiler generated output. These files are being merged into
Volume 5 (Interpreter) and Volume % (Compiler] as appropriate.
This work will continue for the next few releases.

211 or portions of the following files were merged into
Volume 5 (Interpreter):
astr, cstream.lisp, dgq, incl, int-top, i-syscmd, msg, nci,
obey, osyscmd, parini, patches, pile, scan

< “What’s New in Axiom” (releaseNotes) I on page [0
— releasenotes.ht —

\begin{page}{nov2009}{November 2009 Release Notes}
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\begin{verbatim}

Summary: November 2009 release

The major changes are:
A new )describe command, boot language removal, and more motion
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toward a fully literate system.
The )describe command was added.

The )describe function was added to Volume 5 (Interpreter)

The )describe function was documented in Volume 2 (Users Guide)
The Description field for the Categories, Domains, and Packages
were cleanup up and reformatted in Volumes 10.2 (Categories)
10.3 (Domains) and 10.4 (Packages)

Boot Language removal

A1l of the boot-converted lisp files were reformatted from their
compiler generated output. These files are being merged into
Volume 5 (Interpreter) and Volume 9 (Compiler) as appropriate.
This work will continue for the next few releases.

All or portions of the following files were merged into

Volume 5 (Interpreter):
astr, cstream.lisp, dq, incl, int-top, i-syscmd, msg, nci,
obey, osyscmd, parini, patches, pile, scan

The src/boot subdirectory is gomne, including the files:
Makefile, boot-proclaims, boothdr, bootload, btincl2, btpile2,
btscan2, ccl-bootsys, ccl-depsys.lsp, exports.lisp, npextras, ptyout,
tyextra, typars, typrops, tytreel, sys-pkg, vmlisp, ptrees, wi2

The bootsys image is no longer part of the build process

Patch ports from Fricas and Open-Axiom
The Tuples patch was picked up and applied.
The SXHASH function is the hash default in SetCategory

The function ListOfTerms was renamed to listOfTerms

Input file changes

New input files have been added to show how to compute

results using Axiom or to create regression tests for fixes:
complexfactor, rubey, zimmbron, branchcut, cachedf, finitegraph,
newtonlisp, nonlinhomodiffeq, distexpr, numericgamma, donsimple
solveperf, tuplebug, unit-macro, testprob, unittest2

lexp was removed and moved to the LEXP algebra file
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dop and gstbl had minor fixes
New Help files and Function examples were added

There are new help files:
describe, AlgebraicallyClosedField, RationalFunctionSum,
RadicalSolvePackage, PartialFractionPackage, Product,
OrderedFreeMonoid

Website update:

The developer.html page was rewritten. An old Scratchpad group
photo was added to the site.

Work continues on re-hosting the axiom-developer.org domain.

We now own axiom-developer.com and axiom-developer.net which will
be retargetted to the new host as soon as it is available

Interpreter changes:

Axiom will sit in a single package in the near future.
The VMLISP package was partially removed from the system.
Work continues on this path.

The util.ht file is created earlier in the parallel build
so there are fewer compiler messages about documentation.

Research:

A Cohen algebra domain is being developed to enable symbolic
manipulation of expressions with explanations and controlled
simplification.

\end{verbatim}
\endscroll
\autobuttons
\end{page}
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1.1.18 September 2009 Release Notes

HyperDoc [=fa]=]

September 2009 Release Hotes

September 26, 2009 Release HNotes

& major project milesgtone has been achieved with thig releage.
Axiom ig implemented in lisp, removing all code in Boot.

The major effort in this release has been the boot to lisp rewrite.
There are geveral follow-on phases which are "in-process” but only
partially complete with this release. These include:
gource c¢leanup -
generating warning-free compiles which involves cleaning up the
boot-to-lisp artifacts
generating unit tests
unit tests are being developed for each of the translated files to
ensure that the rewrite does not introduce bugs
file merge
the individual files are being prepared to merge into the interpreter

< “What’s New in Axiom” (releaseNotes) [T on page [
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\begin{verbatim}

September 26, 2009 Release Notes

A major project milestone has been achieved with this release.
Axiom is implemented in lisp, removing all code in Boot.

The major effort in this release has been the boot to lisp rewrite.
There are several follow-on phases which are "in-process" but only
partially complete with this release. These include:
source cleanup -
generating warning-free compiles which involves cleaning up the
boot-to-lisp artifacts
generating unit tests
unit tests are being developed for each of the translated files to
ensure that the rewrite does not introduce bugs
file merge
the individual files are being prepared to merge into the interpreter
and compiler volumes.
global variable handling
the system uses many globals which are being either explained or
rewritten to reduce coupling
data structure extraction
the various data structures used by the compiler and interpreter
are being identified and explained
API vs implementation
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the functions used externally vs the functions used internally are
being identified

code refactoring
the generated lisp code is being rewritten into human form without
changing the behavior

The target goal is to have the code cleanly merged into the interpreter
and compiler volumes in a logical way that form chapters related to function.

Additional changes in this release include:

Add Steven Segletes to credits. He was the author of the paper that
supplied the coefficients for computing El1. He has contributed a later,
unpublished paper which has more accurate coefficients. This is in-plan
to implement.

Barry Trager contributed an example of computing Shannon Matrices.
This has been added to the input/regression suite.

The .dvi files for the interpreter are no longer being built. The
individual pamphlets will shortly disappear.

Debugsys is no longer built. I am the only user of it and I can build
it when needed.

Bootsys is no longer built. It is no longer needed.
The Makefiles now use the := rather than = assignment limiting re-evals

Parallel Make is now the default since the documentation build is now
independent of the interpreter build

\end{verbatim}
\endscroll
\autobuttons
\end{page}
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1.1.19 July 2009 Release Notes

HyperDoc Clox]
July 2009 Release Notes

July 20089 Release Notes
The syntactic conversion from the prior #1 form to the +> form
iz complete except for the GUESS package. Both forms =till work

but the #1 form ig discouraged.

211 algebra files from src/algebra are now in books.

Work has concentrated on the hyperdoc browser.
* The browser files which get autoloaded into the interpreter were
merged and removed in preparation for being rewritten inte book form.

* Glossary files were missing from the build and were added.

Work has started on a new CATS collection of verified algebraic identities,
the tpiezas set. Zee http://sites.google.com/site/tpiezas

YVolume 5: Axiom Interpreter
* met message autoload now defaults to off

Volume 7 Axiom Hyperdoc
* htsearch moved to SAXIOM/bin

Yolume 10.1 Axiom Algebra Theory
* add chapter on guaternions

Yolume 10.3 Domains
* Any now has regression and help files
* MathMLFormat domain moved from Volume 10.4
* TexFormat has regression and help files
* TexFormat fix for horizontal fractions
* Quaternion was added from src/algebra

< “What’s New in Axiom” (releaseNotes) [T on page [
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July 2009 Release Notes

The syntactic conversion from the prior #1 form to the +-> form
is complete except for the GUESS package. Both forms still work
but the #1 form is discouraged.

A1l algebra files from src/algebra are now in books.
Work has concentrated on the hyperdoc browser.

* The browser files which get autoloaded into the interpreter were
merged and removed in preparation for being rewritten into book form.
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* Glossary files were missing from the build and were added.

Work has started on a new CATS collection of verified algebraic identities,
the tpiezas set. See http://sites.google.com/site/tpiezas

Volume 5: Axiom Interpreter
* set message autoload now defaults to off

Volume 7 Axiom Hyperdoc
* htsearch moved to $AXIOM/bin

Volume 10.1 Axiom Algebra Theory
* add chapter on quaternions

Volume 10.3 Domains

* Any now has regression and help files
MathMLFormat domain moved from Volume 10.4
TexFormat has regression and help files
TexFormat fix for horizontal fractions
Quaternion was added from src/algebra

* ¥ X *

Volume 10.4 Packages
* IntegerNumberTheoryFunctions fix divisors regression
* Waldek’s QUATCT2 algebra was added, including a help file,
regression tests and command examples.

Makefile
* make help files in parallel
* make xhtml pages in parallel
* make books documentation in parallel

interpreter
* src/interp/i-output.boot fix horizontal fractions

axiom-website
* download.html add mandriva
* download.html add may2009 binaries

input files
* ffdemo.input fix steps 27, 57 due to divisors change

* numbers.input fix random zero failure
* spline.input explain how to compute 2D splines
* tpiezas001.input CATS tests of algebraic identities
* tpiezas002.input CATS tests of algebraic identities
\end{verbatim}
\endscroll
\autobuttons

\end{page}
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1.1.20 May 2009 Release Notes

May 2009 Release Notes

May 2009 Releage Notes

Axiom now supports latex chunk syntax in pamphlets, thus

Axiom pamphlets can now be pure latex.

Axiom can now read pamphlet files and extract latex chunks directly.
211 input files were converted to the new format.

This change has several long term implications. Unce all of the

pamphlet files are pure latex we no longer need the NOWEAVE function.
Once Axiom can read all of its input formats, that is, Jread and Jcompile
work directly on their pamphlet forms we will no longer need NOTANGLE.

At that peint, we no longer need nowsb.

Thig release geess the introduction of new domains and packages

ag well ag more documentation. The original Jenks books has been
modified to include new documentation, more help files were added,
and the )d op function documentation was expanded.

More effort has been applied to collecting interpreter and compiler
code into literate form in book volume 5.

2 new effort to collect the compiler code into book volume 9 started.

The compiler was modified (by Waldek] to allow +-> in place of #1 syntax.
This conversion is nearly complete, with only a few packages remaining
to be converted. Lisp code to regression check the algebra changes was
written so the generated algebra is parsed and highlighted.

2 method for running ZAxiom on Windows was developed and documented
on the home page of the webszite.

< “What’s New in Axiom” (releaseNotes) I on page O
— releasenotes.ht —

\begin{page}{may2009}{May 2009 Release Notes}
\beginscroll

\begin{verbatim}

May 2009 Release Notes

Axiom now supports latex chunk syntax in pamphlets, thus

Axiom pamphlets can now be pure latex.

Axiom can now read pamphlet files and extract latex chunks directly.
All input files were converted to the new format.

This change has several long term implications. Once all of the
pamphlet files are pure latex we no longer need the NOWEAVE function.
Once Axiom can read all of its input formats, that is, )read and )compile
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work directly on their pamphlet forms we will no longer need NOTANGLE.
At that point, we no longer need noweb.

This release sees the introduction of new domains and packages

as well as more documentation. The original Jenks books has been
modified to include new documentation, more help files were added,
and the )d op function documentation was expanded.

More effort has been applied to collecting interpreter and compiler
code into literate form in book volume 5.

A new effort to collect the compiler code into book volume 9 started.

The compiler was modified (by Waldek) to allow +-> in place of #1 syntax.
This conversion is nearly complete, with only a few packages remaining
to be converted. Lisp code to regression check the algebra changes was
written so the generated algebra is parsed and highlighted.

A method for running Axiom on Windows was developed and documented
on the home page of the website.

Unit testing of interpreter and compiler changes was added to the
regression testing. This will expand in future versions as changes
are made so ensure that things continue to function.

Volume 0: Axiom Jenks and Sutor
Richard Jenks bio was added

Section 9: Examples of Domains and Packages expanded
ApplicationProgramInterface (API)
Dequeue (DEQUEUE)
EuclideanGroebnerBasisPackage
GeneralDistributedMultivariatePolynomial
GroebnerPackage
HomogeneousDistributedMultivariatePolynomial
NottinghamGroup
Permutation
RealSolvePackage
TwoDimensionalViewport

Cross references were fixed
More spelling typo fixes

Volume 4: Axiom Developers Guide
A section was added explaining how to find anonymous function signatures

Volume 5: Axiom Interpreter
Michael Becker was added to the credit list
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)set debug is now a new top level command to collect all of
the developer-level commands to enable/disable internal messages
and tracing functioms.

\defunsec macro was added to handle section titles with docstrings
More interpreter code was moved from other files into this book

All regression test numbering was fixed to conform to the new,
stronger regression test. Thus --S requires the "of NN" phrase
or a FAILED message will be raised.

The compiler root was moved to volume 9: Axiom Compiler

Volume 7: Axiom Hyperdoc
Fixup verbatim breakage

Volume 7.1: Axiom Hyperdoc Pages
Update What’s New for March 2009

Volume 9: Axiom Compiler
The compiler code is being collected from other parts of the
system into this book. In particular,
The root functions for the compiler were added
The top level loop code of the compiler was added
The next layer of compiler code was added

Volume 10.2: Axiom Algebra Categories
There was a general change to allow +-> syntax in algebra and

this was made to all existing categories

MatrixCategory now has regression test cases, a help page,
and )d op function examples

Document binomial category
Volume 10.3: Axiom Algebra Domains
There was a general change to allow +-> syntax in algebra and

this was made to all existing domains

SparseMultivariateTaylorSeries now has regression test cases, a help page,
and )d op function examples

Permutation now has regression test cases, a help page,
and )d op function examples

The regression tests now conform to the new, stronger
regression test requirements

Volume 10.4: Axiom Algebra Packages
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There was a general change to allow +-> syntax in algebra and
this was made to some existing packages. There is more to be done.

Bezier package was added, including regression test cases, a help page,
and )d op function examples

CombiniatorialFunction now has regression test cases, a help page,
and )d op function examples

ElementaryFunction now has regression test cases, a help page,
and )d op function examples

IntegerCombinatoricFunctions now has regression test cases, a help page,
and )d op function examples

LazardSetSolvingPackage now has regression test cases, a help page,
and )d op function examples

The regression tests now conform to the new, stronger
regression test requirements

Volume 12: Axiom Crystal
Add Gelernter’s observations on Layout and Linking

Bug fixes
7191: set *system-directory* dynamically (20090413.03.tpd.patch)
7192: )edit now works because SPADEDIT added (20090414.02.tpd.patch)
7197: fix hyperdoc/graphics failure (20090530.01.tpd.patch)

Makefile changes
Top Level Makfile
The BOOKS environment shell variable was added to ENV
Makefile.slackware chunk exists
Makefile reports regression failures after builds

lsp/Makefile
Build tangle into the lisp image

src/Makefile
Copy bookvol9, the compiler, to src/interp at build time

src/algebra/Makefile
Add Bezier package
Add LazardSetSolvingPackage.help
Add MatrixCategory.input, .help
Add help, regress for ElementaryFunction
Add input, help, examples for SparseMultivariateTaylorSeries
Fix LazardSetSolvingPackage typo
Move egrep to grep -E since egrep might not be installed
Move help to bookvol5
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src/doc/Makefile
Move help to bookvolb
src/input/Makefile
Add FRAC regression test
Add unittest* files for regression testing non-algebra changes
Change input files to latex tangle
Fix regress format to conform to the new, improved regression testing
src/interp/Makefile
Build bookvol9, the compiler from book sources
The old gclweb code was rewritten into tangle.lisp, gclweb was removed
Move help to bookvolb
More interpreter code was moved to bookvol5, the interpreter
Debugsys has been updated to stop loading deleted files
Several files were merged, rewritten, and removed:
apply.boot, bootlex.lisp, comp.lisp, compiler.boot, cstream.boot,
def.lisp, i-util.boot, incl.boot, int-top.boot, metalex.lisp,
nci.lisp, parse.boot, parsing.lisp, postpar.boot, preparse.lisp,
server.boot, setq.lisp, sockio.lisp, spad.lisp, spaderror.lisp,
util.lisp, vmlisp.lisp
faq

faqg 50: Cannot find libXpm.a

readme
Add Michael Becker to credit list

books/
tangle.lisp lisp version of tangle command
ps/v71mar2009.ps hypertex march 2009 release notes pic
ps/v7lreleasenotes.ps hypertex what’s new page pic

src/interp
Rewrite apply.boot to apply.lisp
Regression tests, regress.lisp, now checks for the "of NN" phrase

src/algebra
Add Bezier package to exposed.lsp

src/axiom-website
Add March 2009 column
Add slackware column
Axiom on Windows as html instructions
Add March release notes
Add binaries

src/doc/
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Add chunk environment to axiom.sty
01d book sources were removed
The spadhelp file was removed and added to the interpreter book

src/input/
A1l of the .input files were modified to use latex tangle

src/scripts/tex/
axiom.sty contains new latex macros

zips
01d GCL versions were removed
gcl-2.6.8pre.tgz removed
gcl-2.6.7.tgz removed

\end{verbatim}
\endscroll
\autobuttons
\end{page}

1.1.21 March 2009 Release Notes

March 2009 Releaze Notes

March 2009 Release lNotes
There were two major changes in this release.

First is the completion of the first phase of Book Volume 10.4: Axiom
Packages, which collects all of the packages into one document. The
gide effect ig to remove almost all of the remaining algebra files
leaving =zrc/algebra nearly empty.

Second ig the start of Book Volume 5: Zxiom Interpreter which will
congolidate all of the interpreter functions and document them in
book form. & zide effect of this conscolidation will be the ultimate
removal of all boot code, with the further zide effect of removing
bootsys from the build step and boot transzlation time.

While consolidating the interpreter code a parallel effort will be
ongoing to build Book Volume 9: Axiom Compiler. The idea is to split
the compiler code from the interpreter code =o the compiler can be
documented and upgraded.
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< “What’s New in Axiom” (releaseNotes) [CIT1 on page [
— releasenotes.ht —

\begin{page}{mar2009}{March 2009 Release Notes}
\beginscroll

\begin{verbatim}

March 2009 Release Notes

There were two major changes in this release.

First is the completion of the first phase of Book Volume 10.4: Axiom
Packages, which collects all of the packages into one document. The
side effect is to remove almost all of the remaining algebra files
leaving src/algebra nearly empty.

Second is the start of Book Volume 5: Axiom Interpreter which will
consolidate all of the interpreter functions and document them in
book form. A side effect of this consolidation will be the ultimate
removal of all boot code, with the further side effect of removing
bootsys from the build step and boot translation time.

While consolidating the interpreter code a parallel effort will be
ongoing to build Book Volume 9: Axiom Compiler. The idea is to split
the compiler code from the interpreter code so the compiler can be

documented and upgraded.

Book Volume 0: Axiom Jenks book
Add )include documentation

The original book did not document the )include command. This is
now documented.

Add UnivariateSkewPolynomial
This domain was added to the domain examples

Book Volume 4: Axiom Developers Guide
Hyperdoc

A Hyperdoc tutorial on making new pages was written
A tutorial on spadhelp was added

Book Volume 5: Axiom Interpreter
Command Handling

The top level commands that start with open parenthesis are all
kept in the $setOptions data structure. This structure was documented.
Each command has a handler routine which was integrated with the
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structure in the proper place.
New latex macros
The \defun and \defmacro macros were added to ensure that
there is a uniform handling of subsections and cross references

for all functions and macros.

The \defdollar macro was added to handle $foo variables in
both index and cross reference.

The \cmdhead macro was added to provide uniform handling of
each of the top level commands in the $setOptions data structure

Unit testing
To ensure that changes did not break behavior two new regression
test routines were added, unittestl and setcmd. These test the
top level command behavior.

Trace functions added

The trace.boot code was added.

Book Volume 7: Axiom Hyperdoc
Documentation

Add Scott Morrison’s original hypertex plan notes

Book Volume 10.1: Axiom Algebra Theory
Documentation

Add tutorial chapter on Singular Value Decomposition

Book Volume 10.3 Axiom Domains
Algebra fixes

Johannes Grabmeier fixed the outputFixed behavior in Float.
A regression test chunk was added to the Float domain.

UnivariateSkewPolynomial was documented. A regression test,
help file, and examples were added.

Heap was documented. A regression test, help file, and
examples were added.

Dequeue was documented. A regression test, help file, and
examples were added.
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Queue was documented. A regression test, help file, and
examples were added.

ArrayStack was documented. A regression test, help file, and
examples were added.

Stack was documented. A regression test, help file, and
examples were added.

NottinghamGroup was added, including regression and help files.
Originally written by Martin Rubey.

Regression tests

The )sys rm now uses the -f flag to force deletion on all
regression test files

Book Volume 10.4 Axiom Packages
New Algebra

A1l packages were moved into this volume. Almost all of the
remaining algebra files were deleted.

ApplicationProgramInterface (API) was added. It exposes the
Axiom internal functions at the algebra level.

UnivariateSkewPolynomial now has help, input, and examples

Documentation

The nag man pages were added to the related domain documentation

Export lists were added for all packages.

Regression tests

The )sys rm now uses the -f flag to force deletion on all regression
test files.

Boot to Lisp rewrite
Deleted boot files

setvars.boot is gone. The code has been rewritten and added to
book volume 5. The code was rewritten and/or reformatted. All
compile-time warnings were eliminated.

setvart.boot is gone. The code has been rewritten and added to
book volume 5. The code was rewritten and/or reformatted. All
compile-time warnings were eliminated.
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trace.boot is gone. The code has been rewritten and added to

book volume 5. The code was rewritten and/or reformatted. All
compile-time warnings were eliminated.

Regression test
cleanup

)set break resume

A subtle bug in regression testing caused by early exit of a
test left some of the regression tests reporting success when
there should have been failure. This was fixed by adding a
)set break resume command to allow Axiom to continue the testing
in the presence of an internal fault.

new

setcmd. input was added to regression test changes to the )set
top level command

unittestl.input was added to regresstion test other top level
commands

dop.input was added to unit test )d op example output
frame.input was added to unit test frame handling
removed

bags.input was distributed among the algebra regression test
files and bags.input was removed.

Bug fixes
Bug 7183. The library handling code was repaired. Functions which do
not exist were removed (e.g. input-libraries). The element values of
the data structure are now pathnames.
Bug 7182. )set mes auto did not indicate the current value.
Bug 7180: )set compiler input add foo triggers a call to open-library
which was a CCL function and no longer implemented. The elements of

the data structure were changed.

Bug 7179. Suprious sensitivity to )abb in documentation caused
breakage because this was assumed to be an )abbreviation command.

Bug 7178. Missing function inspect in ArrayStack

Bug 7177. Missing function map! in ArrayStack
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Bug 7176.
Bug 7175.
Bug 7174.
Bug 7173.
Bug 7172.

Bug 7170:

Missing function parts in ArrayStack
Missing function map in ArrayStack
Missing function map! in Stack
Missing function parts in Stack

map was missing from Stack(Integer)

)d op output failure due to X in algebra comments. The X

symbol is now a marker for )d op examples and the use of X in comments
is ambiguous.

Bug 7141:

Jcd relative does not work

Interpreter (src/interp)
Documentation

document mmCost calculation

Help files

Documentation

The help file list is now dynamically generated from the algebra

books.

readme
Quote

Add Doron Zeilberger quote about builders of CA systems.

Website

Download

Add fedoral0 as a supported platform

Add vector as a supported platform

Lisp

New patch

read-char-no-hang was changed by Camm to ignore newlines but
Axiom’s browser needs them to be recognized. A patch was added
to back out Camm’s change.

\end{verbatim}

\endscroll

\autobuttons

\end{page}
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1.1.22 January 2009 Release Notes

0. What's New in Axiom

EoOnline information
BJanuary 2009

B November 2008

B Beptember 2008
BJuly 2008

B May 2008

EMarch 2008
BJanuary 2008

B November 2007
BFebruary 2005

< “What’s New in Axiom” (releaseNotes) [T on page [
— releasenotes.ht —

\begin{page}{jan2009}{January 2009 Release Notes}
\beginscroll

\begin{verbatim}

January 2009 Release Notes

One major theme of this release was restructuring the system
to move all domains to literate form in book volume 10.3

A second major theme was the first Axiom youtube tutorial video.

Book Volume 0: Axiom Reference

Remove obsolete references to SmallFloat
Book Volume 1: Axiom Tutorial

Remove obsolete references to SmallFloat

Book Volume 4: Axiom Developers Guide
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Add section on generating graphviz graphs
Book Volume 7.1: Axiom Hyperdoc

Give a complete path to htadd
Book Volume 10.3 Axiom Domains

All domains have been removed from the algebra subdirectory
and are now in literate form in book volume 10.3. Some
domains include a help file, a regression test suite, and
--X function examples for the )display command. Future work
will extend this set.

Each domain has a fully indexed list of functions exported.
This allows hyperlinked access to functions.

Each domain includes a graph segment that shows the list of
categories, domains, and packages that provide immediate
support in the prior build layer.

Each domain includes a dotabb chunk which contains the
source code necessary to recreate the graph.

Domains which were associated with other domains in the same
original spad file have hyperlinks to connect them.

Book Volume 11: Axiom Browser
Lighten Bayou theme background image
Axiom Website (src/axiom-website)

The axiom website is now under git control.
The source tree is in src/axiom-website in the distribution.

The build order graph exists. It contains a graph of all the
constraints for each level. A line in the graph connects each
category, domain, and package to every category, domain, and
package in the prior layer that is required for the build.
Multilayer constraints are not shown (although the data is
in src/algebra/Makefile chunks) because the graph would be
too complex.

http://axiom-developer.org/axiom-website/hp.svg

The Computer Algebra Test Suite (CATS) has a new test suite
for ordinary differential equations (kamkex)
http://axiom-developer.org/axiom-website/CATS
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The Ubuntu download now advises XTerm*metaSendsEscape: true
due to misconfiguration of the meta key in emacs.
http://axiom-developer.org/axiom-website/documentation.html

A new binary for vector linux was added
http://axiom-developer.org/axiom-website/download.html

A new binary for doyen thumbdrive was added

(work by Jose Alfredo Portes)
http://axiom-developer.org/axiom-website/download.html

The screenshots were recreated so the sources would be available.

for matrixinmatrix.jpg, heatequation.jpg, axiomfirefox.jpg
http://axiom-developer.org/axiom-website/screenshots.html

The Axiom Information Sources video page was added, including

a link to the youtube video, a local copy, and the supporting PDF.

http://axiom-developer.org/axiom-website/videos.html

A broken link to Book Volume 0O: Axiom Reference was fixed.

Algebra (src/algebra)

All domains were removed from spad files and moved to
Book Volume 10.3 Axiom Domains

The Makefile now contains the information necessary to
construct the build order graph as literate chunks.

The layers were restructured. Files were moved to ensure
that each file was at its lowest possible layer.

The Guess package was added. However, due to nonstandard
package files the guess function does not yet work properly.

These packages are being rewritten.

The Guess package has circular references. A new clique
mechanism was added to the Makefile to handle this.

Automatic regression test files associated with the algebra
sources were reviewed for conforming to regression standards.

integer.spad was reverted to remove an algebra change that
causes a regression (cherry picked from Fricas in 2007)

Interpreter (src/interp)

Tim Lahey added to )credits
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Karl Hegbloom added to )credits
htcheck.boot moves util.ht to the mnt/doc directory
setq.lisp no longer had redundant release data information
nrunfast.boot Float has exp : Float -> Float now works
This change was cherry-picked from Fricas.

Testing (src/input)

All regression test files were reviewed and cleaned to
conform to a standard setup.

A parallel build race condition was fixed in the Makefile

xpbwpoly.input was removed as it is now associated with
its source domain and automatically generated.

hyperbolicrules.input was added

Tim Lahey submitted a fix for bugs in schauml7.input

A cherry-picked patch from Fricas in 2007 was removed
because it causes an algebra regression. The regression

test file was corrected.

fixed.input was converted to a regression test file

Build process
The lsp/Makefile was updated for GCL pre3 patches
An ubuntu64 chunk was added as a system target
src/Makefile outputs util.ht before compiles (bug 7146)

books/Makefile uses bash SHELL to fix echo behavior.
The standard sh echo behaves badly.

books/Makefile now has amssymb in preamble for toc.tex

GCL (zips)

Axiom now includes GCL pre3, the latest snapshot of GCL.
This can be chosen as an option for building in the top
level Makefile.pamphlet
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The lsp/Makefile was updated for GCL pre3 patches
faq

FAQ 49: How do I get the lastest GCL?
readme

Tim Lahey added
Karl Hegbloom added

The date information for releases was removed as it is
available elsewhere

A John Gorka quote was added:

"What matters the most is what you do for free" -- John Gorka
Wikipedia

http://en.wikipedia.org/wiki/Axiom_computer_algebra_system

Add information about Documentation

Add link to youtube video
http://www.youtube.com/watch?v=CV8y3UrpadY

New screenshots were added

Youtube

Axiom Information Sources video was created and uploaded
http://www.youtube. com/watch?v=CV8y3UrpadY
To date there have been 498 views

Launchpad

Gain administrative access to launchpad.net for Axiom (Page)
https://launchpad.net/axiom

\end{verbatim}
\endscroll
\autobuttons
\end{page}
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1.1.23 November 23, 2008 Release Notes

& HyperDoc =]
November 23, 2008 Releasze Hotes

November 2008 BRelease Notesz
Zxiom websgite

Hew patch tracking has been added:
* <http://axiom-developer.org/axiom-website/patches.html

Volumes have been significantly updated:
* <http://axiom-developer.org/axiom-website/bookvolll. 2.
* <http://axiom-developer.org/axiom-website/bookvolll. 3.

Book Volume 10.2 Axiom Categories completed
The effort here is to create fully indexed, cross-refere

graphical documentation for Axiom categories in a standa
form. This iz a "live" literate document which contains

< “What’s New in Axiom” (releaseNotes) IIT1 on page O
— releasenotes.ht —

\begin{page}{nov2008}{November 23, 2008 Release Notes}
\beginscroll

\begin{verbatim}

November 2008 Release Notes

Axiom website

New patch tracking has been added:
* <http://axiom-developer.org/axiom-website/patches.html>

Volumes have been significantly updated:
* <http://axiom-developer.org/axiom-website/bookvol10.2.pdf>
* <http://axiom-developer.org/axiom-website/bookvol10.3.pdf>

Book Volume 10.2 Axiom Categories completed
The effort here is to create fully indexed, cross-referenced,
graphical documentation for Axiom categories in a standalone
form. This is a "live" literate document which contains the

actual source code used to build the system.

* <http://axiom-developer.org/axiom-website/bookvol10.2.pdf>
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Book Volume 10.3 Axiom Domains started
This volume will contain the Axiom domains.
* <http://axiom-developer.org/axiom-website/bookvol10.3.pdf>
Rosetta documentation
Fix the Magnus URL
Input Files
There is a new effort to automatically extract the algebra
examples in order to regression test the user API to the
algebra. In addition there is ongoing test work.
* New input files (Jakubi, Maltey, Rubey, Page, Daly}
dhmatrix, reclos2
* Changed input files (Hebisch, Daly)
sae, r20bugs
Build changes
* Testing is now run in parallel
\end{verbatim}
\endscroll

\autobuttons
\end{page}
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1.1.24 September 23, 2008 Release Notes

==
e |

HyperDoc =)E)x]

September 23, 2008 Releasze Notes

September 2008 Release Notes

Zxiom websgite

The effort here is to improve the support for offline 1i
documentation. The primary changes are the inclusion of
and additional book volumes.

* <http://axiom-developer.org/axiom-website/documentation.h
Containg the new algebra volumes and subvolumes.

* <http://axiom-developer.org/axiom-website/bookvoll(. 2abb.
Containg a "clickable" graph that indexes into the algebr

Graphviz, PDF, and HTML integration

< “What’s New in Axiom” (releaseNotes) IIT1 on page O
— releasenotes.ht —

\begin{page}{sept2008}{September 23, 2008 Release Notes}
\beginscroll

\begin{verbatim}
September 2008 Release Notes

Axiom website
The effort here is to improve the support for offline literate
documentation. The primary changes are the inclusion of graphs
and additional book volumes.

* <http://axiom-developer.org/axiom-website/documentation.html>
Contains the new algebra volumes and subvolumes.

* <http://axiom-developer.org/axiom-website/bookvol10.2abb.html>
Contains a "clickable" graph that indexes into the algebra.

Graphviz, PDF, and HTML integration
The effort here is to unify these three technologies in a way
that simplifies the user interface and improves documentation

67
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* Graphviz is used if available but not required

* Algebra graphs are automatically generated at build time
from algebra source files

* Graphviz graphs now properly hyperlink into PDF files allowing
any node in a graph to link to any document page

Book volume 0 (Jenks and Sutor)

* <http://axiom-developer.org/axiom-website/bookvol0.pdf>
* replace \over with \frac

Book volume 7.1 (Hyperdoc pages)
The effort here is to create a literate document that contains
all of the "live" pages used in hyperdoc. The PDF is being
constructed so that a user can effectively "browse" the static
hyperdoc pages, which are included, without a running Axiom.

<http://axiom-developer.org/axiom-website/bookvol7.1.pdf>

The source for all of the pages is now contained in this book.
Hyperdoc now fetches the pages directly from the book.

The hyper page directory and all files are gone.

Some of the static page images are now inside the PDF

Pages have href links allowing "in-pdf" navigation of pages

L R R

Book volume 10 (Algebra)
The effort here is to create a way to describe and deeply
document the algebra. This volume was split to better handle
the structure of Axiom’s information.

* Split into 5 volumes
- 10 Implementation
- 10.1 Theory
- 10.2 Categories
- 10.3 Domains
- 10.4 Packages

Book volume 10.2 (Algebra Categories)
The effort here is to create fully indexed, cross-referenced,
graphical documentation for Axiom categories in a standalone
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form. This is a "live" literate document which contains the
actual source code used to build the system.

<http://axiom-developer.org/axiom-website/bookvol10.2.pdf>
Contains 60 categories so far

Has partial graphs for each category

Has list of exported functioms

Has information about source of functions

Has index cross reference by function and category

Has PDF href links so that URLs work:
<http://axiom-developer.org/axiom-website/bookvoll0.2.pdf#nameddest=AGG>

Has forward/backward links between categories

* Automatically generates "clickable" graphs:

<http://axiom-developer.org/axiom-website/bookvol10.2abb.html>
* Graph clicking automatically opens to the proper source code

* X X X ¥ X *

*

New algebra examples (Daly, Tsikas)
The effort here is to create '"real time" documentation that
gives the end user an example of how to construct the proper
arguments and call a function. This puts examples into the
system so users don’t need to consult other documents.

* )d op someop shows examples of function usage
* about 100 new function examples were added
* new comment syntax added to allow automatic API testing

Input Files
There is a new effort to automatically extract the algebra
examples in order to regression test the user API to the
algebra. In addition there is ongoing test work.

* New input files (Hemmecke, Stumbo, Cyganski, Daly)

bini, biquat, ifthenelse, liu, overload, sqrt3, typetower
* Changed input files (Hemmecke, Stumbo, Cyganski, Daly)

bern, function, linalg, regset, test, tutchap2

Build changes

* graphics does not depend on compress, done at build time
* firefox html pages are now built before tests are run
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Algebra changes

* FLAGG (FiniteLinearAggregate) -- removed a duplicate function

Interpreter changes (Page)

* add cost function to bottomUp output

\end{verbatim}
\endscroll
\autobuttons
\end{page}

1.1.25 July 23, 2008 Release Notes

HyperDoc
July 23, 2008 Release Notes

The July 2008 release marks the second large-scale change t
literate Zxiom distribution. The original change was to mak
file into a pamphlet document. This second change draws 2xid
tighter collections, called books (for obvious reasons).

There is a new "books" directory which contains 14 books, m
which are new:

bookvol0: The reconstructed Jenks and Sutor book
bookvoll: The published tutorial volume
bookvolZ: Users Guide

bookvol3: Programmers Guide
bookvold: Developers Guide
bookvolb: Interpreter
bookvolé: Command

bookvol7: Hyperdoc

< “What’s New in Axiom” (releaseNotes) I on page [
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— releasenotes.ht —

\begin{page}{july2008}{July 23, 2008 Release Notes}

\beginscroll

\begin{verbatim}

The July 2008 release marks the second large-scale change toward a
literate Axiom distribution. The original change was to make every
file into a pamphlet document. This second change draws Axiom into
tighter collections, called books (for obvious reasons).

There is a new "books" directory which contains 14 books, most of
which are new:

bookvol0: The reconstructed Jenks and Sutor book
bookvoll: The published tutorial volume
bookvol2: Users Guide

bookvol3: Programmers Guide

bookvol4: Developers Guide

bookvol5: Interpreter

bookvol6: Command

bookvol7: Hyperdoc

bookvol7.1 Hyperdoc Pages

bookvol8: Graphics

bookvol9: Compiler

bookvoll0: Algebra

bookvolll: Browser

bookvoll2: Crystal

All of these books now exist. Portions of the current system have
been moved completely into book form (Graphics and Hyperdoc) so
the old files have been removed from the src tree. Both Graphics
and Hyperdoc are now built directly from their book. Work will
follow on other parts of the system.

These books are online at:
<http://axiom.axiom-developer.org/axiom-website/documentation.html>

There is an interesting side-effect of using literate technology.
Once you combine C and .h files into a single document so that each
file is a separate chunk it becomes obvious that there is no need for
local include files. The lines that read:

#include "foo.h"
become

begin{chunk}{foo.h}
and get expanded inline. Once you do this it also becomes obvious
that many include files get included multiple times (a clear waste
of disk I/0 and preparser time). Further it becomes clear that there
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is no need for creating tiny .o files since all of the source can
be combined into one C file using chunks.

These approaches were used to reduce the compile-time overhead
for both the graphics and the hyperdoc functionms.

In addition to consolidating the source files for Graphics into
bookvol8 there were several other changes.

* the functions for graphics, that is, viewman, view2d, view3d
and viewalone are now built as single C files.
* the graphics code was reorganized into chapters of related code
* there is the beginnings of documentation
* there is the beginnings of a test suite based on the
CRC Handbook of Curves and Surfaces
the book is hyperlinked (Bill Page, Frederic Lehobey, Anatoly Raportirenko)
redundant code was eliminated
the code is fully indexed
the src/graph subdirectory is gone

* X X *

In addition to consolidating the source files for Hyperdoc into
bookvol7 there were several other changes.

* the functions for hyperdoc, that is, spadbuf, ex2ht, htadd, hthits

and hypertex are now built as single C files

the hyperdoc code was reorganized into chapters of related code

there is the beginnngs of documentation

redundant code was eliminated

scroll wheel handling was added (Gregory Vanuxem)

the book is hyperlinked (Bill Page, Frederic Lehobey, Anatoly Raportirenko)
the code is fully indexed

)hd now works to start or restart Hyperdoc (Jose Alfredo Portes)

the src/hyper subdirectory is gone

EE I I R

In addition to comnsolidating the hyperdoc pages into bookvol7.1
there were several other changes:

the pages are hyperlinked

new latex macros were written to simplify page handling

images of hyperdoc pages were added

forward and backward hyperlinks between pages images works

making it possible to "browse" the hyperdoc pages using only

the single PDF file (Bill Page, Frederic Lehobey, Anatoly Raportirenko)

* X X ¥
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* the pages are fully indexed
* the src/hyper/pages subdirectory is gone

A combined table of contents PDF is now automatically generated
which covers all of the volumes. This makes it easier to find the
topic of interest.

In addition there were several other changes.

* Some fixes were made for different platforms
In particular, Fedora9 breaks the build and needs work

* The configure script was replaced by instructions
The standard (export AXIOM) works everywhere so the configure
script is useless for guessing.

* the FAQ was updated about git
Since the May 2008 release the primary Gold source code platform
is github. The FAQ was updated to reflect this.

* the FAQ was updated about X11
X11 has moved yet again so more notes are needed

* move axbook to books
The hyperlinked version of Jenks is now built from the books dir

* add Ralf Hemmecke’s documentation to ax.boot
* add Monoid multiply to DirectProduct (Ralf Hemmecke)
* add Monoid multiply regression test

\end{verbatim}
\endscroll
\autobuttons
\end{page}
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1.1.26 May 27, 2008 Release Notes

CHAPTER 1. RELEASE NOTES

= HyperDoc

55| H=0 8. 5

May 27, 2008 Release Notes

COMPUTEER. ALGEBEZ TEST SUITE
2 large part of the effort for these two mon
of Mathematical Formulas. Of the 619 integra
419 Schaums and Axiom agree
137 No cloged form =olution

60 Cannot simplify

2 Typos found in Schaums
1 Axiom bug

tesgt casges of Zxiom's integration routines against Schaum's

The Axiom bug was in src/algebra/intef.zpad.pamphlet. There
fix applied to this code for a previously identified bug bu

the has involwved

lz, the detailed

< “What’s New in Axiom” (releaseNotes) IIT1 on page O

— releasenotes.ht —

\begin{page}{may2008}{May 27, 2008 Release Notes}
\beginscroll
\begin{verbatim}

COMPUTER ALGEBRA TEST SUITE

A large part of the effort for these two months has
test cases of Axiom’s integration routines against S
of Mathematical Formulas. 0f the 619 integrals, the

419 Schaums and Axiom agree
137 No closed form solution
60 Cannot simplify

2 Typos found in Schaums
1 Axiom bug

The Axiom bug was in src/algebra/intef.spad.pamphlet.

involved detailed
chaum’s Handbook
detailed results are:

There was a

fix applied to this code for a previously identified bug but the

previous fix was incorrect.

In addition, there were



1.1. RELEASENOTES.HT

src/input/danzwill2.input.pamphlet added for the MIT Integration tests
src/inputmapleok.input.pamphlet to fix typos
src/input/kamkel.input.pamphlet had 0de97 removed due to running time
src/input/kamke2.input.pamphlet odel04, odel05 removed for running time

DOCUMENTATION
Max Tegmark’s ’toe’ diagram, src/doc/toe.gif

PORTING
GCLOPTS-CUSTRELOC disable-locbfd for MACOSXPPC

\end{verbatim}
\endscroll
\autobuttons
\end{page}

1.1.27 March 25, 2008 Release Notes

HyperDoc
March 25, 2008 Release Notes

Surmary: March 2008 release

Axiom is now available at github, a git-based code reposito
Thiz zite will have the Gold wversion of Axiom, that iz, onl
code that changes at each two-month release. To get a clone

git-clone git://github.com/daly/axiom.git

USER VISIELE CHANGES

One primary focus of this release has been extending the
toward being a full Axiom user interface (as opposed to a
hyperdoc replacement). The Firefox console page has new,
baged, dropdown menus which are planned to be dynamically

< “What’s New in Axiom” (releaseNotes) IT1 on page O
— releasenotes.ht —

\begin{page}{march2008}{March 25, 2008 Release Notes}
\beginscroll
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\begin{verbatim}
Summary: March 2008 release

Axiom is now available at github, a git-based code repository.
This site will have the Gold version of Axiom, that is, only
code that changes at each two-month release. To get a clone type:

git-clone git://github.com/daly/axiom.git

USER VISIBLE CHANGES

One primary focus of this release has been extending the Firefox
toward being a full Axiom user interface (as opposed to a simple
hyperdoc replacement). The Firefox console page has new, AJAX
based, dropdown menus which are planned to be dynamically updated
to display available functions for the last computed type. This
should make it much easier to find the applicable functions by
category and type. They are currently static in this release.

* Firefox Pages

Dropdown menus were added to the Axiom console page
More hyperdoc pages were translated to Firefox/html
Bitmaps and graphics are now properly handled in pages
A minor mathml fix was applied (for invisible times)

O 0 O o

* Refcard

o An Axiom reference card of Axiom commands was created (src/doc/refcard)

* Examples

o It is often difficult to figure the exact arguments required to call
any given function in Axiom. The )display operation command used to
only show the available modemaps. This command has now been changed.

)display operation foo

now shows examples of function calls for foo.

* Help

o The plot routines have new help files and documentation

PORTING

o Axiom was ported to MAC-0SX

o The binary download page now has binaries for
Ubuntu, OpenSUsE, Redhat9, Redhat72, Debian, MACOSX at
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<http://axiom.axiom-developer.org/axiom-website/download.html>

o Binaries for the this release will be available shortly.

INTERNALS

* Compiler changes
o hashtables were used to speed up compiles

* Algebra changes

There are new special functions, Ei,En,Eil,Ei2,Ei3,Ei4,Ei5,Ei6
The prime and BasicSieve functions are faster

The Brent/Pollard algorithm was documented

Bad gcd reductions are checked (heugcd regression test file added)
The plot routines have new help files and documentation

O O O O o

* Makefile changes
o Bi-capital SVN copies are no longer made

* Interpreter changes

Book Volume 5 has new documentation on the display function

The display function code has been translated and moved to book volume 5
PI has a higher internal precision

Mappings are now properly hashed for Aldor

O O O O

CATS (Computer Algebra Test Suite)

o The differential equations regression tests are being checked against
Mathematica, Maple, and Maxima. This has happended for the kamke2.input
regression test file and will happen for the other regression tests.

o Complex Gamma, logGamma, and log(Gamma) have additional tests and
documentation.

\end{verbatim}
\endscroll
\autobuttons
\end{page}
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1.1.28 January 25, 2008 Release Notes

& Hyperboc ==
January 25, 2008 Release Notes

Surmary: January 2008 release
There have been two major concentrations of effort in this
The first concentration is on the new Firefox Hyperdoc and

gsecond concentration was the verification of Axiom against
published standards.

Firefox Hyperdoc

The Firefox Hyperdoc has been integrated with the rest of t
interpreter. The new )browse command causes Zxiom to listen

< “What’s New in Axiom” (releaseNotes) IIT1 on page O
— releasenotes.ht —

\begin{page}{january2008}{January 25, 2008 Release Notes}
\beginscroll

\begin{verbatim}

Summary: January 2008 release

There have been two major concentrations of effort in this release.
The first concentration is on the new Firefox Hyperdoc and the

second concentration was the verification of Axiom against
published standards.

Firefox Hyperdoc
The Firefox Hyperdoc has been integrated with the rest of the
interpreter. The new )browse command causes Axiom to listen and

serve hyperdoc pages on port 8085.

The interpreter was changed to add the )browse command. As a
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side-effect new documentation was added to the interpreter
volume (bookvol5) to explain top-level command handling. In
addition, lisp and boot code was rewritten as part of the
literate change.

New sections were added to cover the beginning of the Computer
Algebra Test Suite (CATS) subsection which brings a focus on
compliance with published standards.

Arthur Ralf’s mathml-enabled version of the Jenks book is fully
integrated into the Firefox Hyperdoc. Arthur also fixed some
rendering and ambiguity issues.

axbook.tgz fix the user/group settings
axserver.spad fix lastType output re: errors
bookvolb browse and top-level command handling
bookvolll add standards compliance for gamma
gammacomplexinverse.png added

gammacomplex.png added

gammareal3.png added

loggamma.png added

mathml.spad fix ambiguity bug in mathml output
mathml.spad fix hex(10) mathml rendering
mathml.spad fix F,3 mathml rendering

mathml . spad remove code to eat %%

psi.png added

Standards Verification

The Computer Algebra Test Suite (CATS) effort checks the results
that Axiom generates against published results. Axiom has an
extensive set of regression tests (the KAMKE suite) for ordinary
differential equations, for integration (the SCHAUM suite), and
for numeric special functions (the ABRAMOWITZ suite). In addition,
results have been checked against Mathematica, Maple, and Maxima.

asinatan.input regression for the functions asin and atan
asinhatanh.input regression for the functions asinh and atanh

besselk.input regression for the function besselK
el.input regression for the function E1l

en.input regression for the function En

exp.input regression for the function exp
gamma.input regression for the function gamma
log.input regression for the functions log
pfaffian.input regression for the function pfaffian
seccsc.input regression for the functions sec and csc

sincos.input regression for the functions sin and cos

79
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sinhcosh.input regression for the functions sinh and cosh
tancot.input regression for the functions tan and cot
tanhcoth.input regression for the functions tanh and coth

New Functions Added

Axiom is missing various special functions found in other computer
algebra systems. This release adds two new ones, the Exponential
Integral E1 and the higher order Exponential Integral En. These have
been tested against the published results.

special.spad E1 added
special.spad En added

Bugs Fixed

There are 15 bug fixes in this release:

bug
bug
bug
bug
bug
bug
bug
bug
bug
bug
bug
bug
bug
bug
bug

7015:
7016:
7019:
7023:
7042:
7045:
7052:
7054:
7057 :

fix hex(10) mathml rendering
remove code to eat %k

fix F,3 mathml rendering
discardGraph free corrected
ignore regression test gensym
wrong Makefile for Xpm fix
spurious remake of axbook
/home/silver path in bookvolill
ambiguity in mathml

7089/343: FreeAbelianGroup order
7090/355 handle besselkK

7093:

Function name fix

7100/149: numlock in hyperdoc
7101/204: MoreSystemCommand unnecessary loading
7102/412: Equality testing in TableAggregate

Regression test fixes

As changes happen in the system the regression tests are updated

to reflect the new conditions. Changing the category of Positivelnteger
caused (a + -bi) to print as (a - bi). New builds raised gensym faults
which were fixed. And new builds change random numbers so the tests
that depend on them are marked "ok" despite failures due to randomness.
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The FreeAbelianGroup bug is tested.

acplot.spad fix output form of negative numbers
calculus2.input fix function names
classtalk.input ignore gensyms

collect.input
dfloat.input
easter.input
elemnum. input
exlap.input
exsum.input
free.input
grpthry.input
grpthry.input
ico.input
intg0.input
is.input
kamke3.input
knot2.input
lodo.spad
mapleok.input
mathml.input
ndftip.input
pmint.input
repab.input
r20bugs . input
sf.spad

fix function names
handle negative number
fix function names
handle negative number
fix function names

fix function names
added to test bug
mark random generation
fix function names
mark random generation
ignore gensyms

type declare function
mark random generation
fix function names
ignore regression test
ignore gensyms

output

output

failures ok

failures ok

failures ok

gensym

handle new mathml sub/sup change

fix missing blank lines

rewritten
fix function names
change spacing

fix output form of negative numbers

tbagg.input regression for equality testing in TableAggregate

Algebra file changes

The fundamental change was a supposedly transparent move of

the category for Positivelnteger. This had the effect of changing
the output form and broke several regression tests. Some mathml
issues were fixed. The new functions El1 and En were added. The
FreeAbelianGroup bug was fixed.

axserver.spad fix lastType output re: errors
acplot.spad fix output form of negative numbers
combfunc.spad fix bold font handling

integer.spad category change for Positivelnteger

sf.spad fix output form of negative numbers
sf.spad handle besselK

op.spad handle besselK

combfunc.spad handle besselK

free.spad fix FreeAbelianGroup bug

special.spad add E1l
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special.spad add En

mathml . spad fix ambiguity bug in mathml output
mathml.spad fix hex(10) mathml rendering
mathml.spad fix F,3 mathml rendering
mathml.spad remove code to eat %%

Interpreter changes

The primary changes are the addition of bookvolll for the Firefox
Hyperdoc and the literate documentation of the top level command
handling in bookvol5 (the interpreter) along with rewrites of the
lisp/boot code.

bootfuns.lisp move $systemCommands to bookvolb

bookvolb browse and top-level command handling
bookvolll added

http.lisp mathObject2String for hex(10)
incl.boot move incBiteOff to bookvolb

intint.lisp move setCurrentlLine to bookvolb
int-top.boot move ncloopCommand, etc. to bookvolb
i-syscmd.boot move $SYSCOMMANDS to bookvolb

Makefile wrong Makefile for Xpm fix

makegraph.c  discardGraph free corrected

nci.lisp move ncloopInclude to bookvolb
setq.lisp move command initialization to bookvolb

Documentation changes

bookvolb explain top level input handling (lisp/boot rewrite)
combfunc.spad fix bold font handling
axiom.sty add binom

Patches released

20071129.01.tpd.patch
20071129.02.tpd.patch
20071205.01.tpd.patch
20071206.01.tpd.patch
20071208.01.tpd.patch
20071215.01.tpd.patch
20071215.02.tpd.patch
20071215.03.gxv.patch
20071216.01.tpd.patch
20071216.02.tpd.patch
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20071216.03.acr.patch
20071217.01.acr.patch
20071217.02.tpd.patch
20071218.01.acr.patch
20071225.01.sxw.patch
20071228.01.tpd.patch
20071229.01.jap.patch
20071230.01.acr.patch
20071230.02.tpd.patch
20071230.03.tpd.patch
20080102.01.tpd.patch
20080103.01.tpd.patch
20080104.01.tpd.patch
20080104.02.tpd.patch
20080106.01.tpd.patch
20080107.01.tpd.patch
20080107.02.tpd.patch
20080107.03.tpd.patch
20080116.01.tpd.patch
20080119.01.tpd.patch
20080119.02.tpd.patch
20080119.03.tpd.patch
20080120.01.gxv.patch
20080120.02.tpd.patch
20080120.03.tpd.patch

\end{verbatim}
\endscroll
\autobuttons
\end{page}
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1.1.29 November 23, 2007 Release Notes

& HyperDoc [=Je )]
November 23, 2007 Releasze Hotes

Surmmary: November 2007 release

211 of the golden sources are up to date.
gavannah.nongnu.org/projects/axiom CVS
zourceforge.net/projects/axiom CVS
archlaxiom-developer.org ARCH (axiom--main--1l--patch-54)
gitBaxiom-developer.org GIT

ADD NEW CREDITS
Hew patches were posted by Arthur and Zlfredo so their tlg
added to the changelog

20071001 acr arthur C. Ralfs <arthurlmathbrane.ca>
20070914 jap Jose Alfredo Portes <doyenatccony@gmail.coms

< “What’s New in Axiom” (releaseNotes) IIT1 on page O
— releasenotes.ht —

\begin{page}{november2007}{November 23, 2007 Release Notes}
\beginscroll
\begin{verbatim}

Summary: November 2007 release

A1l of the golden sources are up to date.
savannah.nongnu.org/projects/axiom CVS
sourceforge.net/projects/axiom CVS
arch@axiom-developer.org ARCH (axiom--main--1--patch-54)
git@axiom-developer.org GIT

ADD NEW CREDITS
New patches were posted by Arthur and Alfredo so their tlas were
added to the changelog

20071001 acr Arthur C. Ralfs <arthur@mathbrane.ca>
20070914 jap Jose Alfredo Portes <doyenatccny@gmail.com>

PORT TO DIFFERENT SYSTEMS
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As part of the new axiom website there is a binary release page.
The stanzas for these supported systems were added.

20071119 tpd Makefile.pamphlet add fedora6,7,8 stanzas

NEW Axiom WEBSITE: http://axiom-developer.org STARTED.
The new Axiom website (currently at axiom.axiom-developer.org)
has been started. It will include the binary release page.

REMOVE OLD REGRESSION SYSTEM
The previous regression test system was removed. A new combined
regression test and help documentation system was built to replace
this mechanism.

20070901 tpd src/input/Makefile remove ALGEBRA variable
20070901 tpd src/algebra/perm.spad remove TEST mechanism
20070901 tpd src/algebra/view2d.spad remove TEST mechanism
20070901 tpd src/algebra/fr.spad remove TEST mechanism

FIX BOOK DOCUMENTATION
Minor typos have been discovered in the book during documentation.

20070905 tpd src/doc/book remove duplicate upperCase, lowerCase typo
20070903 tpd src/doc/bookvol4d fix typos

20070902 tpd src/doc/book MultiSet -> Multiset

20080829 tpd src/doc/book.pamphlet correct typo

FIX BUGS
Various bugs have been found and fixed.

20071101 tpd src/interp/i-output.boot fix bugs 7010 (209), 7011

20070920 tpd src/input/Makefile add buglOl.input regression test

20070920 tpd src/input/buglOl.input test laplace(log(z),z,w) bug 101
20070920 wxh src/algebra/laplace.spad fix laplace(log(z),z,w) bug 101
20070916 tpd src/input/Makefile add buglO3.input regression test

20070916 tpd src/input/buglO3.input test solve(z=z,z) bug fix

20070916 tpd src/algebra/polycat.spad solve(z=z,z) bug fix

20070916 tpd src/algebra/catdef.spad add zero? to exquo

20070915 tpd merge buglOO0 branch

20070915 tpd src/input/Makefile add buglOO.input regression test

20070915 tpd src/input/buglO0.input test integrate((z"a+1)"b,z) infinite loop
20070915 wxh src/algebra/intef.spad fix integrate((z~a+1)~b,z) infinite loop
20070915 tpd src/algebra/carten minor edit for regression cleanup

20070914 wxh src/hyper/hyper fix bad bracing of )hd change

20070914 tpd src/algebra/fraction.spad remove double )spool command

20070914 tpd src/algebra/kl.spad remove double )spool command
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20070914 tpd src/algebra/lindep.spad remove double )spool command
20070914 tpd src/algebra/radix.spad remove double )spool command

ENABLE DYNAMIC RESTART OF HYPERDOC
Hyperdoc can now be started dynamically or restarted if killed.

20070914 jap adapt changes for )hd restart to Axiom sources

20070914 wxh src/sman/bookvol6 enable restart of hyperdoc with )hd
20070914 wxh src/include/sman.hl enable restart of hyperdoc with )hd
20070914 wxh src/hyper/hyper enable restart of hyperdoc with )hd

SET UP THE NEW FIREFOX BASED HYPERDOC
Hyperdoc is going away. A new version of hyperdoc is being built
which uses html/javascript/mathml. These files change the interpreter
and algebra to support the new hyperdoc machinery.

20071019 acr src/interp/http.lisp use new return values

20071019 acr src/algebra/axserver.spad use new return values

20071014 acr src/algebra/axserver.spad use getContentType(pathvar)
20071013 acr license/license.ralfs license rewrite

20071013 acr src/interp/http.lisp faster page service

20071013 acr src/algebra/axserver.spad faster page service

20071001 tpd src/algebra/exposed.lisp add (|AxiomServer| . AXSERV) to basic
20071001 tpd src/algebra/Makefile add axserver.spad

20071001 acr src/algebra/axserver.spad axserver socket connection code
20071001 tpd src/interp/Makefile add http.lisp

20071001 acr src/interp/http.lisp axserver socket connection code
20071001 acr license/license.ralfs added

REGRESSION TEST CALCULUS
A new regression test suite for calculus is being built. The first
of these files has been added to the system.

20070913 tpd src/input/Makefile schauml.input added
20070913 tpd src/input/schauml.input added

REGRESSION TEST ORDINARY DIFFERENTIAL EQUATIONS
A regression test suite for ordinary differential equations was built.

20071005 tpd src/input/Makefile kamke7.input regression test added
20071005 tpd src/input/kamke7.input ODE regression test added
20071005 tpd src/input/Makefile kamke6.input regression test added
20071005 tpd src/input/kamke6.input ODE regression test added
20071005 tpd src/input/Makefile kamke5.input regression test added
20071005 tpd src/input/kamke5.input ODE regression test added
20071005 tpd src/input/Makefile kamke4.input regression test added
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20071005 tpd src/input/kamke4.input ODE regression test added
20071005 tpd src/input/Makefile kamke3.input regression test added
20071005 tpd src/input/kamke3.input ODE regression test added
20071004 tpd src/input/Makefile kamke2.input regression test added
20071004 tpd src/input/kamke2.input ODE regression test added
20071004 tpd src/input/Makefile kamkel.input regression test added
20071004 tpd src/input/kamkel.input ODE regression test added
20071004 tpd src/input/Makefile kamkeO.input regression test added
20071004 tpd src/input/kamkeO.input ODE regression test added

REGRESSION TEST PFAFFIAN
Martin added the pfaffian regression test. It was added and removed
due to documentation license issues. New documentation is being written.

20070929 tpd src/input/Makefile pfaffian regression test removed
20070929 tpd src/input/pfaffian.input regression test removed
20070927 tpd src/input/Makefile pfaffian regression test added
20070927 mxr src/input/pfaffian.input regression test added

ADD PORTIONS OF THE GUESS PACKAGE
The newton.spad file is actually part of the fffg.spad file so it
was removed. The very top level spad functions in GUESS still do
not work properly.

20070909 tpd src/algebra/mewton.spad included in fffg.spad
20070909 tpd src/algebra/Makefile remove newton.spad (duplicate)

FIX BUILD PROCESS
The build process was not properly suppressing output by default.

20070907 tpd src/algebra/acplot.spad fix PlaneAlgebraicCurvePlot.help NOISE
20070907 tpd src/algebra/Makefile make regression respect NOISE variable
20070907 tpd src/input/Makefile make regression respect NOISE variable

FIX INSTALL PROCESS
The install process had a bug.
20070906 tpd Makefile int/sman/axiom command to target command for install

20070906 tpd src/sman/Makefile copy axiom command to int

ADD ALDOR RELEASE
The aldor release has been added to zips. It will soon be part of
the build mechanism but separately maintained like GCL.

20070901 tpd zips/aldor.20070901.tgz add pdf documentation
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20070901 tpd zips/aldor.20070901.tgz added

ADD )HELP FACILITY
The )help facility was recovered. The documentation is now integrated
into the spad files and used both for help documentation and algebra
regression testing.

\end{verbatim}
\endscroll
\autobuttons
\end{page}

1.1.30 Feature Complete Release Feb 2005

] Hyperboc =EE

Feature Complete Release Feb 2005

The February 2005 release is the first complete release of the
Axiom systemsince it was first made available as open source.
This release includes the full complement of algebra, the
graphics subsystem, and the hyperdoc system.
This full release runs on Linux and Solaris 9. The algebra
runs on Windows.

< “What’s New in Axiom” (releaseNotes) IIT1 on page M
— releasenotes.ht —

\begin{page}{feb2005}{Feature Complete Release Feb 2005}
\beginscroll

The February 2005 release is the first complete release of the
Axiom system since it was first made available as open source.
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This release includes the full complement of algebra, the graphics
subsystem, and the hyperdoc system.

This full release runs on Linux and Solaris 9.
The algebra runs on Windows.

\endscroll

\autobuttons

\end{page}
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Chapter 2

Special hyperdoc pages

2.1 util.ht

This file contains macros for the Axiom HyperDoc hypertext facility. Most of the macros
for the system are here though there may be some in individual .ht files that are of a local
nature.

2.1.1 Names of software and facilities

— util.ht —

\newcommand{\Browse}{Browse}
\newcommand{\Language}{Axiom}
\newcommand{\SpadName}{\Language}
\newcommand{\LangName}{\Language}
\newcommand{\HyperName}{HyperDoc}
\newcommand{\Clef}{Clef}
\newcommand{\Lisp}{Common LISP}
\newcommand{\naglib}{NAG Foundation Library}
\newcommand{\GoBackToWork}
{\vspace{2}\newline

{Click on \ \UpButton{} \ to go back to what you were doing.l}}

2.1.2 Special hooks to Unix

All unix commands should be done as macros defined here so we don’t have to go hunting
when moving between Unix versions.
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— util.ht —

\newcommand{\newspadclient}[1]

{xterm -n "#1" -e \$SPAD/bin/clef \$SPAD/bin/server/spadclient}
\newcommand{\searchwindow} [2] {\unixwindow{#1}{\$SPAD/1ib/htsearch "#2"}}
\newcommand{\unixwindow} [2] {\unixlink{#1}{#2}}
\newcommand{\menuunixlink}[2] {\item\unixlink{\menuitemstyle{#1}}{#2}}
\newcommand{\menuunixcommand} [2] {\item\unixcommand{\menuitemstyle{#1}}{#2}}
\newcommand{\menuunixwindow} [2] {\item\unixwindow{\menuitemstyle{#1}}{#2}}

2.1.3 HyperDoc menu macros

— util.ht —

% Example:

YA

% \beginmenu

% \menulink{Thing One}{PageOne} la da di da da ...

% \menulink{Thin Two}{PageTwo} do da day ...

% \item \ACmdMacro{\menuitemstyle{Thing Three}} la di da ...
% \endmenu

% The menu environment

\newcommand{\beginmenu} {\beginitems [\MenuDotBitmap] }
\newcommand{\endmenu} {\enditems}

% This is the usual format for a menu item.
\newcommand{\menuitemstyle}[1]  {{\MenuDotBitmap}#1}

% Often-used menu item forms

%  These two simply do links

\newcommand{\menudownlink} [2] {\item\downlink{\menuitemstyle{#1}}{#2}}

\newcommand{\menulink}[2] {\menudownlink{#1}{#2}}

% This will cause lower level links to have a HOME button
\newcommand{\menumemolink} [2] {\item\memolink{\menuitemstyle{#1}}{#2}}

% This opens a new window for the linked page.
\newcommand{\menuwindowlink} [2] {\item\windowlink{\menuitemstyle{#1}}{#2}}

%  These execute lisp commands in various flavors
\newcommand{\menulispcommand} [2]
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{\item\lispcommand{\menuitemstyle{#1}}{#2}}
\newcommand{\menulispdownlink} [2]
{\item\lispdownlink{\menuitemstyle{#1}}{#2}}
\newcommand{\menulispmemolink} [2]
{\item\lispmemolink{\menuitemstyle{#1}}{#2}}
\newcommand{\menulispwindowlink} [2]
{\item\lispwindowlink{\menuitemstyle{#1}}{#2}}

% This executes a unix command
\newcommand{\menuunixcmd} [2] {\item\unixcommand{\menuitemstyle{#1}}{#2}}
\newcommand{\searchresultentryl}[3]
{\tab{3}\item#3\tab{8}\downlink{\menuitemstyle{#1}}{#2}\newline}
\newcommand{\newsearchresultentry}[3]
{\tab{3}\item#1\tab{8}\downlink{\menuitemstyle{#2}}{#3}\newline}

2.1.4 Bitmaps and bitmap manipulation macros

— util.ht —

\newcommand{\htbmdir}{\env{AXIOM}/doc/bitmaps}
\newcommand{\htbmfile} [1]{\htbmdir /#1.bitmap}
\newcommand{\htbitmap}[1]{\inputbitmap{\htbmfile{#1}}}
\newcommand{\ControlBitmap}[1]{\controlbitmap{\htbmfile{#1}}}

% next group of bitmaps frequently appear in the titlebar
\newcommand{\ContinueBitmap} {\ControlBitmap{continue}}

\newcommand{\DoItBitmap} {\ControlBitmap{doit}}
\newcommand{\ExitBitmap} {\ControlBitmap{exit3d}}
\newcommand{\HelpBitmap} {\ControlBitmap{help3d}}
\newcommand{\ReturnBitmap} {\ControlBitmap{home3d}}
\newcommand{\NoopBitmap} {\ControlBitmap{noop3d}}
\newcommand{\UpBitmap} {\ControlBitmap{up3d}}

\newcommand{\MenuDotBitmap}{\htbitmap{menudotl}}
% Including control panel pixmaps for help pages:

\newcommand{\helpbit}[1]
{\centerline{\inputpixmap{\env{AXIOM}/doc/pixmaps/{#1}}}}

93



94 CHAPTER 2. SPECIAL HYPERDOC PAGES

2.1.5 HyperDoc button objects

— util.ht —

\newcommand{\ContinueButton}[1]{\downlink{Click here}{#1} to continue.}
\newcommand{\ExitButton}[1] {\memolink{\ExitBitmap}{#1}}
\newcommand{\HelpButton}[1] {\memolink{\HelpBitmap}{#1}}
\newcommand{\StdHelpButton}{\HelpButton{ugHyperPage}}
\newcommand{\StdExitButton}{\ExitButton{ProtectedQuitPage}}
\newcommand{\UpButton}{\upbutton{\UpBitmap}{UpPage}}
\newcommand{\ReturnButton}{\returnbutton{\ReturnBitmap}{ReturnPage}}
\newcommand{\on} [1] {{\inputbox [1]{#1}{\htbmfile{pick}}
{\htbmfile{unpick}}}}
\newcommand{\of£} [1]{{\inputbox [0] {#1}{\htbmfile{pick}}
{\htbmfile{unpick}}}}

2.1.6 Standard HyperDoc button configurations

— util.ht —
\newcommand{\autobutt}[1]{\helppage{#1}}
\newcommand{\autobuttons}{}
\newcommand{\exitbuttons}{}
\newcommand{\autobuttLayout}[1]{\centerline{#1}}}
\newcommand{\autobuttMaker} [1]{\autobuttLayout{\HelpButton{#1}}}
\newcommand{\riddlebuttons}[1]{\autobuttLayout{\link{\HelpBitmap}{#1}}}

% Macro for downward compatibility (7).

\newcommand{\simplebox} [2]
{\inputbox [#1]1{#2}{\htbitmap{xbox}}{\htbitmap{xopenbox}}}

2.1.7 HyperDoc graphics macros

— util.ht —

% Including viewport bitmaps within \HyperName pages:
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\newcommand{\viewport}[1]{\inputimage{{#1}.view/image}}
\newcommand{\axiomViewport}[1]
{\inputimage{\env{AXIOM}/doc/viewports/{#1}.view/image}}
\newcommand{\spadviewport}[1]{\axiomViewport{#1}}

% Creating a real live viewport:

\newcommand{\viewportbutton}[2] {\unixcommand{#1}{viewalone #2}}
\newcommand{\axiomViewportbutton} [2]

{\unixcommand{#1}{viewalone \$AXIOM/doc/viewports/{#2}}}
\newcommand{\spadviewportbutton}[2] {\axiomViewportbutton{#1}{#2}}

% Making active viewport buttons:

\newcommand{\viewportasbutton}[1]
{\unixcommand{\inputimage{{#1}.view/image}}{viewalone {#1}}}
\newcommand{\axiomViewportasbutton}[1]
{\unixcommand{\inputimage{\env{AXIOM}/doc/viewports/{#1}.view/imagel}}
{viewalone \$AXIOM/doc/viewports/{#1}}}
\newcommand{\spadviewportasbutton}[1]{\axiomViewportasbutton{#1}}

2.1.8 TeX and LaTeX compatibility macros

— util.Lht —
%% Begin macros that are needed because HD uses the wrong names

\newcommand{\center}[1]{\centerline{#1}}
\newcommand{\box} [1]{\fbox{#1}}

%% End macros that are needed because HD uses the wrong names

\newcommand{\LARGE}{}

\newcommand{\LaTeX}{LaTeX}

\newcommand{\Large}{}

\newcommand{\TeX}{TeX}

\newcommand{\allowbreak}{}
\newcommand{\aleph}{\inputbitmap{\htbmdir{}/aleph.bitmapl}}
\newcommand{\alpha}{\inputbitmap{\htbmdir{}/alpha.bitmap}}
\newcommand{\angle}{\inputbitmap{\htbmdir{}/angle.bitmap}}
\newcommand{\backslash}{\inputbitmap{\htbmdir{}/backslash.bitmapl}}
\newcommand{\beta}{\inputbitmap{\htbmdir{}/beta.bitmap}}
\newcommand{\bigbreak}{\newline\newline}
\newcommand{\bot}{\inputbitmap{\htbmdir{}/bot.bitmap}}
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\newcommand{\bullet}{\inputbitmap{\htbmdir{}/bullet.bitmap}}
\newcommand{\caption}[1]{\newline\centerline{#1}\newline}
\newcommand{\chi}{\inputbitmap{\htbmdir{}/chi.bitmap}}
\newcommand{\cite}[1]{bibliography entry for {\it #1}}
\newcommand{\cleardoublepage}{}
\newcommand{\coprod}{\inputbitmap{\htbmdir{}/coprod.bitmap}}
\newcommand{\del}{\inputbitmap{\htbmdir{}/del.bitmap}}
\newcommand{\delta}{\inputbitmap{\htbmdir{}/delta.bitmap}}
\newcommand{\Delta}{\inputbitmap{\htbmdir{}/delta-cap.bitmap}}
\newcommand{\div}{\inputbitmap{\htbmdir{}/div.bitmap}}
\newcommand{\dot}{\inputbitmap{\htbmdir{}/dot.bitmap}}
\newcommand{\ell}{\inputbitmap{\htbmdir{}/ell.bitmap}}
\newcommand{\emptyset}{\inputbitmap{\htbmdir{}/emptyset.bitmapl}}
\newcommand{\epsilon}{\inputbitmap{\htbmdir{}/epsilon.bitmapl}}
\newcommand{\epsffile}{}
\newcommand{\eta}{\inputbitmap{\htbmdir{}/eta.bitmapl}}
\newcommand{\exists}{\inputbitmap{\htbmdir{}/exists.bitmapl}}
\newcommand{\forall}{\inputbitmap{\htbmdir{}/forall.bitmap}}
\newcommand{\footnote} [1]{ {(#1)}}
\newcommand{\frenchspacing}{}
\newcommand{\gamma}{\inputbitmap{\htbmdir{}/gamma.bitmap}}
\newcommand{\Gamma}{\inputbitmap{\htbmdir{}/gamma-cap.bitmap}}
\newcommand{\hbar}{\inputbitmap{\htbmdir{}/hbar.bitmap}}
\newcommand{\hbox} [1]{{#1}}

\newcommand{\hfill}{}

\newcommand{\hfil}{}

\newcommand{\huge}{}
\newcommand{\Im}{\inputbitmap{\htbmdir{}/im-cap.bitmap}}
\newcommand{\imath}{\inputbitmap{\htbmdir{}/imath.bitmapl}}
\newcommand{\infty}{\inputbitmap{\htbmdir{}/infty.bitmap}}
\newcommand{\int}{\inputbitmap{\htbmdir{}/int.bitmap}}
\newcommand{\iota}{\inputbitmap{\htbmdir{}/iota.bitmap}}
\newcommand{\index} [1]{3}

\newcommand{\ jmath}{\inputbitmap{\htbmdir{}/jmath.bitmap}}
\newcommand{\kappa}{\inputbitmap{\htbmdir{}/kappa.bitmapl}}
\newcommand{\label} [1]{}
\newcommand{\lambda}{\inputbitmap{\htbmdir{}/lambda.bitmap}}
\newcommand{\Lambda}{\inputbitmap{\htbmdir{}/lambda-cap.bitmap}}
\newcommand{\large}{}

\newcommand{\ldots}{...}

\newcommand{\le}{<=}

\newcommand{\marginpar}[1]{}
\newcommand{\mu}{\inputbitmap{\htbmdir{}/mu.bitmap}}
\newcommand{\neg}{\inputbitmap{\htbmdir{}/neg.bitmapl}}
\newcommand{\newpage}{}

\newcommand{\noindent}{\indent{0}}
\newcommand{\nonfrenchspacing}{}
\newcommand{\nabla}{\inputbitmap{\htbmdir{}/nabla.bitmap}}
\newcommand{\nu}{\inputbitmap{\htbmdir{}/nu.bitmap}}
\newcommand{\omega}{\inputbitmap{\htbmdir{}/omega.bitmapl}}
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\newcommand{\Omega}{\inputbitmap{\htbmdir{}/omega-cap.bitmapl}}
\newcommand{\pageref} [1]1{?77}
\newcommand{\parallel}{\inputbitmap{\htbmdir{}/parallel.bitmapl}}
\newcommand{\partial}{\inputbitmap{\htbmdir{}/partial.bitmapl}}
\newcommand{\phi}{\inputbitmap{\htbmdir{}/phi.bitmap}}
\newcommand{\Phi}{\inputbitmap{\htbmdir{}/phi-cap.bitmap}}
\newcommand{\pi}{\inputbitmap{\htbmdir{}/pi.bitmapl}}
\newcommand{\Pi}{\inputbitmap{\htbmdir{}/pi-cap.bitmap}}
\newcommand{\prime}{\inputbitmap{\htbmdir{}/prime.bitmap}}
\newcommand{\prod}{\inputbitmap{\htbmdir{}/prod.bitmap}}
\newcommand{\protect}{}
\newcommand{\psi}{\inputbitmap{\htbmdir{}/psi.bitmapl}}
\newcommand{\Psi}{\inputbitmap{\htbmdir{}/psi-cap.bitmap}}
\newcommand{\quad}{\inputbitmap{\htbmdir{}/quad.bitmap}}
\newcommand{\Re}{\inputbitmap{\htbmdir{}/re-cap.bitmap}}
\newcommand{\rho}{\inputbitmap{\htbmdir{}/rho.bitmap}}
\newcommand{\sc}{\rm}

\newcommand{\sf}{\bf}
\newcommand{\sigma}{\inputbitmap{\htbmdir{}/sigma.bitmap}}
\newcommand{\Sigma}{\inputbitmap{\htbmdir{}/sigma-cap.bitmap}}
\newcommand{\small}{}
\newcommand{\sum}{\inputbitmap{\htbmdir{}/sum.bitmap}}
\newcommand{\surd}{\inputbitmap{\htbmdir{}/surd.bitmap}}
\newcommand{\tau}{\inputbitmap{\htbmdir{}/tau.bitmapl}}
\newcommand{\theta}{\inputbitmap{\htbmdir{}/theta.bitmap}}
\newcommand{\Theta}{\inputbitmap{\htbmdir{}/theta-cap.bitmapl}}
\newcommand{\times}{\inputbitmap{\htbmdir{}/times.bitmap}}
\newcommand{\top}{\inputbitmap{\htbmdir{}/top.bitmap}}
\newcommand{\triangle}{\inputbitmap{\htbmdir{}/triangle.bitmapl}}
\newcommand{\upsilon}{\inputbitmap{\htbmdir{}/upsilon.bitmapl}}
\newcommand{\Upsilon}{\inputbitmap{\htbmdir{}/upsilon-cap.bitmap}t}
\newcommand{\vbox} [1]{{#1}}
\newcommand{\wp}{\inputbitmap{\htbmdir{}/wp.bitmapl}}
\newcommand{\xi}{\inputbitmap{\htbmdir{}/xi.bitmap}}
\newcommand{\Xi}{\inputbitmap{\htbmdir{}/xi-cap.bitmap}}
\newcommand{\zeta}{\inputbitmap{\htbmdir{}/zeta.bitmap}}
\newcommand{\bs}{\\}

2.1.9 Book and .ht page macros

— util.ht —

\newcommand{\beginImportant}{\horizontalline}
\newcommand{\endImportant}{\horizontalline}

%
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% following handles things like "i-th" but uses "-th"
\newcommand{\eth} [1] {{#1}-th}}

yA

\newcommand{\texnewline}{}

\newcommand{\texbreak}{}

\newcommand{\Gallery}{{Axiom Imagesl}}
\newcommand{\exptypeindex}[1]{}

\newcommand{\gotoevenpage}{}

\newcommand{\ignore} [1]{}

\newcommand{\ind}{\newline\tab{3}}

\newcommand{\labelSpace} [1]1{}
\newcommand{\mathOrSpad} [1] {{\spad{#1}}}
\newcommand{\menuspadref} [2] {\menudownlink{#1}{#2Page}}
\newcommand{\menuxmpref} [1]{\menudownlink{ ‘#1’}{#1XmpPage}}

% comment and then \spadcommand or spadsrc
\newcommand{\noOutputXtc} [2] {\xtc{#1}{#2}}
\newcommand{\not=}{\inputbitmap{\htbmdir{}/not=.bitmap}}
\newcommand{\notequal}{\inputbitmap{\htbmdir{}/notequal.bitmapl}}
% comment and then \spadcommand or spadsrc
\newcommand{\nullXtc} [2] {\xtc{#1}{#2}}
\newcommand{\nullspadcommand} [1] {\spadcommand}

% Use this instead of \par for now.

\newcommand{\pp}{\newline}

% comment and then \spadcommand or spadsrc
\newcommand{\psXtc} [3] {\xtc{#1}{#2}}

\newcommand{\ref}[1]{(see the graph)}

\newcommand{\showBlurb}[1]

{Issue the system command \spadcmd{)show #1} to display the full list
of operations defined by \spadtype{#1}.}
\newcommand{\smath} [1] {\mathOrSpad{#1}}
\newcommand{\spadFileExt}{.spad}

\newcommand{\spadkey} [1]{}

\newcommand{\spadref} [1]{{\it #1}}
\newcommand{\spadsig}[2]{\spadtype{#1} {\tt ->} \spadtype{#2}}
\newcommand{\axiomSig}[2]{\axiomType{#1} {\tt ->} \axiomType{#2}}
\newcommand{\subscriptIt}[2]{{\it {#1}\_{#2}}}
\newcommand{\subscriptText}[2]{{\it {#1}\_{\it #2}}}
\newcommand{\subsubsection}[1]{\newline\indent{0}{\bf #1}\newline\newline}
\newcommand{\syscmdindex}[1]{} % system command index macro
\newcommand{\threedim}{three-dimensional}
\newcommand{\twodim}{two-dimensional}
\newcommand{\unind}{\newline}

\newcommand{\void}{the unique value of \spadtype{Void}}
\newcommand{\xdefault}[1]{The default value is {\tt "#1"}.}
\newcommand{\xmpLine} [2] {{\tt #1}\newline} 7 have to improve someday
\newcommand{\xmpref}[1]{\downlink{‘#1’}{#1XmpPage}}

% comment and then \spadcommand or spadsrc
\newcommand{\xtc} [2]{#1 #2}

% glossary terms
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\newcommand{\spadgloss}[1]{\lispdownlink{#1}{(|htGloss| ’|#1])}}
\newcommand{\spadglossSee} [2] {\1ispdownlink{#1}{(|htGloss| ’|#2])}}

% use this for syntax punctuation: \axiomSyntax{::}
\newcommand{\axiomSyntax}[1]1{¢ ‘{\tt #1}’’3}
\newcommand{\spadSyntax}[1]{\axiomSyntax{#1}}

% constructors

\newcommand{\axiomTypel} [1]{\lispdownlink{#1}{(|spadTypel|l °’[#1])}}
\newcommand{\spadtypel} [1]{\axiomType{#1}}

% things that browse can’t handle
\newcommand{\nonLibAxiomType} [1]{{\it #13}}
\newcommand{\pspadtype} [1]{\nonLibAxiomType{#1}}

\newcommand{\axiom} [11{{\tt #1}} 7 note font
\newcommand{\spad} [11{\axiom{#1}}

% exists in ++ comments; to be removed
\newcommand{\spadvar} [1]{\axiom{#1}}
\newcommand{\s} [11{\axiom{#1}}

\newcommand{\httex} [2] {#1}
\newcommand{\texht} [2] {#2}

% Function names:

%

o

% The X versions below are used because Axiom function names that end
% in “€1?’ cause problems for makeindex for had-copy.

%

o

% Example: \spadfunFromX{reverse}{List} prints as reverse!

% In the "From" versions, the first arg is function name,
% second is constructor where exported.

% Use the "op" flavors of "-", "+", "x" etc, otherwise the "fun" flavors
\newcommand{\userfun} [1]1{{\bf #1}} ), example, non-library function names

\newcommand{\fakeAxiomFun} [1]{{\bf #1}} % not really a library function
\newcommand{\pspadfun} [1]{\fakeAxiomFun{#1}}

\newcommand{\axiomFun} [1]{\lispdownlink{#1}{(|oPagel| ’|#1[)3}}
\newcommand{\spadfun} [1]{\axiomFun{#1}}
\newcommand{\axiomFunX}[1]{\axiomFun{#1!}}
\newcommand{\spadfunX}[1] {\axiomFun{#1!}}

\newcommand{\axiomFunFrom} [2] {\1lispdownlink{#1}{(|oPageFrom| ’|#1| ’|#2])}}
\newcommand{\spadfunFrom} [2] {\axiomFunFrom{#1}{#2}}
\newcommand{\axiomFunFromX} [2] {\axiomFunFrom{#1!}{#2}}
\newcommand{\spadfunFromX} [2] {\axiomFunFrom{#1!}{#2}}
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\newcommand{\axiomOp} [1]{\lispdownlink{#1}{(|oPage| ’[#1[)}}
\newcommand{\spadop} [1]{\axiomOp{#1}}
\newcommand{\axiomOpX} [1]{\axiomOp{#1!}}

\newcommand{\axiomOpFrom} [2] {\1lispdownlink{#1}{(|oPageFrom| ’|#1| ’>[#2]|)}}
\newcommand{\spadopFrom} [2]{\axiomOpFrom{#1}{#2}}
\newcommand{\axiomOpFromX}[2] {\axiomOpFrom{#1!}{#2}}
\newcommand{\spadopFromX}[2] {\axiomOpFrom{#1!}{#2}}

\newcommand{\spadsyscom} [1]{{\tt #1}}
\newcommand{\spadcmd} [1] {\spadsyscom{#1}}
\newcommand{\spadsys}[1]{\spadsyscom{#1}}

% Following macros should be phased out in favor of ones above:

\newcommand{\gloss}[1]{\lispdownlink{#1}{(|htGloss| ’|#1])}}
\newcommand{\spadglos}[1]{\lispdownlink{#1}{(|htGloss| ’[#1])}}
\newcommand{\glossSee} [2] {\lispdownlink{#1}{(|htGloss| ’[#2])}}

2.1.10 Browse macros

— util.ht —

\newcommand{\undocumented} [0]{is not documented yet}
\newcommand{\aliascon}[2] {\lispdownlink{#1}{(|conPage| ’[|#2])}}
\newcommand{\aliasdom} [2] {\1lispdownlink{#1}{(|conPage| ’[#2])}}
\newcommand{\andexample} [1] {\indent{5}\spadcommand{#1}\indent{0}\newline}
\newcommand{\blankline}{\vspace{1}\newline }
\newcommand{\con}[1]{\1lispdownlink{#1}{(|conPage| ’|#1[|)}}

\newcommand{\conf}[2] {\1ispdownlink{#1}{(|conPage| ’{#2})}}
% generalizes "con" to allow arbitrary title and form

\newcommand{\ops} [3]{\1lisplink{#1}{(|conOpPage| #2 ’{#3})}}

% does lisplink to operation page of a constructor or form

% #1 is constructor name or form, without fences, e.g. "Matrix(Integer)"

% #2 is page number, extracted from $curPage (see fromHeading/dbOpsForm)

% #3 is constructor name or form, with fences, e.g. "(|Matrix| (|Integer|))"

\newcommand{\dlink} [2] {\downlink{#2}{#1}}
\newcommand{\dom} [1]{\1lispdownlink{#1}{(|conPage| ’|#1])}}
\newcommand{\examplel}[1]
{\newline\indent{5}\spadcommand{#1}\indent{0}\newline}
\newcommand{\1lisp}[2] {\1ispdownlink{#2}{#1}}
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\newcommand{\spadatt} [11{{\it #1}}
\newcommand{\indented} [2]

{\indentrel{#1}\newline #2\indentrel{-#1}\newline}
\newcommand{\keyword} [1]{\1lispdownlink{#1}{(|htsn| ’[#1|)}}
\newcommand{\op} [1] {\lispdownlink{#1}{(|htsn| ’[#1])}}
\newcommand{\spadignore} [1]{#1}

2.1.11 Support for output and graph paste-ins

— util.ht —

\newcommand{\axiomcommand} [1]{\spadcommand{#1}}
\newcommand{\axiomgraph} [1] {\spadgraph{#1}}

\newcommand{\pastecommand} [1]{\spadpaste{#1}}
\newcommand{\pastegraph} [1]{\graphpaste{#1}}

\newcommand{\showpaste}{\htbitmap{sdown3d}}
\newcommand{\hidepaste}{\htbitmap{sup3d}}
\newcommand{\spadpaste} [1]{
\newline
\begin{paste}{\pagename Empty \examplenumber}
{\pagename Patch \examplenumber}
\pastebutton{\pagename Empty \examplenumber}{\showpaste}
\tab{5}\spadcommand{#1}
\end{paste}
}

\newcommand{\graphpaste} [1]{
\newline
\begin{paste}{\pagename Empty \examplenumber}
{\pagename Patch \examplenumber}
\pastebutton{\pagename Empty \examplenumber}{\showpaste}
\tab{5}\spadgraph{#1}
\end{paste}
}

2.1.12 Hook for including a local menu item on the rootpage

— util.ht —
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\newcommand{\localinfo}{}

2.1.13 Not Connected to Axiom

< “Standard Pages” (HTXLinkPage2) 2271 on page
— util.ht —

\begin{page}{SpadNotConnectedPage}{Not Connected to Axiom}
\beginscroll

Hyperdoc isn’t connected to Axiom, therefore cannot execute
the button you pressed.

h

\GoBackToWork{}

\endscroll

\end{page}

2.1.14 Do You Really Want to Exit?

— util.ht —

\begin{page}{ProtectedQuitPage}{Do You Really Want to Exit?}
\beginscroll

{Click again on \ \ExitButton{QuitPage} \ to terminate Hyperdoc.}
\vspace{1}\newline

\centerline{OR}

\GoBackToWork{}

\endscroll

\autobuttons

\end{page}

2.1.15 Missing Page

— util.ht —
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\begin{page}{UnknownPage}{Missing Page}

\beginscroll

\pp

The page you requested was not found in the Hyperdoc database.
\GoBackToWork{}

\endscroll

\end{page}

2.1.16 Something is Wrong

— util.ht —

\begin{page}{ErrorPage}{Something is Wrong}

\beginscroll

{For some reason the page you tried to link to cannot be formatted.}
\GoBackToWork{}

\endscroll

\autobuttons

\end{page}

2.1.17 Sorry!

— util.ht —

\begin{page}{Unlinked}{Sorry!}
\beginscroll

{This link is not implemented yet.}
\GoBackToWork{}

\endscroll

\autobuttons

\end{page}
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Chapter 3
Hyperdoc pages

The hyperdoc pages can be viewed as a forest of rooted pages. The main routine in hypertex
will look for a page called “RootPage”.
< “Root Page” (RootPage) B on page M3

3.1 rootpage.ht

3.1.1 Axiom HyperDoc Top Level

it HyperDoc

Axiom HyperDoc Top Level
. ™
<>

What would you like to do?
ABasic Commands  Solve problems by £illing in templates.

BReference Scan on—line documentation for Axiom.
ATopics Learn how to uge &xiom, by topic.

B Browse Browse through the &xiom library.
BAExamples See examples of use of the library.
ASettings Digplay and change the systemenvironment.
B about AXTIOM See gome bagic information akbout Axiom.
BWhat's Hew Enhancemsnts in this vergion of Axiom.
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“Basic Commands” (BasicCommand) BB on page 23
“Reference” (TopReferencePage) B3 on page [T
“Topics” (TopicPage) BTG on page
“Browse” (ManOPage) BGZ3 on page 047
“Examples” (TopExamplePage) BT on page
“Settings” (TopSettingsPage) B13 on page MY
“About Axiom” (RootPageLogo) B2 on page [Ia
“What’s New” (releaseNotes) I on page [

— rootpage.ht —

L 2R AR R A

\begin{page}{RootPage}{Axiom HyperDoc Top Level}
\beginscroll
\centerline{\inputbitmap{\htbmdir{}/axiomi.bitmap}}
\horizontalline

\newline\tab{0}

What would you like to do?

\beginmenu

\menuwindowlink{Basic Commands}{BasicCommand}
\tab{16}Solve problems by filling in templates.

\menuwindowlink{Reference}{TopReferencePage}
\tab{16}Scan on-line documentation for Axiom.

\menuwindowlink{Topics}{TopicPage}
\tab{16}Learn how to use Axiom, by topic.

\menuwindowlink{Browse}{ManOPage}
\tab{16}Browse through the Axiom library.

\menuwindowlink{Examples}{TopExamplePage}
\tab{16}See examples of use of the library.

\menuwindowlink{Settings}{TopSettingsPage}
\tab{16}Display and change the system environment.

%\menuwindowlink{NAG Link}{htx1}
%\tab{16} Link to NAG Numerical Library.

%\menuwindowlink{\inputbitmap{\htbmdir{}/anna.xbm.tiny}}{UXANNA}
%\tab{16} The Axiom/NAG Numerical Analyst Expert System

\menuwindowlink{About Axiom}{RootPageLogo}
\tab{16}See some basic information about Axiom.

%\menuwindowlink{What’s New}{ugWhatsNewTwoTwoPage}
\menuwindowlink{What’s New}{releaseNotes}
\tab{16}Enhancements in this version of Axiom.
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Jmenulispwindowlink is unsafe:TTT
%\menulispwindowlink{Settings}{(|htSystemVariables|)}

%\tab{16}Change an Axiom system variable.

%\menulispwindowlink{User Variables}{(|htUserVariables|)}

%\tab{16}Review user variables and \lispwindowlink{history}{(|htHistory|)}

%\localinfo

\endmenu

\endscroll
\autobutt{ugHyperPage}
\end{page}

3.1.2 Axiom — The Scientific Computation System

HyperDoc

Axiom—The Scientific Computation
Syatem

. ™

>
Axiom ig now free and open source software released under the
Modified BSD license. For further informationvisit
http://axiom.axiom-developer.org
Copyright 1991, 1952, 1593, 1994, 1995, 1936, 1997 by the
Humerical Algorithms Group Limited, which iz also the
proprietor of the trademarks AXI0OM and the 2XTI0M logo and of

the registered trademarks NAG and the NAG logo.
AXIC0Mwas originally developed by the Research Division of the

International Business Machines Corporation, Yorktown
Heighte, New York, USA.

< “Root Page” (RootPage) B on page M3
— rootpage.ht —

\begin{page}{RootPageLogo}{Axiom -- The Scientific Computation System}
\beginscroll

\centerline{\inputbitmap{\htbmdir{}/axioml.bitmapl}}

Axiom is now free and open source software released under the Modified
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BSD license. For further information visit

\newline

http://axiom.axiom-developer.org

\newline

Copyright 1991, 1992, 1993, 1994, 1995, 1996, 1997 by

the Numerical Algorithms Group Limited, which is also the
proprietor of the trademarks Axiom and the Axiom logo and
of the registered trademarks NAG and the NAG logo.
\newline

Axiom was originally developed by the Research Division of
the International Business Machines Corporation, Yorktown
Heights, New York, USA.

\endscroll

\end{page}

3.1.3 System Commands

= HyperDoc EI @ EI

System Commands

System commands are used to performAxiomenvironment
management and change Axiom system variables.

A Commands System commands that control your environment.
ASettings Change an &xiom variable.

< “Root Page” (RootPage) BT on page M3
= “Commands” (ugSysCmdPage) on page
The “Settings” link is implemented in lisp.

— rootpage.ht —

\begin{page}{TopSettingsPage}{System Commands}
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\beginscroll

System commands are used to perform Axiom environment
management and change Axiom system variables.
\beginmenu

\menumemolink{Commands}{ugSysCmdPage}

\tab{12}System commands that control your environment.

\menulispmemolink{Settings}{(|htSystemVariables|)}
\tab{12}Change an Axiom variable.

\endmenu

\endscroll
\end{page}

3.1.4 Axiom Examples

HyperDoc

AxiomExamples

What would you like to see?

AGraphics Examples of 2xiom Graphics

BADomains Examples of usge of Axiom domaing and packages
AOperations Examples of AxiomUperations, by topic

< “Root Page” (RootPage) B0 on page M3

= “Graphics” (GraphicsExamplePage) B8 on page

= “Domains” (ExamplesExposedPage) BI51 on page 351

= “Operations” (ExampleCoverPage) on page
— rootpage.ht —

\begin{page}{TopExamplePage}{Axiom Examples}
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\beginscroll

What would you like to see?

\beginmenu
\item\menudownlink{Graphics}{GraphicsExamplePage}
\tab{12}Examples of Axiom Graphics
\item\menudownlink{Domains}{ExamplesExposedPage}
\tab{12}Examples of use of Axiom domains and packages
\item\menudownlink{Operations}{ExampleCoverPage}
\tab{12}Examples of Axiom Operations, by topic
\endmenu

\endscroll

\autobuttons

\end{page}

\beginmenu
\item\menudownlink{Graphics}{GraphicsExamplePage}
\tab{12}Examples of Axiom Graphics
\item\menudownlink{Domains}{ExamplesExposedPage}
\tab{12}Examples of use of Axiom domains and packages
\item\menudownlink{Operations}{ExampleCoverPage}
\tab{12}Examples of Axiom Operations, by topic
\endmenu

\endscroll

\autobuttons

\end{page}
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3.1.5 Axiom Reference

==
e |

HyperDoc

0. What's New in AxiomVersion 2.2

B|0.1. Aldor compiler — Enhancements and Additions
B|0.2. Newpolynomial domains and algorithms
|0.3. Enhancements to HyperDoc and Graphics
[@0.4. Enhancements to HAGLink

B|0.5. Enhancements to the Lisp system

SENES

SR A 2 R R )

“Root Page” (RootPage) BT on page M3
“this font” (YouTriedlt) BZ742 on page M3
“What’s New” (ugWhatsNewTwoTwoPage) B3 on page [Eh3
“Axiom Book” (UsersGuidePage) B2 on page 252
“NAG Library” (FoundationLibraryDocPage) B8 on page 13
“Topics” (TopicPage) BUG on page
“Language” (ugLangPage) ?? on page 77
“Examples” (ExamplesExposedPage) BII5 1 on page 351
“Commands” (ugSysCmdPage) on page
“Glossary” (GlossaryPage) BZZ1 on page
“HyperDoc” (HTXTopPage) on page
“Search” (RefSearchPage) BB on page B30

— rootpage.ht —

\begin{page}{TopReferencePage}{Axiom Reference}
\newline

\pp

To

any word in \downlink{this font}{YouTriedIt} and click the left mouse button.

select an item, move the cursor with the mouse to

\beginscroll

\beginmenu

\menumemolink{What’s New}{ugWhatsNewTwoTwoPage}
\tab{12}A synopsis of what’s new in this release.
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\menumemolink{Axiom Book}{UsersGuidePage}
\tab{12}The on-line version of the Jenks/Sutor book.

%\menumemolink{\asharp{} Guidel}{AsUsersGuidePage}
%\tab{12}The on-line \asharp{} Users Guide.

\menumemolink{NAG Library}{FoundationLibraryDocPage}
\tab{12}The on-line \naglib{} documentation.

\menumemolink{Topics}{TopicPage}
\tab{12}Learn how to use Axiom, by topic.

\menumemolink{Language}{uglangPage}
\tab{12}Introduction to the Axiom language.

\menumemolink{Examples}{ExamplesExposedPage}
\tab{12}Examples for exposed domains and packages

\menumemolink{Commands}{ugSysCmdPage}
\tab{12}System commands that control your workspace.

%\menumemolink{Operations}{NoPageYet} \tab{12}
%A guide to useful operations

%\menulispcommand{System Variables}{(|htsv|)}\tab{12}
%\tab{16}View and change a system-defined variable

\menumemolink{Glossary}{GlossaryPage}\tab{12}
A glossary of Axiom terms.

\menumemolink{Hyperdoc}{HTXTopPage}
\tab{12} How to write your own Hyperdoc pages.

\menumemolink{Search}{RefSearchPage}

\tab{12} Reference pages for occurrences of a string.
\endmenu

\endscroll

\autobuttons

\end{page}
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3.1.6 NAG Documentation

HyperDoc

NAG Documentation

A Essential Introduction to the NAG Foundation Library
Foundation Library Chapter Manual Pages

\|Cco2 Zeros of Polynomials
c02aff c02agf

B|Ccob Roots of One or More Transcendental Equations
c05adf c05nbf c05pbf c05zaf

i [d0] ) Summation of Series

c0beaf clObecf cO06fpf cO06frf clOb6gbf cObggqf

c0bebf cO0b6ekf cO06fqf c06fuf clObgef cObgsf
BDol QJuadrature

d0lajf dolalf doOlanf dO0lagf d0lbbf dOlgaf

d0lakf doOolamf dOlapf dO0lasf d0lfef dOlgbf

m@|Dbo2 Ordinary Differential Equations
d02bbf d02ejf do2gaf d02kef
d02bhf d02ejf do2gbf d02raf
BDo3 Partial Differential Equations
d03edf d03eef do3faf

< “Reference” (TopReferencePage) B3 on page [0
— rootpage.ht —

\begin{page}{FoundationLibraryDocPage}{NAG Documentation}
\begin{scroll}

\beginitems

\item\downlink{\menuitemstyle

{Essential Introduction to the NAG Foundation Libraryl}}{manpageXXintro}
\item Foundation Library Chapter Manual Pages

\beginitems

\item\downlink{\menuitemstyle{C02}}

{manpageXXc02}\tab{8} Zeros of Polynomials

\indentrel{8}\newline

\table{

{\downlink{cO2aff}{manpageXXcO2aff}}
{\downlink{c02agf}{manpageXXc02agf}}

Findentrel{-8}

\item\downlink{\menuitemstyle{CO5}}

{manpageXXc05}\tab{8} Roots of One or More Transcendental Equations
\indentrel{8}\newline

\table{

{\downlink{cO05adf}{manpageXXcO5adf}}

{\downlink{c05nbf }{manpageXXcO5nbf}}
{\downlink{cO5pbf}{manpageXXcO5pbf}}
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{\downlink{cO5zaf}{manpageXXcO5zaf}}
Findentrel{-8}
\item\downlink{\menuitemstyle{C06}}
{manpageXXc06}\tab{8} Summation of Series
\indentrel{8}\newline

\table{
{\downlink{cO6eaf}{manpageXXcO6eafl}}
{\downlink{cO6ebf}{manpageXXcO6ebf}}
{\downlink{cO6ecf}{manpageXXcO6ecf}}
{\downlink{c0O6ekf}{manpageXXcO6ekf}}
{\downlink{c06fpf}{manpageXXcO6£fpf}}
{\downlink{c06fqf}{manpageXXc06fqf}}
{\downlink{cO6frf}{manpageXXcO6frf}}
{\downlink{cO6fuf}{manpageXXcO6fuf}}
{\downlink{c06gbf}{manpageXXc06gbf}}
{\downlink{c06gcf}{manpageXXc06gcfl}}
{\downlink{c06gqf}{manpageXXc06gqf}}
{\downlink{c06gsf}{manpageXXc06gsf}}
F\indentrel{-8%}
\item\downlink{\menuitemstyle{DO1}}{manpageXXd01}\tab{8} Quadrature
\indentrel{8}\newline

\table{
{\downlink{dO1lajf}{manpageXXd0ilajf}}
{\downlink{d01lakf}{manpageXXdOlakf}}
{\downlink{d0lalf}{manpageXXdOlalf}}
{\downlink{dOlamf}{manpageXXdOlamf}}
{\downlink{dOlanf}{manpageXXdOlanf}}
{\downlink{dOlapf}{manpageXXdOlapf}}
{\downlink{d0O1laqf}{manpageXXdOlaqf}}
{\downlink{dOlasf}{manpageXXdOlasf}}
{\downlink{d01bbf}{manpageXXd01bbf}}
{\downlink{dO1fcf}{manpageXXd01fcf}}
{\downlink{dO1gaf}{manpageXXdOigaf}}
{\downlink{d01gbf}{manpageXXd0igbf}}
F\indentrel{-8}
\item\downlink{\menuitemstyle{D02}}
{manpageXXd02}\tab{8} Ordinary Differential Equations
\indentrel{8}\newline

\table{
{\downlink{d02bbf}{manpageXXd02bbf}}
{\downlink{d02bhf}{manpageXXd02bhf}}
{\downlink{d02cjf}{manpageXXd02cjf}}
{\downlink{d02ejf}{manpageXXd02ejf}}
{\downlink{d02gaf}{manpageXXd02gaf}}
{\downlink{d02gbf}{manpageXXd02gbf}}
{\downlink{d02kef }{manpageXXd02kef}}
{\downlink{dO2raf}{manpageXXdO2raf}}
F\indentrel{-8%}
\item\downlink{\menuitemstyle{D03}}
{manpageXXd03}\tab{8} Partial Differential Equations
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\indentrel{8}\newline

\table{
{\downlink{d03edf}{manpageXXd03edf}}
{\downlink{d03eef}{manpageXXd03eef}}
{\downlink{d03faf}{manpageXXd03faf}}
}\indentrel{-8}

\item\downlink{\menuitemstyle{EO1}}{manpageXXeO1}\tab{8} Interpolation

\indentrel{8}\newline

\table{
{\downlink{eO1lbaf}{manpageXXeOibaf}}
{\downlink{eO1bef}{manpageXXeOlbef}}
{\downlink{eO1bff}{manpageXXeO1bff}}
{\downlink{eO1bgf}{manpageXXeO1bgf}}
{\downlink{eO1bhf}{manpageXXeO1bhf}}
{\downlink{eOldaf}{manpageXXeOidaf}}
{\downlink{eOlsaf}{manpageXXeOilsaf}}
{\downlink{eO1sbf}{manpageXXeO1sbf}}
{\downlink{eOlsef}{manpageXXeOisef}}
{\downlink{eO1sff}{manpageXXeO1sff}}
F\indentrel{-8%}
\item\downlink{\menuitemstyle{E02}}

{manpageXXe02}\tab{8} Curve and Surface Fitting

\indentrel{8}\newline

\table{
{\downlink{e02adf}{manpageXXe02adf}}
{\downlink{e02aef}{manpageXXe02aef}}
{\downlink{e02agf}{manpageXXe02agf}}
{\downlink{e02ahf}{manpageXXe02ahf}}
{\downlink{e02ajf}{manpageXXe02ajf}}
{\downlink{e02akf}{manpageXXe02akf}}
{\downlink{eO2baf}{manpageXXeO2baf}}
{\downlink{e02bbf}{manpageXXe02bbf}}
{\downlink{e02bcf}{manpageXXe02bcf}}
{\downlink{e02bdf}{manpageXXe02bdf}}
{\downlink{e02bef}{manpageXXe02bef}}
{\downlink{e02daf}{manpageXXe02daf}}
{\downlink{e02dcf}{manpageXXe02dcf}}
{\downlink{e02ddf}{manpageXXe02ddf}}
{\downlink{e02def}{manpageXXe02def}}
{\downlink{e02dff}{manpageXXe02dff}}
{\downlink{e02gaf}{manpageXXe02gaf}}
{\downlink{e02zaf}{manpageXXe02zaf}}
H\indentrel{-8}
\item\downlink{\menuitemstyle{EO4}}

{manpageXXe04}\tab{8} Minimizing or Maximizing a Function

\indentrel{8}\newline

\table{
{\downlink{e04dgf}{manpageXXeO4dgf}}
{\downlink{e04djf}{manpageXXe04djf}}
{\downlink{e04dkf}{manpageXXe04dkf}}
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{\downlink{e04fdf}{manpageXXeO4£fdf}}
{\downlink{eO4gcf}{manpageXXeO4gctf}}
{\downlink{e04jaf}{manpageXXeO4jaf}}
{\downlink{e04mbf}{manpageXXeO4mbf}}
{\downlink{eO4naf}{manpageXXeO4naf}}
{\downlink{eO4ucf}{manpageXXeO4ucf}}
{\downlink{e04udf}{manpageXXeO4udfl}}
{\downlink{eO4uef}{manpageXXeO4uef}}
{\downlink{eO4ycf}{manpageXXeO4ycf}}
F\indentrel{-8%}

CHAPTER 3. HYPERDOC PAGES

\item\downlink{\menuitemstyle{F}}{manpageXXf}\tab{8} Linear Algebra

\item\downlink{\menuitemstyle{FO1}}

{manpageXXf01}\tab{8} Matrix Operations, Including Inversion

\indentrel{8}\newline

\table{
{\downlink{fO1brf}{manpageXXf01lbrfl}}
{\downlink{fO1bsf}{manpageXXf01bsf}}
{\downlink{fO1maf}{manpageXXfOimafl}}
{\downlink{fOlmcf}{manpageXXfOimcf}}
{\downlink{f01qcf}{manpageXXf0iqcf}}
{\downlink{f01qdf}{manpageXXf01qdf}}
{\downlink{f0O1qef}{manpageXXfOlqefl}}
{\downlink{fOircf}{manpageXXfOircf}}
{\downlink{fO1rdf}{manpageXXf0irdf}}
{\downlink{fOlref}{manpageXXfOlrefl}}
H\indentrel{-8}
\item\downlink{\menuitemstyle{F02}}

{manpageXXf02}\tab{8} Eigenvalues and Eigenvectors

\indentrel{8}\newline

\table{
{\downlink{f02aaf}{manpageXXf02aafl}}
{\downlink{f02abf}{manpageXXf02abf}}
{\downlink{f02adf}{manpageXXf02adf}}
{\downlink{f02aef}{manpageXXf02aefl}}
{\downlink{f02aff}{manpageXXf02aff}}
{\downlink{f02agf}{manpageXXf02agf}}
{\downlink{f02ajf}{manpageXXf02ajf}}
{\downlink{f02akf}{manpageXXf02akf}}
{\downlink{f02awf}{manpageXXf02awfl}}
{\downlink{f02axf}{manpageXXf02axf}}
{\downlink{f02bbf}{manpageXXf02bbf}}
{\downlink{f02bjf}{manpageXXf02bjf}}
{\downlink{f02f jf}{manpageXXf02fjf}}
{\downlink{f02wef}{manpageXXf02wef}}
{\downlink{f02xef}{manpageXXf02xef}}
F\indentrel{-8}
\item\downlink{\menuitemstyle{F04}}

{manpageXXf04}\tab{8} Simultaneous Linear Equations

\indentrel{8}\newline
\tableq{



3.1. ROOTPAGE.HT

{\downlink{f04adf}{manpageXXf04adf}}
{\downlink{f0O4arf}{manpageXXfO4arf}}
{\downlink{fO4asf}{manpageXXfO4asf}}
{\downlink{f04atf}{manpageXXfO4atf}}
{\downlink{f04axf}{manpageXXf04axf}}
{\downlink{fO4faf}{manpageXXf04faf}}
{\downlink{f04jgf}{manpageXXf04jgf}}
{\downlink{f04maf}{manpageXXf04maf}}
{\downlink{f04mbf }{manpageXXf04mbf}}
{\downlink{f04mcf}{manpageXXf04mcf}}
{\downlink{f04qaf}{manpageXXf04qaf}}
}\indentrel{-8}

\item\downlink{\menuitemstyle{FO7}}

{manpageXXf07}\tab{8} Linear Equations (LAPACK)

\indentrel{8}\newline

\table{
{\downlink{f07adf}{manpageXXf07adf}}
{\downlink{f07aef}{manpageXXf07aef}}
{\downlink{f07fdf}{manpageXXf07£fdf}}
{\downlink{f07fef}{manpageXXf07fef}}
}\indentrel{-8}
\item\downlink{\menuitemstyle{S}}

{manpageXXs}\tab{8} Approximations of Special Functions

\indentrel{8}\newline

\table{
{\downlink{sOleaf}{manpageXXsOleaf}}
{\downlink{s13aaf}{manpageXXsi3aaf}}
{\downlink{s13acf}{manpageXXsi3acf}}
{\downlink{s13adf}{manpageXXs13adf}}
{\downlink{s14aaf}{manpageXXsi4aaf}}
{\downlink{s14abf}{manpageXXsi4abf}}
{\downlink{s14baf}{manpageXXsi14baf}}
{\downlink{s15adf}{manpageXXsi5adf}}
{\downlink{s15aef}{manpageXXsi5aef}}
{\downlink{s17acf}{manpageXXsi7acf}}
{\downlink{s17adf}{manpageXXs17adf}}
{\downlink{s17aef}{manpageXXsi7aef}}
{\downlink{s17aff}{manpageXXsi7aff}}
{\downlink{s17agf}{manpageXXs17agf}}
{\downlink{s17ahf}{manpageXXs17ahf}}
{\downlink{s17ajf}{manpageXXs17ajf}}
{\downlink{s17akf}{manpageXXs17akf}}
{\downlink{s17dcf}{manpageXXs17dcf}}
{\downlink{s17def}{manpageXXs17def}}
{\downlink{s17dgf}{manpageXXs17dgf}}
{\downlink{s17dhf}{manpageXXs17dhf}}
{\downlink{s17d1f}{manpageXXs17d1f}}
{\downlink{s18acf}{manpageXXs18acf}}
{\downlink{s18adf}{manpageXXs18adf}}
{\downlink{s18aef}{manpageXXs18aef}}
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{\downlink{s18aff}{manpageXXsi18aff}}
{\downlink{s18dcf}{manpageXXs18dcf}}
{\downlink{s18def}{manpageXXs18def}}
{\downlink{s19aaf}{manpageXXsi19aaf}}
{\downlink{s19abf}{manpageXXs19abf}}
{\downlink{s19acf}{manpageXXs19acf}}
{\downlink{s19adf}{manpageXXs19adf}}
{\downlink{s20acf}{manpageXXs20acf}}
{\downlink{s20adf}{manpageXXs20adf}}
{\downlink{s21baf}{manpageXXs21bafl}}
{\downlink{s21bbf}{manpageXXs21bbf}}
{\downlink{s21bcf}{manpageXXs21bcf}}
{\downlink{s21bdf}{manpageXXs21bdf}}
F\indentrel{-8}

\enditems
\item\downlink{\menuitemstyle

CHAPTER 3. HYPERDOC PAGES

{Introduction to NAG On-Line Documentation}}{manpageXXonline}
\item\downlink{\menuitemstyle{Keywords in Contextl}}{manpageXXkwic}
\item\downlink{\menuitemstyle{List of all \naglib{} Routines}}

{manpageXXsummary}
\item\downlink{\menuitemstyle

{Converting from the Workstation Library}}{manpageXXconvert}

\enditems
\end{scroll}
\end{page}
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3.2 algebra.ht

3.2.1 Abstract Algebra

E HyperDoc ) IZI IEI IZI

Abstract Algebra

Axiomprovides various facilities for treating topics in
abstract algebra.
B Number Theory
Topics inalgebraic number theory.
@A Group Theory
Permutation groups; representation theory.

< “Topics” (TopicPage) BIG on page
= “Number Theory” (NumberTheoryPage) BZ2 on page
= “Group Theory” (GroupTheoryPage) ?? on page 7?7

— algebra.ht —
\begin{page}{AlgebraPage}{Abstract Algebra}
\beginscroll
Axiom provides various facilities for treating topics in abstract
algebra.
\beginmenu

\menulink{Number Theory}{NumberTheoryPage} \newline

Topics in algebraic number theory.

%\menulink{Algebraic Geometry}{AlgebraicGeometryPage} \newline
%Computational algebraic geometry: Groebner bases, integral bases,
hdivisors on curves.

\menulink{Group Theory}{GroupTheoryPage} \newline

Permutation groups; representation theory.

\endmenu

\endscroll

\autobuttons

\end{page}
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3.2.2 Number Theory

= “Galois Groups” (ugProblemGaloisPage) B0 122 on page ZZ70
= “Number Theory Functions” (IntNumberTheoryFnsXmpPage) B531 on page 02
— algebra.ht —

\begin{page}{NumberTheoryPage}{Number Theory}

\beginscroll

Here are some sample computations using Axiom’s algebraic number
facilities.

\beginmenu

\menulink{Galois Groups}{ugProblemGaloisPage} \newline
Computation of Galois groups using factorizations over number fields.
\menulink{Number Theory Functions}
{IntNumberTheoryFnsXmpPage}\newline

Some functions of interest to number theorists.

\endmenu

\endscroll

\autobuttons

\end{page}

3.3 alist.ht

3.3.1 AssociationList

= “Table” (TableXmpPage) B4 on page
= “List” (ListXmpPage) BBI1 on page Ball
— alist.ht —

\begin{page}{AssociationListXmpPage}{AssociationList}
\beginscroll

The \spadtype{AssociationList} constructor provides a general
structure for associative storage. This type provides association
lists in which data objects can be saved according to keys of any
type. For a given association list, specific types must be chosen for
the keys and entries. You can think of the representation of an
association list as a list of records with key and entry fields.



3.3. ALIST.HT 121

Association lists are a form of table and so most of the operations
available for \spadtype{Table} are also available for
\spadtype{AssociationList}. They can also be viewed as lists and can
be manipulated accordingly.

\xtc{

This is a \pspadtype{Record} type with age and gender fields.

H

\spadpaste{Data := Record(months0ld : Integer, gender : String) \bound{Datal}}
}

\xtc{

In this expression, \spad{al} is declared to be an association

list whose keys are strings and whose entries are the above records.
H

\spadpaste{al : AssociationList(String,Data) \free{Datal}\bound{all}}
}

\xtc{

The \spadfunFrom{table}{AssociationList} operation is used to create
an empty association list.

H

\spadpaste{al := table() \free{al}\bound{alil}}

}

\xtc{

You can use assignment syntax to add things to the association list.
H

\spadpaste{al."bob" := [407,"male"]\$Data \free{ali}\bound{al2}}

}

\xtc{

H

\spadpaste{al."judith" := [366,"female"]\$Data \free{al2}\bound{al3}}
}

\xtc{

H

\spadpaste{al."katie" := [24,"female"]\$Data \free{al3}\bound{ald}}
}

\xtc{

Perhaps we should have included a species field.

H

\spadpaste{al."smokie" := [200,"female"]\$Data \free{ald4}\bound{al5}}
}

\xtc{

Now look at what is in the association list.

Note that the last-added (key, entry) pair is at the beginning of the list.
H

\spadpaste{al \free{alb5}}

}

\xtc{

You can reset the entry for an existing key.

H

\spadpaste{al."katie" := [23,"female"]\$Data \free{al5}\bound{al6}}
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}

\xtc{

Use \spadfunFromX{delete}{AssociationList} to destructively remove
an element of the association list.

Use \spadfunFrom{delete}{AssociationList} to return a copy of the
association list with the element deleted.

The second argument is the index of the element to delete.

H

\spadpaste{delete! (al,1) \free{al6}\bound{al7}}

}

For more information about tables,

see \downlink{‘Table’}{TableXmpPage}\ignore{Tablel}.
For more information about lists,

see \downlink{‘List’}{ListXmpPage}\ignore{List}.
\showBlurb{AssociationList}

\endscroll

\autobuttons

\end{page}

\begin{patch}{AssociationListXmpPagePatchl}
\begin{paste}{AssociationListXmpPageFulll}{AssociationListXmpPageEmpty1l}
\pastebutton{AssociationListXmpPageFulli}{\hidepaste}
\tab{5}\spadcommand{
Data := Record(months0ld : Integer, gender : String)\bound{Data }}
\indentrel{3}\begin{verbatim}

(1) Record(months0ld: Integer,gender: String)

Type: Domain

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPageEmpty1}
\begin{paste}{AssociationListXmpPageEmptyl}{AssociationListXmpPagePatchl}
\pastebutton{AssociationListXmpPageEmpty1l}{\showpaste}
\tab{5}\spadcommand{

Data := Record(months0ld : Integer, gender : String)\bound{Data }}
\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPagePatch2}
\begin{paste}{AssociationListXmpPageFull2}{AssociationListXmpPageEmpty2}
\pastebutton{AssociationListXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{
al : AssociationList(String,Data)\free{Data }\bound{al }}
\indentrel{3}\begin{verbatim}

Type: Void
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPageEmpty2}
\begin{paste}{AssociationListXmpPageEmpty2}{AssociationListXmpPagePatch2}
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\pastebutton{AssociationListXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{

al : AssociationList(String,Data)\free{Data }\bound{al }}
\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPagePatch3}
\begin{paste}{AssociationListXmpPageFull3}{AssociationListXmpPageEmpty3}
\pastebutton{AssociationListXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{al := table()\free{al }\bound{all }}
\indentrel{3}\begin{verbatim}

(3) table(
Type: AssociationList(String,Record(months0ld: Integer,gender: String))
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPageEmpty3}
\begin{paste}{AssociationListXmpPageEmpty3}{AssociationListXmpPagePatch3}
\pastebutton{AssociationListXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{al := table()\free{al }\bound{all }}
\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPagePatch4}
\begin{paste}{AssociationListXmpPageFull4}{AssociationListXmpPageEmpty4}
\pastebutton{AssociationListXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{al."bob" := [407,"male"]$Data\free{all }\bound{al2 }}
\indentrel{3}\begin{verbatim}

(4) [months0ld= 407,gender= "male"]

Type: Record(months0ld: Integer,gender: String)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPageEmpty4}
\begin{paste}{AssociationListXmpPageEmpty4}{AssociationListXmpPagePatch4}
\pastebutton{AssociationListXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{al."bob" := [407,"male"]$Data\free{all }\bound{al2 }}
\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPagePatch5}
\begin{paste}{AssociationListXmpPageFull5}{AssociationListXmpPageEmpty5}
\pastebutton{AssociationListXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{
al."judith" := [366,"female"]$Data\free{al2 }\bound{al3 }}
\indentrel{3}\begin{verbatim}

(6) [months0ld= 366,gender= "female"]

Type: Record(months0ld: Integer,gender: String)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPageEmpty5}
\begin{paste}{AssociationListXmpPageEmpty5}{AssociationListXmpPagePatch5}
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\pastebutton{AssociationListXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{

al."judith" := [366,"female"]$Data\free{al2 }\bound{al3 }}
\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPagePatch6}
\begin{paste}{AssociationListXmpPageFull6}{AssociationListXmpPageEmpty6}
\pastebutton{AssociationListXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{
al."katie" := [24,"female"]$Data\free{al3 }\bound{ald }}
\indentrel{3}\begin{verbatim}

(6) [months0ld= 24,gender= "female"]

Type: Record(months0ld: Integer,gender: String)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPageEmpty6}
\begin{paste}{AssociationListXmpPageEmpty6}{AssociationListXmpPagePatch6}
\pastebutton{AssociationListXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{

al."katie" := [24,"female"]$Data\free{al3 }\bound{ald }}
\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPagePatch7}
\begin{paste}{AssociationListXmpPageFull7}{AssociationListXmpPageEmpty7}
\pastebutton{AssociationListXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{
al."smokie" := [200,"female"]$Data\free{ald }\bound{alb }}
\indentrel{3}\begin{verbatim}

(7) [months0ld= 200,gender= "female"]

Type: Record(months0ld: Integer,gender: String)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPageEmpty7}
\begin{paste}{AssociationListXmpPageEmpty7}{AssociationListXmpPagePatch7}
\pastebutton{AssociationListXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{

al."smokie" := [200,"female"]$Data\free{ald }\bound{alb5 }}
\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPagePatch8}
\begin{paste}{AssociationListXmpPageFull8}{AssociationListXmpPageEmpty8}
\pastebutton{AssociationListXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{al\free{als }}
\indentrel{3}\begin{verbatim}

(®

table

"smokie"= [months0ld= 200,gender= "female"]
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"katie"= [months0ld= 24,gender= "female"]
"judith"= [months0ld= 366,gender= "female"]

"bob"= [months0ld= 407,gender= "male"]
Type: AssociationList(String,Record(months0ld: Integer,gender: String))
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPageEmpty8}
\begin{paste}{AssociationListXmpPageEmpty8}{AssociationListXmpPagePatch8}
\pastebutton{AssociationListXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{al\free{als }}

\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPagePatch9}
\begin{paste}{AssociationListXmpPageFull9}{AssociationListXmpPageEmpty9}
\pastebutton{AssociationListXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{
al."katie" := [23,"female"]$Data\free{al5 }\bound{al6 }}
\indentrel{3}\begin{verbatim}

(9) [months0ld= 23,gender= "female"]

Type: Record(months0ld: Integer,gender: String)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPageEmpty9}
\begin{paste}{AssociationListXmpPageEmpty9}{AssociationListXmpPagePatch9}
\pastebutton{AssociationListXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{

al."katie" := [23,"female"]$Data\free{al5 }\bound{al6 }}
\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPagePatch10}
\begin{paste}{AssociationListXmpPageFull10}{AssociationListXmpPageEmpty10}
\pastebutton{AssociationListXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{delete! (al,1)\free{al6é }\bound{al7 }}
\indentrel{3}\begin{verbatim}

(10)

table

"katie"= [months0ld= 23,gender= "female"]

"judith"= [months0ld= 366,gender= "female"]

"bob"= [months0ld= 407,gender= "male"]
Type: AssociationList(String,Record(months0ld: Integer,gender: String))
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{AssociationListXmpPageEmpty10}
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\begin{paste}
{AssociationListXmpPageEmpty10}{AssociationListXmpPagePatch10}
\pastebutton{AssociationListXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{delete!(al,1)\free{alé }\bound{al7 }}
\end{paste}\end{patch}

3.4 arrayl.ht

3.4.1 OneDimensionalArray

= “Vector” (VectorXmpPage) BIOZT on page [333
= “FlexibleArray” (FlexibleArrayXmpPage) on page
— arrayl.ht —

\begin{page}{OneDimensionalArrayXmpPage}{OneDimensionalArray}
\beginscroll

The \spadtype{OneDimensionalArray} domain is used for storing data in
a one-dimensional indexed data structure. Such an array is a
homogeneous data structure in that all the entries of the array must
belong to the same Axiom domain. Each array has a fixed length
specified by the user and arrays are not extensible. The indexing of
one-dimensional arrays is one-based. This means that the ‘‘first’’
element of an array is given the index \spad{1}.

See also \downlink{‘Vector’}{VectorXmpPage}\ignore{Vector} and
\downlink{‘FlexibleArray’}{FlexibleArrayXmpPagel}\ignore{FlexibleArray}.
\xtc{

To create a one-dimensional array, apply the

operation \spadfun{oneDimensionalArray} to a list.

H

\spadpaste{oneDimensionalArray [i**2 for i in 1..10]%}

}

\xtc{

Another approach is to first create \spad{a}, a one-dimensional
array of 10 \spad{0}’s.

\spadtype{OneDimensionalArray} has the convenient

abbreviation \spadtype{ARRAY1}.

H

\spadpaste{a : ARRAY1 INT := new(10,0)\bound{a}}

}

\xtc{

Set each \spad{i}th element to i, then display the result.

H
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\spadpaste{for i in 1..10 repeat a.i := i; a\bound{al}\free{a}}
}

\xtc{

Square each element by mapping the function

\texht{$i \mapsto i"2$}{i +-> i**2} onto each element.
H

\spadpaste{map! (i +-> i ** 2,a); a\bound{a3}\free{a2}}
}

\xtc{

Reverse the elements in place.

H

\spadpaste{reverse! a\bound{ad}\free{a3}}

}

\xtc{

Swap the \spad{4}th and \spad{5}th element.

H

\spadpaste{swap! (a,4,5); a\bound{ab5}\free{adl}}

}

\xtc{

Sort the elements in place.

H

\spadpaste{sort! a \bound{a6}\free{a5}}

}

\xtc{

Create a new one-dimensional array \spad{b} containing the
last 5 elements of \spad{a}.

H

\spadpaste{b := a(6..10)\bound{b}\free{a6}}

}

\xtc{

Replace the first 5 elements of \spad{a} with those of \spad{b}.
H

\spadpaste{copyInto! (a,b,1)\free{b}}

}

\endscroll
\autobuttons
\end{page}

\begin{patch}{OneDimensionalArrayXmpPagePatchl}
\begin{paste}{OneDimensionalArrayXmpPageFulli}
{OneDimensionalArrayXmpPageEmpty1}
\pastebutton{OneDimensionalArrayXmpPageFulli}{\hidepaste}
\tab{5}\spadcommand{oneDimensionalArray [i**2 for i in 1..10]}
\indentrel{3}\begin{verbatim}

(1) [1,4,9,16,25,36,49,64,81,100]

Type: OneDimensionalArray PositiveInteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{OneDimensionalArrayXmpPageEmpty1l}
\begin{paste}{OneDimensionalArrayXmpPageEmpty1}
{OneDimensionalArrayXmpPagePatchl}
\pastebutton{OneDimensionalArrayXmpPageEmptyl}{\showpastel}
\tab{5}\spadcommand{oneDimensionalArray [i**2 for i in 1..10]}
\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPagePatch2}
\begin{paste}{OneDimensionalArrayXmpPageFull2}
{OneDimensionalArrayXmpPageEmpty2}
\pastebutton{OneDimensionalArrayXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{a : ARRAY1 INT := new(10,0)\bound{a }}
\indentrel{3}\begin{verbatim}

(2> [0,0,0,0,0,0,0,0,0,0]

Type: OneDimensionalArray Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPageEmpty2}
\begin{paste}{OneDimensionalArrayXmpPageEmpty2}
{OneDimensionalArrayXmpPagePatch2}
\pastebutton{OneDimensionalArrayXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{a : ARRAY1 INT := new(10,0)\bound{a }}
\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPagePatch3}
\begin{paste}{OneDimensionalArrayXmpPageFull3}
{OneDimensionalArrayXmpPageEmpty3}
\pastebutton{OneDimensionalArrayXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{
for i in 1..10 repeat a.i := i; a\bound{al }\free{a 1}}
\indentrel{3}\begin{verbatim}

(3 [1,2,3,4,5,6,7,8,9,10]

Type: OneDimensionalArray Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPageEmpty3}
\begin{paste}{OneDimensionalArrayXmpPageEmpty3}
{OneDimensionalArrayXmpPagePatch3}
\pastebutton{OneDimensionalArrayXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{

for i in 1..10 repeat a.i := i; a\bound{al }\free{a }}
\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPagePatch4}
\begin{paste}{OneDimensionalArrayXmpPageFull4}
{OneDimensionalArrayXmpPageEmpty4}
\pastebutton{OneDimensionalArrayXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{map! (i +-> i ** 2,a); a\bound{a3 }\free{a2 }}
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\indentrel{3}\begin{verbatim}
(4) 1[1,4,9,16,25,36,49,64,81,100]
Type: OneDimensionalArray Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPageEmpty4}
\begin{paste}{OneDimensionalArrayXmpPageEmpty4}
{OneDimensionalArrayXmpPagePatch4}
\pastebutton{OneDimensionalArrayXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{map! (i +-> i *x 2,a); a\bound{a3 }\free{a2 }}
\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPagePatch5}
\begin{paste}{OneDimensionalArrayXmpPageFull5}
{OneDimensionalArrayXmpPageEmpty5}
\pastebutton{OneDimensionalArrayXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{reverse! a\bound{a4 }\free{a3 }}
\indentrel{3}\begin{verbatim}

(5) [100,81,64,49,36,25,16,9,4,1]

Type: OneDimensionalArray Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPageEmpty5}
\begin{paste}{OneDimensionalArrayXmpPageEmpty5}
{OneDimensionalArrayXmpPagePatch5}
\pastebutton{OneDimensionalArrayXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{reverse! a\bound{a4 }\free{a3 }}
\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPagePatch6}
\begin{paste}{OneDimensionalArrayXmpPageFull6}
{OneDimensionalArrayXmpPageEmpty6}
\pastebutton{OneDimensionalArrayXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{swap! (a,4,5); a\bound{ab }\free{ad 1}}
\indentrel{3}\begin{verbatim}

(6) [100,81,64,36,49,25,16,9,4,1]

Type: OneDimensionalArray Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPageEmpty6}
\begin{paste}{OneDimensionalArrayXmpPageEmpty6}
{OneDimensionalArrayXmpPagePatch6}
\pastebutton{OneDimensionalArrayXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{swap! (a,4,5); a\bound{ab }\free{ad 1}}
\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPagePatch7}
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\begin{paste}{OneDimensionalArrayXmpPageFull7}
{OneDimensionalArrayXmpPageEmpty7}
\pastebutton{OneDimensionalArrayXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{sort! a\bound{a6 }\free{ab }}
\indentrel{3}\begin{verbatim}

(7) [1,4,9,16,25,36,49,64,81,100]

Type: OneDimensionalArray Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPageEmpty7}
\begin{paste}{OneDimensionalArrayXmpPageEmpty7}
{OneDimensionalArrayXmpPagePatch7}
\pastebutton{OneDimensionalArrayXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{sort! a\bound{a6 }\free{ab }}
\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPagePatch8}
\begin{paste}{OneDimensionalArrayXmpPageFull8}
{OneDimensionalArrayXmpPageEmpty8}
\pastebutton{OneDimensionalArrayXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{b := a(6..10)\bound{b }\free{a6 }}
\indentrel{3}\begin{verbatim}

(8) [36,49,64,81,100]

Type: OneDimensionalArray Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPageEmpty8}
\begin{paste}{OneDimensionalArrayXmpPageEmpty8}
{OneDimensionalArrayXmpPagePatch8}
\pastebutton{OneDimensionalArrayXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{b := a(6..10)\bound{b }\free{a6 }}
\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPagePatch9}
\begin{paste}{OneDimensionalArrayXmpPageFull9}
{OneDimensionalArrayXmpPageEmpty9}
\pastebutton{OneDimensionalArrayXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{copyInto! (a,b,1)\free{b }}
\indentrel{3}\begin{verbatim}

(9) [36,49,64,81,100,36,49,64,81,100]

Type: OneDimensionalArray Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{OneDimensionalArrayXmpPageEmpty9}
\begin{paste}{OneDimensionalArrayXmpPageEmpty9}
{OneDimensionalArrayXmpPagePatch9}
\pastebutton{OneDimensionalArrayXmpPageEmpty9}{\showpaste}
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\tab{5}\spadcommand{copyInto! (a,b,1)\free{b }}
\end{paste}\end{patch}

3.5 array2.ht

3.5.1 TwoDimensionalArray

= “The Any Domain” (ugTypesAnyNonePage) ?? on page 7?7

= “Matrix” (MatrixXmpPage) BZZI1 on page

= “OneDimensional Array” (OneDimensional ArrayXmpPage) B2 on page
— array2.ht —

\begin{page}{TwoDimensionalArrayXmpPage}{TwoDimensionalArray}
\beginscroll

The \spadtype{TwoDimensionalArray} domain is used for storing data in
a \twodim{} data structure indexed by row and by column. Such an
array is a homogeneous data structure in that all the entries of the
array must belong to the same Axiom domain (although see
\downlink{‘‘The Any Domain’’}{ugTypesAnyNonePage} in Section 2.6
\ignore{ugTypesAnyNone}). Each array has a fixed

number of rows and columns specified by the user and arrays are not
extensible. In Axiom, the indexing of two-dimensional arrays is
one-based. This means that both the ‘‘first’’ row of an array and the
‘‘first’’ column of an array are given the index \spad{1}. Thus, the
entry in the upper left corner of an array is in position
\spad{(1,1)}.

The operation \spadfunFrom{new}{TwoDimensionalArray} creates an array
with a specified number of rows and columns and fills the components
of that array with a specified entry. The arguments of this operation
specify the number of rows, the number of columns, and the entry.
\xtc{

This creates a five-by-four array of integers, all of whose entries are
zero.

H

\spadpaste{arr : ARRAY2 INT := new(5,4,0) \bound{arr}}

}

The entries of this array can be set to other integers using

the operation \spadfunFrom{setelt}{TwoDimensionalArray}.

\xtc{
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Issue this to set the element in the upper left corner of this array to
\spad{17}.

H

\spadpaste{setelt(arr,1,1,17) \free{arr}\bound{arri}}

}

\xtc{

Now the first element of the array is \spad{17.}

H

\spadpaste{arr \free{arri}}

}

\xtc{

Likewise, elements of an array are extracted using the operation
\spadfunFrom{elt}{TwoDimensionalArray}.

H

\spadpaste{elt(arr,1,1) \free{arri}}

}

\xtc{

Another way to use these two operations is as follows.

This sets the element in position \spad{(3,2)} of the array to \spad{15}.
H

\spadpastef{arr(3,2) := 15 \free{arri}\bound{arr2}}

}

\xtc{

This extracts the element in position \spad{(3,2)} of the array.

H

\spadpaste{arr(3,2) \free{arr2}}

}

The operations \spadfunFrom{elt}{TwoDimensionalArray} and
\spadfunFrom{setelt}{TwoDimensionalArray} come equipped with an error
check which verifies that the indices are in the proper ranges.

For example, the above array has five rows and four columns, so if you ask
for the entry in position \spad{(6,2)} with \spad{arr(6,2)} Axiom
displays an error message.

If there is no need for an error check, you can call the operations
\spadfunFrom{gelt}{TwoDimensionalArray} and
\spadfunFromX{gsetelt}{TwoDimensionalArray} which provide the same
functionality but without the error check.

Typically, these operations are called in well-tested programs.

\xtc{

The operations \spadfunFrom{row}{TwoDimensionalArray} and
\spadfunFrom{column}{TwoDimensionalArray} extract rows and columns,
respectively, and return objects of \spadtype{OneDimensionalArray} with
the same underlying element type.

H

\spadpaste{row(arr,1) \free{arr2}}

}

\xtc{

H

\spadpaste{column(arr,1) \free{arr2}}
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}

\xtc{

You can determine the dimensions of an array by calling the
operations \spadfunFrom{nrows}{TwoDimensionalArray} and
\spadfunFrom{ncols}{TwoDimensionalArray},

which return the number of rows and columns, respectively.
H

\spadpaste{nrows(arr) \free{arr2}}

}

\xtc{

H

\spadpaste{ncols(arr) \free{arr2}}

}

\xtc{

To apply an operation to every element of an array, use
\spadfunFrom{map}{TwoDimensionalArray}.

This creates a new array.

This expression negates every element.

H

\spadpaste{map(-,arr) \free{arr2}}

}

\xtc{

This creates an array where all the elements are doubled.
H

\spadpaste{map((x +-> x + x),arr) \free{arr2}}

}

\xtc{

To change the array destructively, use
\spadfunFromX{map}{TwoDimensionalArray} instead of
\spadfunFrom{map}{TwoDimensionalArray}.

If you need to make a copy of any array, use
\spadfunFrom{copy}{TwoDimensionalArray}.

H

\spadpaste{arrc := copy(arr) \bound{arrc}\free{arr2}}

}

\xtc{

H

\spadpaste{map! (-,arrc) \free{arrc}}

}

\xtc{

H

\spadpaste{arrc \free{arrc}}

}

\xtc{

H

\spadpaste{arr \free{arr2}}

}

\xtc{
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Use \spadfunFrom{member?}{TwoDimensionalArray} to see if a given element
is in an array.

H

\spadpaste{member?(17,arr) \free{arr2}}

}

\xtc{

H

\spadpaste{member?(10317,arr) \free{arr2}}

}

\xtc{

To see how many times an element appears in an array, use
\spadfunFrom{count}{TwoDimensionalArray}.

H

\spadpaste{count(17,arr) \free{arr2}}

}

\xtc{

H

\spadpaste{count (0,arr) \free{arr2}}

}

For more information about the operations available for
\spadtype{TwoDimensionalArray}, issue \spadcmd{)show
TwoDimensionalArrayl}.

For information on related topics, see
\downlink{‘Matrix’}{MatrixXmpPage}\ignore{Matrix} and
\downlink{‘OneDimensionalArray’}{OneDimensionalArrayXmpPage}
\ignore{OneDimensionalArray}.

\endscroll

\autobuttons

\end{page}

\begin{patch}{TwoDimensionalArrayXmpPagePatchl}
\begin{paste}{TwoDimensionalArrayXmpPageFulll}
{TwoDimensionalArrayXmpPageEmpty1}
\pastebutton{TwoDimensionalArrayXmpPageFulli}{\hidepaste}
\tab{5}\spadcommand{arr : ARRAY2 INT := new(5,4,0)\bound{arr }}
\indentrel{3}\begin{verbatim}

1

Type: TwoDimensionalArray Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{TwoDimensionalArrayXmpPageEmpty1}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty1}
{TwoDimensionalArrayXmpPagePatchil}
\pastebutton{TwoDimensionalArrayXmpPageEmpty1l}{\showpaste}
\tab{5}\spadcommand{arr : ARRAY2 INT := new(5,4,0)\bound{arr }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch2}
\begin{paste}{TwoDimensionalArrayXmpPageFull2}
{TwoDimensionalArrayXmpPageEmpty2}
\pastebutton{TwoDimensionalArrayXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{setelt(arr,1,1,17)\free{arr }\bound{arrl }}
\indentrel{3}\begin{verbatim}

2 17

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty2}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty2}
{TwoDimensionalArrayXmpPagePatch2}
\pastebutton{TwoDimensionalArrayXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{setelt(arr,1,1,17)\free{arr }\bound{arrl }3}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch3}
\begin{paste}{TwoDimensionalArrayXmpPageFull3}
{TwoDimensionalArrayXmpPageEmpty3}
\pastebutton{TwoDimensionalArrayXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{arr\free{arrl }}
\indentrel{3}\begin{verbatim}

(3

Type: TwoDimensionalArray Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty3}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty3}
{TwoDimensionalArrayXmpPagePatch3}
\pastebutton{TwoDimensionalArrayXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{arr\free{arrl }}
\end{paste}\end{patch}
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\begin{patch}{TwoDimensionalArrayXmpPagePatch4}
\begin{paste}{TwoDimensionalArrayXmpPageFull4}
{TwoDimensionalArrayXmpPageEmpty4}
\pastebutton{TwoDimensionalArrayXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{elt (arr,1,1)\free{arrl }}
\indentrel{3}\begin{verbatim}

(4) 17

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty4}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty4}
{TwoDimensionalArrayXmpPagePatch4}
\pastebutton{TwoDimensionalArrayXmpPageEmpty4}{\showpastel}
\tab{56}\spadcommand{elt (arr,1,1)\free{arrl }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch5}
\begin{paste}{TwoDimensionalArrayXmpPageFull5}
{TwoDimensionalArrayXmpPageEmpty5}
\pastebutton{TwoDimensionalArrayXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{arr(3,2) := 15\free{arrl }\bound{arr2 }}
\indentrel{3}\begin{verbatim}

(5) 15

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty5}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty5}
{TwoDimensionalArrayXmpPagePatch5}
\pastebutton{TwoDimensionalArrayXmpPageEmpty5}{\showpastel}
\tab{5}\spadcommand{arr(3,2) := 15\free{arrl }\bound{arr2 }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch6}
\begin{paste}{TwoDimensionalArrayXmpPageFull6}
{TwoDimensionalArrayXmpPageEmpty6}
\pastebutton{TwoDimensionalArrayXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{arr(3,2) \free{arr2 }}
\indentrel{3}\begin{verbatim}

(6) 15

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty6}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty6}
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{TwoDimensionalArrayXmpPagePatch6}
\pastebutton{TwoDimensionalArrayXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{arr(3,2) \free{arr2 }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch7}
\begin{paste}{TwoDimensionalArrayXmpPageFull7}
{TwoDimensionalArrayXmpPageEmpty7}
\pastebutton{TwoDimensionalArrayXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{row(arr,1) \free{arr2 }}
\indentrel{3}\begin{verbatim}

(7) [17,0,0,0]

Type: OneDimensionalArray Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty7}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty7}
{TwoDimensionalArrayXmpPagePatch7}
\pastebutton{TwoDimensionalArrayXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{row(arr,1) \free{arr2 }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch8}
\begin{paste}{TwoDimensionalArrayXmpPageFull8}
{TwoDimensionalArrayXmpPageEmpty8}
\pastebutton{TwoDimensionalArrayXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{column(arr,1)\free{arr2 }}
\indentrel{3}\begin{verbatim}

(8) [17,0,0,0,0]

Type: OneDimensionalArray Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty8}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty8}
{TwoDimensionalArrayXmpPagePatch8}
\pastebutton{TwoDimensionalArrayXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{column(arr,1)\free{arr2 }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch9}
\begin{paste}{TwoDimensionalArrayXmpPageFull9}
{TwoDimensionalArrayXmpPageEmpty9}
\pastebutton{TwoDimensionalArrayXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{nrows (arr) \free{arr2 }}
\indentrel{3}\begin{verbatim}

(9 5

Type: Positivelnteger

\end{verbatim}

137
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty9}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty9}
{TwoDimensionalArrayXmpPagePatch9}
\pastebutton{TwoDimensionalArrayXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{nrows (arr) \free{arr2 }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch10}
\begin{paste}{TwoDimensionalArrayXmpPageFull10}
{TwoDimensionalArrayXmpPageEmpty10}
\pastebutton{TwoDimensionalArrayXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{ncols(arr)\free{arr2 }}
\indentrel{3}\begin{verbatim}

(10) 4

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty10}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty10}
{TwoDimensionalArrayXmpPagePatch10}
\pastebutton{TwoDimensionalArrayXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{ncols(arr)\free{arr2 }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatchl1}
\begin{paste}{TwoDimensionalArrayXmpPageFulll1}
{TwoDimensionalArrayXmpPageEmpty11}
\pastebutton{TwoDimensionalArrayXmpPageFulll1}{\hidepaste}
\tab{5}\spadcommand{map (-,arr) \free{arr2 }}
\indentrel{3}\begin{verbatim}

(11)

Type: TwoDimensionalArray Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty11}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty11}
{TwoDimensionalArrayXmpPagePatch11}
\pastebutton{TwoDimensionalArrayXmpPageEmpty11}{\showpaste}
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\tab{5}\spadcommand{map(-,arr)\free{arr2 }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch12}
\begin{paste}{TwoDimensionalArrayXmpPageFull12}
{TwoDimensionalArrayXmpPageEmpty12}
\pastebutton{TwoDimensionalArrayXmpPageFull12}{\hidepaste}
\tab{5}\spadcommand{map((x +-> x + x),arr)\free{arr2 }}
\indentrel{3}\begin{verbatim}

(12)

Type: TwoDimensionalArray Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty12}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty12}
{TwoDimensionalArrayXmpPagePatch12}
\pastebutton{TwoDimensionalArrayXmpPageEmpty12}{\showpaste}
\tab{5}\spadcommand{map ((x +-> x + x),arr)\free{arr2 }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch13}
\begin{paste}{TwoDimensionalArrayXmpPageFull13}
{TwoDimensionalArrayXmpPageEmpty13}
\pastebutton{TwoDimensionalArrayXmpPageFull13}{\hidepaste}
\tab{5}\spadcommand{arrc := copy(arr)\bound{arrc }\free{arr2 }}
\indentrel{3}\begin{verbatim}

(13)

Type: TwoDimensionalArray Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty13}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty13}
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{TwoDimensionalArrayXmpPagePatch13}
\pastebutton{TwoDimensionalArrayXmpPageEmpty13}{\showpaste}
\tab{5}\spadcommand{arrc := copy(arr)\bound{arrc }\free{arr2 }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch14}
\begin{paste}{TwoDimensionalArrayXmpPageFulli4}
{TwoDimensionalArrayXmpPageEmpty14}
\pastebutton{TwoDimensionalArrayXmpPageFull14}{\hidepaste}
\tab{5}\spadcommand{map! (-,arrc) \free{arrc }}
\indentrel{3}\begin{verbatim}

(14)

Type: TwoDimensionalArray Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty14}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty14}
{TwoDimensionalArrayXmpPagePatch14}
\pastebutton{TwoDimensionalArrayXmpPageEmpty14}{\showpaste}
\tab{5}\spadcommand{map! (-,arrc)\free{arrc }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch15}
\begin{paste}{TwoDimensionalArrayXmpPageFulli5}
{TwoDimensionalArrayXmpPageEmpty15}
\pastebutton{TwoDimensionalArrayXmpPageFulli5}{\hidepaste}
\tab{5}\spadcommand{arrc\free{arrc }}
\indentrel{3}\begin{verbatim}

(15)

Type: TwoDimensionalArray Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{TwoDimensionalArrayXmpPageEmpty15}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty15}
{TwoDimensionalArrayXmpPagePatch15}
\pastebutton{TwoDimensionalArrayXmpPageEmpty15}{\showpaste}
\tab{5}\spadcommand{arrc\free{arrc }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch16}
\begin{paste}{TwoDimensionalArrayXmpPageFulll6}
{TwoDimensionalArrayXmpPageEmpty16}
\pastebutton{TwoDimensionalArrayXmpPageFull16}{\hidepaste}
\tab{5}\spadcommand{arr\free{arr2 }}
\indentrel{3}\begin{verbatim}

(16)

Type: TwoDimensionalArray Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty16}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty16}
{TwoDimensionalArrayXmpPagePatch16}
\pastebutton{TwoDimensionalArrayXmpPageEmpty16}{\showpaste}
\tab{5}\spadcommand{arr\free{arr2 }}

\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatchl7}
\begin{paste}{TwoDimensionalArrayXmpPageFulll7}
{TwoDimensionalArrayXmpPageEmpty17}
\pastebutton{TwoDimensionalArrayXmpPageFulll7}{\hidepaste}
\tab{5}\spadcommand{member? (17 ,arr) \free{arr2 }}
\indentrel{3}\begin{verbatim}

(17)  true

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty17}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty17}
{TwoDimensionalArrayXmpPagePatch17}
\pastebutton{TwoDimensionalArrayXmpPageEmpty17}{\showpaste}
\tab{5}\spadcommand{member?(17,arr) \free{arr2 }}
\end{paste}\end{patch}
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\begin{patch}{TwoDimensionalArrayXmpPagePatch18}
\begin{paste}{TwoDimensionalArrayXmpPageFull18}
{TwoDimensionalArrayXmpPageEmpty18}
\pastebutton{TwoDimensionalArrayXmpPageFull18}{\hidepaste}
\tab{5}\spadcommand{member?(10317,arr) \free{arr2 }}
\indentrel{3}\begin{verbatim}

(18) false

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty18}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty18}
{TwoDimensionalArrayXmpPagePatch18}
\pastebutton{TwoDimensionalArrayXmpPageEmpty18}{\showpaste}
\tab{5}\spadcommand{member? (10317 ,arr) \free{arr2 }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch19}
\begin{paste}{TwoDimensionalArrayXmpPageFull19}
{TwoDimensionalArrayXmpPageEmpty19}
\pastebutton{TwoDimensionalArrayXmpPageFull19}{\hidepaste}
\tab{5}\spadcommand{count (17,arr) \free{arr2 }}
\indentrel{3}\begin{verbatim}

(19) 1

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty19}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty19}
{TwoDimensionalArrayXmpPagePatch19}
\pastebutton{TwoDimensionalArrayXmpPageEmpty19}{\showpaste}
\tab{5}\spadcommand{count (17,arr) \free{arr2 }}
\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPagePatch20}
\begin{paste}{TwoDimensionalArrayXmpPageFull20}
{TwoDimensionalArrayXmpPageEmpty20}
\pastebutton{TwoDimensionalArrayXmpPageFull20}{\hidepaste}
\tab{5}\spadcommand{count (0,arr) \free{arr2 }}
\indentrel{3}\begin{verbatim}

(20) 18

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{TwoDimensionalArrayXmpPageEmpty20}
\begin{paste}{TwoDimensionalArrayXmpPageEmpty20}
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{TwoDimensionalArrayXmpPagePatch20}
\pastebutton{TwoDimensionalArrayXmpPageEmpty20}{\showpaste}
\tab{5}\spadcommand{count (0,arr)\free{arr2 }}
\end{paste}\end{patch}

3.6 basic.ht

3.6.1 Basic Commands

= HyperDoc EI @ EI

Bazic Commands

ACalculus Compute integrals, derivatives, or limits

BMatrix Create amatrix

BDraw Create 2D or 3D plots.

B Series Create a power zeries

A Solve Solve anequationor systemof equations.

“Root Page” (RootPage) BT on page M3

“Calculus” (Calculus) B2 on page [24

“Matrix” (LispFunctions) BBZ2 on page 037

“Draw” (LispFunctions) BG72 on page &31

“Series” (LispFunctions) BB72 on page 037

“Solve” (LispFunctions) BB72 on page 837
— basic.ht —

SR R )

\begin{page}{BasicCommand}{Basic Commands}
\beginscroll

\beginmenu
\menumemolink{Calculus}{Calculus}\tab{10}
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Compute integrals, derivatives, or limits
\menulispmemolink{Matrix}{(|bcMatrix|)}\tab{10}
Create a matrix
%\menulispmemolink{Operations}{(|bcExpand|)}
% Expand, factor, simplify, substitute, etc.
\menulispmemolink{Draw}{(|bcDraw|)}\tab{10}
Create 2D or 3D plots.
\menulispmemolink{Series}{(|bcSeries|)}\tab{10}
Create a power series
\menulispmemolink{Solve}{(|bcSolvel|)}\tab{10}
Solve an equation or system of equations.
\endmenu
\endscroll
\autobuttons
\end{page}

3.6.2 Calculus

CHAPTER 3. HYPERDOC PAGES

E HyperDoc

SENES

Calculus

What would you like to do?
@ADifferentiate

ADo an Indefinite Integral
BADo aDefinite Integral
AFind a limit

ADo a summation

< “Basic Commands” (BasicCommand) BTG on page 43

= “Differentiate” (LispFunctions) BBB72 on page B37

= “Do an Indefinite Integral” (LispFunctions) BGZ2 on page 037
= “Do a Definite Integral” (LispFunctions) BBZ2 on page 037

= “Find a Limit” (LispFunctions) 6732 on page 031
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= “Do a summation” (LispFunctions) B672 on page B34
— basic.ht —

\begin{page}{Calculus}{Calculus}

\beginscroll

What would you like to do?

\beginmenu
\menulispdownlink{Differentiate}{(|bcDifferentiate|)}\space{}
\menulispdownlink{Do an Indefinite Integral}
{(lbcIndefiniteIntegratel|)}\space{}

\menulispdownlink{Do a Definite Integrall}{(|bcDefinitelIntegratel|)}\space{}
\menulispdownlink{Find a limit}{(|bcLimit|)}\space{}
\menulispdownlink{Do a summation}{(|bcSuml|)}\space{}
%\menulispdownlink{Compute a product}{(|bcProduct|)}\space{}
\endmenu

\endscroll

\autobuttons

\end{page}

3.7 Dbbtree.ht

3.7.1 BalancedBinaryTree

— bbtree.ht —

\begin{page}{BalancedBinaryTreeXmpPage}{BalancedBinaryTree}
\beginscroll

\spadtype{BalancedBinaryTrees(S)} is the domain

of balanced binary trees with elements of type \spad{S} at the nodes.
A binary tree is either \spadfun{empty} or else

consists of a \spadfun{node} having a \spadfun{value}

and two branches, each branch a binary tree.

A balanced binary tree is one that is balanced with respect its leaves.
One with \texht{$2 k$}{2*xk} leaves is

perfectly ‘‘balanced’’: the tree has minimum depth, and

the \spadfun{left} and \spadfun{right}

branch of every interior node is identical in shape.

Balanced binary trees are useful in algebraic computation for
so-called ‘‘divide-and-conquer’’ algorithms. Conceptually, the data
for a problem is initially placed at the root of the tree. The
original data is then split into two subproblems, one for each
subtree. And so on. Eventually, the problem is solved at the leaves
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of the tree. A solution to the original problem is obtained by some
mechanism that can reassemble the pieces. In fact, an implementation
of the Chinese Remainder Algorithm using balanced binary trees was
first proposed by David Y. Y. Yun at the IBM T. J. Watson Research
Center in Yorktown Heights, New York, in 1978. It served as the
prototype for polymorphic algorithms in Axiom.

In what follows, rather than perform a series of computations with
a single expression, the expression is reduced modulo a number of

integer primes, a computation is done with modular arithmetic for

each prime, and the Chinese Remainder Algorithm is used to obtain

the answer to the original problem.

We illustrate this principle with the computation of

\texht{$1272 = 1443}{12 »* 2 = 144}.

\xtc{

A list of moduli.

H

\spadpaste{lm := [3,5,7,11]\bound{1m}}

}

\xtc{

The expression \spad{modTree(n, 1lm)}

creates a balanced binary tree with leaf values

\spad{n mod m} for each modulus \spad{m} in \spad{lm}.

H

\spadpaste{modTree(12,1m) \free{lm}}

}

\xtc{

Operation \spad{modTree} does this using

operations on balanced binary trees.

We trace its steps.

Create a balanced binary tree \spad{t} of zeros with four leaves.
H

\spadpaste{t := balancedBinaryTree(\#lm, O)\bound{t}\free{lm}}
}

\xtc{

The leaves of the tree are set to the individual moduli.

H

\spadpaste{setleaves! (t,1m)\bound{ti}\free{t}}

}

\xtc{

Use \spadfunX{mapUp} to do

a bottom-up traversal of \spad{t}, setting each interior node
to the product of the values at the nodes of its children.

H

\spadpaste{mapUp! (t,_*) \bound{t2}\free{t1}}

}

\xtc{

The value at the node of every subtree is the product of the moduli
of the leaves of the subtree.
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H

\spadpaste{t \bound{t3}\free{t2}}

}

\xtc{

Operation \spadfunX{mapDown}\spad{(t,a,fn)} replaces the value
\spad{v} at each node of \spad{t} by \spad{fn(a,v)}.

H

\spadpaste{mapDown! (t,12, _rem)\bound{t4}\free{t3}}

}

\xtc{

The operation \spadfun{leaves} returns the leaves of the resulting
tree.

In this case, it returns the list of \spad{12 mod m} for each
modulus \spad{m}.

H

\spadpaste{leaves \%\bound{t5}\free{t4}}

}

\xtc{

Compute the square of the images of \spad{12} modulo each \spad{m}.
H

\spadpaste{squares := [x**2 rem m for x in \), for m in 1m]\bound{t6}\free{t5}}
}

\xtc{

Call the Chinese Remainder Algorithm to get the

answer for \texht{$12°2$}{12*x2}.

H

\spadpaste{chineseRemainder (\,1m) \free{t6}}

}

\endscroll

\autobuttons

\end{page}

\begin{patch}{BalancedBinaryTreeXmpPagePatchl}
\begin{paste}{BalancedBinaryTreeXmpPageFulll}
{BalancedBinaryTreeXmpPageEmpty1}
\pastebutton{BalancedBinaryTreeXmpPageFulli}{\hidepaste}
\tab{5}\spadcommand{lm := [3,5,7,11]\bound{lm }}
\indentrel{3}\begin{verbatim}
(1) [3,5,7,11]

Type: List Positivelnteger
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPageEmpty1}
\begin{paste}{BalancedBinaryTreeXmpPageEmptyl}
{BalancedBinaryTreeXmpPagePatchl}
\pastebutton{BalancedBinaryTreeXmpPageEmpty1}{\showpaste}
\tab{5}\spadcommand{1lm := [3,5,7,11]\bound{lm }}
\end{paste}\end{patch}
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\begin{patch}{BalancedBinaryTreeXmpPagePatch2}
\begin{paste}{BalancedBinaryTreeXmpPageFull2}
{BalancedBinaryTreeXmpPageEmpty2}
\pastebutton{BalancedBinaryTreeXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{modTree (12,1m) \free{lm }}
\indentrel{3}\begin{verbatim}
(2) [0,2,5,1]

Type: List Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPageEmpty2}
\begin{paste}{BalancedBinaryTreeXmpPageEmpty2}
{BalancedBinaryTreeXmpPagePatch2}
\pastebutton{BalancedBinaryTreeXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{modTree (12,1m) \free{lm }3}
\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPagePatch3}
\begin{paste}{BalancedBinaryTreeXmpPageFull3}
{BalancedBinaryTreeXmpPageEmpty3}
\pastebutton{BalancedBinaryTreeXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{
t := balancedBinaryTree(\#1lm, O)\bound{t }\free{lm 1}}
\indentrel{3}\begin{verbatim}

(3) {\tt{r0,0,01,0,[0,0,0}

Type: BalancedBinaryTree NonNegativelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPageEmpty3}
\begin{paste}{BalancedBinaryTreeXmpPageEmpty3}
{BalancedBinaryTreeXmpPagePatch3}
\pastebutton{BalancedBinaryTreeXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{t := balancedBinaryTree(\#1lm, 0)\bound{t }\free{lm 1}}
\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPagePatch4}
\begin{paste}{BalancedBinaryTreeXmpPageFull4}
{BalancedBinaryTreeXmpPageEmpty4}
\pastebutton{BalancedBinaryTreeXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{setleaves! (t,1m) \bound{tl }\free{t }}
\indentrel{3}\begin{verbatim}

(4) {\tt{}3,0,5],0,[7,0,11}

Type: BalancedBinaryTree NonNegativelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPageEmpty4}
\begin{paste}{BalancedBinaryTreeXmpPageEmpty4}
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{BalancedBinaryTreeXmpPagePatch4}
\pastebutton{BalancedBinaryTreeXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{setleaves! (t,1m) \bound{tl }\free{t }}
\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPagePatch5}
\begin{paste}{BalancedBinaryTreeXmpPageFull5}
{BalancedBinaryTreeXmpPageEmpty5}
\pastebutton{BalancedBinaryTreeXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{mapUp! (t,_*)\bound{t2 }\free{tl }}
\indentrel{3}\begin{verbatim}
(5) 1155

Type: Positivelnteger
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPageEmpty5}
\begin{paste}{BalancedBinaryTreeXmpPageEmpty5}
{BalancedBinaryTreeXmpPagePatch5}
\pastebutton{BalancedBinaryTreeXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{mapUp! (t,_*)\bound{t2 }\free{tl }}
\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPagePatch6}
\begin{paste}{BalancedBinaryTreeXmpPageFull6}
{BalancedBinaryTreeXmpPageEmpty6}
\pastebutton{BalancedBinaryTreeXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{t\bound{t3 }\free{t2 }}
\indentrel{3}\begin{verbatim}

() {\tt{}3,15,51,1155,[7,77,11}

Type: BalancedBinaryTree NonNegativelInteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPageEmpty6}
\begin{paste}{BalancedBinaryTreeXmpPageEmpty6}
{BalancedBinaryTreeXmpPagePatch6}
\pastebutton{BalancedBinaryTreeXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{t\bound{t3 }\free{t2 }}
\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPagePatch7}
\begin{paste}{BalancedBinaryTreeXmpPageFull7}
{BalancedBinaryTreeXmpPageEmpty7}
\pastebutton{BalancedBinaryTreeXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{mapDown! (t,12, _rem)\bound{t4 }\free{t3 }}
\indentrel{3}\begin{verbatim}

) {\tt{}0,12,2],12,[5,12,1}

Type: BalancedBinaryTree NonNegativelnteger

\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPageEmpty7}
\begin{paste}{BalancedBinaryTreeXmpPageEmpty7}
{BalancedBinaryTreeXmpPagePatch7}
\pastebutton{BalancedBinaryTreeXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{mapDown! (t,12, _rem)\bound{t4 }\free{t3 }}
\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPagePatch8}
\begin{paste}{BalancedBinaryTreeXmpPageFull8}
{BalancedBinaryTreeXmpPageEmpty8}
\pastebutton{BalancedBinaryTreeXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{leaves \%\bound{t5 }\free{t4 }}
\indentrel{3}\begin{verbatim}
(8) [0,2,5,1]

Type: List NonNegativelnteger
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPageEmpty8}
\begin{paste}{BalancedBinaryTreeXmpPageEmpty8}
{BalancedBinaryTreeXmpPagePatch8}
\pastebutton{BalancedBinaryTreeXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{leaves \%\bound{t5 }\free{t4 }}
\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPagePatch9}
\begin{paste}{BalancedBinaryTreeXmpPageFull9}
{BalancedBinaryTreeXmpPageEmpty9}
\pastebutton{BalancedBinaryTreeXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{
squares := [x**2 rem m for x in \), for m in 1m]\bound{t6 }\free{t5 }}
\indentrel{3}\begin{verbatim}
(9) [0,4,4,1]

Type: List NonNegativeIlnteger
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPageEmpty9}
\begin{paste}{BalancedBinaryTreeXmpPageEmpty9}
{BalancedBinaryTreeXmpPagePatch9}
\pastebutton{BalancedBinaryTreeXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{

squares := [x**2 rem m for x in \), for m in 1m]\bound{t6 }\free{t5 }}
\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPagePatch10}
\begin{paste}{BalancedBinaryTreeXmpPageFull10}
{BalancedBinaryTreeXmpPageEmpty103}
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\pastebutton{BalancedBinaryTreeXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{chineseRemainder (\%,1m) \free{t6 }}
\indentrel{3}\begin{verbatim}
(10) 144
Type: Positivelnteger
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BalancedBinaryTreeXmpPageEmpty10}
\begin{paste}{BalancedBinaryTreeXmpPageEmpty10}
{BalancedBinaryTreeXmpPagePatch10}
\pastebutton{BalancedBinaryTreeXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{chineseRemainder (\%,1m) \free{t6 }}
\end{paste}\end{patch}

3.8 binary.ht

3.8.1 BinaryExpansion

HyperDoc

BinaryExpansion

211 rational numbers have repeating binary expansions.
Operations to access the individual bits of a binary expansion
can be obtained by converting the value to RadixExpansion(2)
More examples of expansions are available in
"DecimalExpansion' , “HexadecimalExpansion' , and
"RadixExpansion'.

The expansion (of type BinaryExpansion) of a rational
number is returned by the binary cperation.

r :=binary(22/7)

Arithmetic is exact.

r +binary(6,/7)

The period of the expansion can be shortor long ...
fbinary(1i/1i) fori in 102. .106]}

or very long.

binary(1/1007)

These numbers are bona fide algebraic objects.

p :=binary(1/4)*x**2 + binary(2/3) *x + binary(4/9)

< “Axiom Number Types” (NumberPage) B=Z61 on page IO
< “Integer” (IntegerXmpPage) B2 on page
= “DecimalExpansion” (DecimalExpansionXmpPage) BZI1 on page

151
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= “RadixExpansion” (RadixExpansionXmpPage) BSG1 on page [123
= “HexadecimalExpansion” (HexExpansionXmpPage) B3I on page G4
— binary.ht —

\begin{page}{BinaryExpansionXmpPage}{BinaryExpansion}

\beginscroll

A1l rational numbers have repeating binary expansions.

Operations to access the individual bits of a binary expansion can
be obtained by converting the value to \spadtype{RadixExpansion(2)}.
More examples of expansions are available in
\downlink{‘DecimalExpansion’}{DecimalExpansionXmpPage}
\ignore{DecimalExpansion},
\downlink{‘HexadecimalExpansion’}{HexExpansionXmpPage}
\ignore{HexadecimalExpansion}, and
\downlink{‘RadixExpansion’}{RadixExpansionXmpPage}\ignore{RadixExpansion}.

\xtc{

The expansion (of type \spadtype{BinaryExpansion}) of a rational number
is returned by the \spadfunFrom{binary}{BinaryExpansion} operation.
H

\spadpaste{r := binary(22/7) \bound{rl}}

}

\xtc{

Arithmetic is exact.

H

\spadpaste{r + binary(6/7) \free{r}}

}

\xtc{

The period of the expansion can be short or long \ldots

H

\spadpaste{[binary(1/i) for i in 102..106] }

}

\xtc{

or very long.

H

\spadpaste{binary(1/1007) }

}

\xtc{

These numbers are bona fide algebraic objects.

H
\spadpaste{p :
}

\xtc{

H
\spadpaste{q := D(p, x) \free{p}\bound{q}}

}

\xtc{

H

\spadpaste{g := gcd(p, q) \free{p gq}\bound{g}}
}

binary(1/4)*x**2 + binary(2/3)#*x + binary(4/9) \bound{p}}
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\endscroll
\autobuttons
\end{page}

\begin{patch}{BinaryExpansionXmpPagePatchi}
\begin{paste}{BinaryExpansionXmpPageFulll}{BinaryExpansionXmpPageEmpty1}
\pastebutton{BinaryExpansionXmpPageFulll}{\hidepaste}
\tab{5}\spadcommand{r := binary(22/7)\bound{r }}
\indentrel{3}\begin{verbatim}

(1) 11.001

Type: BinaryExpansion

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPageEmpty1l}
\begin{paste}{BinaryExpansionXmpPageEmptyl}{BinaryExpansionXmpPagePatchl}
\pastebutton{BinaryExpansionXmpPageEmpty1}{\showpaste}
\tab{5}\spadcommand{r := binary(22/7)\bound{r }}

\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPagePatch2}
\begin{paste}{BinaryExpansionXmpPageFull2}{BinaryExpansionXmpPageEmpty2}
\pastebutton{BinaryExpansionXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{r + binary(6/7)\free{r }}
\indentrel{3}\begin{verbatim}

(2) 100

Type: BinaryExpansion

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPageEmpty2}
\begin{paste}{BinaryExpansionXmpPageEmpty2}{BinaryExpansionXmpPagePatch2}
\pastebutton{BinaryExpansionXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{r + binary(6/7)\free{r }}

\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPagePatch3}
\begin{paste}{BinaryExpansionXmpPageFull3}{BinaryExpansionXmpPageEmpty3}
\pastebutton{BinaryExpansionXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{ [binary(1/i) for i in 102..106]}
\indentrel{3}\begin{verbatim}

(3)

0.000000100111011, 0.000000100111,
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0.0
OVERBAR
00000100110101001000011100111110110010101101111
00011
]
Type: List BinaryExpansion
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPageEmpty3}
\begin{paste}{BinaryExpansionXmpPageEmpty3}{BinaryExpansionXmpPagePatch3}
\pastebutton{BinaryExpansionXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{ [binary(1/i) for i in 102..106]}
\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPagePatch4}

\begin{paste}{BinaryExpansionXmpPageFull4}{BinaryExpansionXmpPageEmpty4}

\pastebutton{BinaryExpansionXmpPageFull4}{\hidepaste}

\tab{5}\spadcommand{binary(1/1007)3}

\indentrel{3}\begin{verbatim}

(4)
0.
OVERBAR
0000000001000001000101001001011110000011111100001
01111110010110001111101000100111001001100110001
10010010101011110110100110000000011000011001111
01110001101000101111010010001111011000010101110
11100111010101110011001010010111000000011100011
11001000000100100100110111001010100111010001101
11011010111000100100000110010110110000001011001
01111100010100000101010101101011000001101101110
10010101111111010111010100110010000101001101100
0100110001000100001000011000111010011110001
Type: BinaryExpansion
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPageEmpty4}
\begin{paste}{BinaryExpansionXmpPageEmpty4}{BinaryExpansionXmpPagePatch4}
\pastebutton{BinaryExpansionXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{binary(1/1007)}

\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPagePatch5}
\begin{paste}{BinaryExpansionXmpPageFull5}{BinaryExpansionXmpPageEmpty5}
\pastebutton{BinaryExpansionXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{
p := binary(1/4)#*x**2 + binary(2/3)*x + binary(4/9)\bound{p }}
\indentrel{3}\begin{verbatim}

2
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(6) 0.01x + 0.10x + 0.011100
Type: Polynomial BinaryExpansion
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPageEmpty5}
\begin{paste}{BinaryExpansionXmpPageEmpty5}{BinaryExpansionXmpPagePatch5}
\pastebutton{BinaryExpansionXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{

p := binary(1/4)#*x**2 + binary(2/3)*x + binary(4/9)\bound{p }}
\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPagePatch6}
\begin{paste}{BinaryExpansionXmpPageFull6}{BinaryExpansionXmpPageEmpty6}
\pastebutton{BinaryExpansionXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{q := D(p, x)\free{p }\bound{q }}
\indentrel{3}\begin{verbatim}

(6) 0.1x + 0.10

Type: Polynomial BinaryExpansion

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPageEmpty6}
\begin{paste}{BinaryExpansionXmpPageEmpty6}{BinaryExpansionXmpPagePatch6}
\pastebutton{BinaryExpansionXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{q := D(p, x)\free{p }\bound{q }}
\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPagePatch7}
\begin{paste}{BinaryExpansionXmpPageFull7}{BinaryExpansionXmpPageEmpty7}
\pastebutton{BinaryExpansionXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{g := gcd(p, q)\free{p q }\bound{g }}
\indentrel{3}\begin{verbatim}
(1) x+1.01

Type: Polynomial BinaryExpansion
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinaryExpansionXmpPageEmpty7}
\begin{paste}{BinaryExpansionXmpPageEmpty7}{BinaryExpansionXmpPagePatch7}
\pastebutton{BinaryExpansionXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{g := gcd(p, q)\free{p q }\bound{g }}
\end{paste}\end{patch}
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3.9 bmcat.ht
3.9.1 Bit Map Catalog

— bmecat.ht —

\begin{page}{BitMaps}{Bit Map Catalog}

\beginscroll

\space{} {\inputbitmap{\htbmdir{}/xfbox.bitmap}} xfbox \space{4}
\space{} {\inputbitmap{\htbmdir{}/xfcirc.bitmap}} xfcirc  \space{4}
\space{} {\inputbitmap{\htbmdir{}/xnobox.bitmap}} Xnobox  \space{2}

\space{} {\inputbitmap{\htbmdir{}/xnocirc.bitmap}} xnocirc \space{2}
\newline

\space{} {\inputbitmap{\htbmdir{}/xfullfbox.bitmap}} xfullfbox
\space{} {\inputbitmap{\htbmdir{}/xfullfcirc.bitmap}} xfullfcirc
\space{} {\inputbitmap{\htbmdir{}/xfullbox.bitmap}} xfullbox
\space{} {\inputbitmap{\htbmdir{}/xfullcirc.bitmap}} xfullcirc
\newline

\space{} {\inputbitmap{\htbmdir{}/xgreyfbox.bitmap}} xgreyfbox
\space{} {\inputbitmap{\htbmdir{}/xgreyfcirc.bitmap}} xgreyfcirc
\space{} {\inputbitmap{\htbmdir{}/xgreybox.bitmap}} xgreybox
\space{} {\inputbitmap{\htbmdir{}/xgreycirc.bitmap}} xgreycirc
\newline

\space{} {\inputbitmap{\htbmdir{}/xopenfbox.bitmap}} xopenfbox
\space{} {\inputbitmap{\htbmdir{}/xopenfcirc.bitmap}} xopenfcirc
\space{} {\inputbitmap{\htbmdir{}/xopenbox.bitmap}} xopenbox
\space{} {\inputbitmap{\htbmdir{}/xopencirc.bitmap}} xopencirc
\newline

\space{} {\inputbitmap{\htbmdir{}/xtickfbox.bitmap}} xtickfbox
\space{} {\inputbitmap{\htbmdir{}/xtickfcirc.bitmap}} xtickfcirc
\space{} {\inputbitmap{\htbmdir{}/xtickbox.bitmap}}  xtickbox
\space{} {\inputbitmap{\htbmdir{}/xtickcirc.bitmap}} xtickcirc

\newline

\space{} {\inputbitmap{\htbmdir{}/xxfbox.bitmap}} xxfbox \space{3}
\space{} {\inputbitmap{\htbmdir{}/xxfcirc.bitmap}} xxfcirc  \space{3}
\space{} {\inputbitmap{\htbmdir{}/xxbox.bitmap}} xxbox \space{3}
\space{} {\inputbitmap{\htbmdir{}/xxcirc.bitmap}} xxcirc \space{3}
\horizontalline

\space{} {\inputbitmap{\htbmdir{}/xnoface.bitmap}} xnoface

\space{} {\inputbitmap{\htbmdir{}/xhappy.bitmap}} xhappy

\space{} {\inputbitmap{\htbmdir{}/xsad.bitmap}} xsad

\space{} {\inputbitmap{\htbmdir{}/xdesp.bitmap}} xdesp

\space{} {\inputbitmap{\htbmdir{}/xperv.bitmap}} xperv
\horizontalline

\space{} {\inputbitmap{\htbmdir{}/exit.bitmap}} exit
\space{} {\inputbitmap{\htbmdir{}/help3.bitmap}} help3
\newline

\space{} {\inputbitmap{\htbmdir{}/down3.bitmap}} down3
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\space{} {\inputbitmap{\htbmdir{}/up3.bitmap}} up3
\space{} {\inputbitmap{\htbmdir{}/return3.bitmap}} return3
\newline

\space{} {\inputbitmap{\htbmdir{}/tear.bitmap}} tear
\space{} {\inputbitmap{\htbmdir{}/eqpage.bitmap}} eqpage
\horizontalline

\space{} {\inputbitmap{\htbmdir{}/sup.bm}} sup.bm
\space{} {\inputbitmap{\htbmdir{}/sup.bitmap}} sup
\space{} {\inputbitmap{\htbmdir{}/sdown.bm}} sdown.bm
\newline

\space{} {\inputbitmap{\htbmdir{}/ht_icon}} ht_icon
\space{} {\inputbitmap{\htbmdir{}/smile.bitmap}} smile
\newline

\space{} {\inputbitmap{\htbmdir{}/drown.bm}} drown.bm
\space{} {\inputbitmap{\htbmdir{}/help2.bitmap}} help2
\space{} {\inputbitmap{\htbmdir{}/return.bitmap}} return
\space{} {\inputbitmap{\htbmdir{}/back.bitmap}} back
\endscroll

\autobuttons

\end{page}

3.10 bop.ht

3.10.1 BasicOperator

— bop.ht —

\begin{page}{BasicOperatorXmpPage}{BasicOperator}
\beginscroll

A basic operator is an object that can be symbolically
applied to a list of arguments from a set, the result being
a kernel over that set or an expression.

In addition to this section, please see

\downlink{ ‘Expression’}{ExpressionXmpPage}\ignore{Expression}
and \downlink{‘Kernel’}{KernelXmpPage}\ignore{Kernel}

for additional information and examples.

You create an object of type \axiomType{BasicOperator} by using the
\axiomFunFrom{operator}{BasicOperator} operation.

This first form of this operation has one argument and it

must be a symbol.

The symbol should be quoted in case the

name has been used as an identifier to which a value
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has been assigned.

A frequent application of \axiomType{BasicOperator} is the
creation of an operator to represent the unknown function when
solving a differential equation.

\xtc{

Let \axiom{y} be the unknown function in terms of \axiom{x}.
H

\spadpaste{y := operator ’y \bound{y}}

}

A

\xtc{

This is how you enter

the equation \axiom{y’’ + y’ + y = 0}.

H

\spadpaste{deq := D(y x, x, 2) + D(y x, x) + y x = O\bound{el}\free{y}}
}

YA

\xtc{

To solve the above equation, enter this.

H

\spadpaste{solve(deq, y, x) \free{el}\free{yl}}
}

See \downlink{‘‘Solution of Differential Equations’’}{ugProblemDEQPage}
in Section 8.10\ignore{ugProblemDEQ}
for this kind of use of \axiomType{BasicOperator}.

Use the single argument form of
\axiomFunFrom{operator}{BasicOperator} (as above) when you intend
to use the operator to create functional expressions with an
arbitrary number of arguments

\xtc{

{\it Nary} means an arbitrary number of arguments can be used

in the functional expressions.

H

\spadpaste{nary? y \free{y}}

X

\xtc{

H

\spadpaste{unary? y \free{yl}}

¥

Use the two-argument form when you want to restrict the number of
arguments in the functional expressions created with the operator.
\xtc{

This operator can only be used to create functional expressions
with one argument.

H

\spadpaste{opOne := operator(’opOne, 1) \bound{opOne}}

3

\xtcq{
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H

\spadpaste{nary? opOne \free{opOne}}

}

\xtc{

H

\spadpaste{unary? opOne \free{opOnel}}

}

\xtc{

Use \axiomFunFrom{arity}{BasicOperator} to learn the number of
arguments that can be used.

It returns {\tt "false"} if the operator is nary.

H

\spadpaste{arity opOne \free{opOnel}}

}

\xtc{

Use \axiomFunFrom{name}{BasicOperator} to learn the name of an
operator.

H

\spadpaste{name opOne \free{opOnel}}

}

\xtc{

Use \axiomFunFrom{is?}{BasicOperator} to learn if an operator has a
particular name.

H

\spadpaste{is?(opOne, ’z2) \free{opOnel}}

}

\xtc{

You can also use a string as the name to be tested against.
H

\spadpaste{is?(opOne, "opOne") \free{opOnel}}

}

You can attached named properties to an operator.
These are rarely used at the top-level of the Axiom
interactive environment but are used with Axiom
library source code.

\xtc{

By default, an operator has no properties.
H

\spadpaste{properties y \free{y}}

}

The interface for setting and getting properties is somewhat awkward
because the property values are stored as values of type
\axiomType{None}.

\xtc{

Attach a property by using \axiomFunFrom{setProperty}{BasicOperator}.
H

\spadpaste{setProperty(y, "use", "unknown function" :: None )
\free{y}\bound{spy}}

}
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\xtc{

H

\spadpaste{properties y \free{y spy}}

}

\xtec{

We {\it know} the property value has type \axiomType{String}.
H

\spadpaste{property(y, "use") :: None pretend String \free{y spy}}
}

\xtc{

Use \axiomFunFrom{deleteProperty!}{BasicOperator} to destructively
remove a property.

H

\spadpaste{deleteProperty! (y, "use") \free{y spy}\bound{dpy}}
}

\xtc{

H

\spadpaste{properties y \free{dpy}}

}

\endscroll

\autobuttons

\end{page}

\begin{patch}{BasicOperatorXmpPagePatchl}
\begin{paste}{BasicOperatorXmpPageFulll}{BasicOperatorXmpPageEmptyl}
\pastebutton{BasicOperatorXmpPageFulll}{\hidepaste}
\tab{5}\spadcommand{y := operator ’y\bound{y }}
\indentrel{3}\begin{verbatim}

1)y

Type: BasicOperator

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty1l}
\begin{paste}{BasicOperatorXmpPageEmptyl}{BasicOperatorXmpPagePatchl}
\pastebutton{BasicOperatorXmpPageEmptyl}{\showpaste}
\tab{5}\spadcommand{y := operator ’y\bound{y }}
\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch2}
\begin{paste}{BasicOperatorXmpPageFull2}{BasicOperatorXmpPageEmpty2}
\pastebutton{BasicOperatorXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{

deq := D(y x, x, 2) + D(y x, x) + y x = O\bound{el }\free{y }}
\indentrel{3}\begin{verbatim}

LI

2 vy x)+y x) +y&)=0

Type: Equation Expression Integer
\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty2}
\begin{paste}{BasicOperatorXmpPageEmpty2}{BasicOperatorXmpPagePatch2}
\pastebutton{BasicOperatorXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{

deq := D(y x, x, 2) + D(y x, x) + y x = O\bound{el }\free{y }}
\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch3}
\begin{paste}{BasicOperatorXmpPageFull3}{BasicOperatorXmpPageEmpty3}
\pastebutton{BasicOperatorXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{solve(deq, y, x)\free{el }\free{y 1}}
\indentrel{3}\begin{verbatim}

(3)

[particular= 0,

X X
x\
basis= [cos(
2 2
Type: Union(Record(particular: Expression Integer,
basis: List Expression Integer),...)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty3}
\begin{paste}{BasicOperatorXmpPageEmpty3}{BasicOperatorXmpPagePatch3}
\pastebutton{BasicOperatorXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{solve(deq, y, x)\free{el }\free{y }}
\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch4}
\begin{paste}{BasicOperatorXmpPageFull4}{BasicOperatorXmpPageEmpty4}
\pastebutton{BasicOperatorXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{nary? y\free{y }}
\indentrel{3}\begin{verbatim}

(4) true

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty4}
\begin{paste}{BasicOperatorXmpPageEmpty4}{BasicOperatorXmpPagePatch4}
\pastebutton{BasicOperatorXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{nary? y\free{y }}

\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch5}
\begin{paste}{BasicOperatorXmpPageFull5}{BasicOperatorXmpPageEmpty5}
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\pastebutton{BasicOperatorXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{unary? y\free{y }}
\indentrel{3}\begin{verbatim}
(6) false
Type: Boolean
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty5}
\begin{paste}{BasicOperatorXmpPageEmpty5}{BasicOperatorXmpPagePatch5}
\pastebutton{BasicOperatorXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{unary? y\free{y }}

\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch6}
\begin{paste}{BasicOperatorXmpPageFull6}{BasicOperatorXmpPageEmpty6}
\pastebutton{BasicOperatorXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{opOne := operator(’opOne, 1)\bound{opOne }}
\indentrel{3}\begin{verbatim}

(6) opOne

Type: BasicOperator

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty6}
\begin{paste}{BasicOperatorXmpPageEmpty6}{BasicOperatorXmpPagePatch6}
\pastebutton{BasicOperatorXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{opOne := operator(’opOne, 1)\bound{opOne }}
\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch7}
\begin{paste}{BasicOperatorXmpPageFull7}{BasicOperatorXmpPageEmpty7}
\pastebutton{BasicOperatorXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{nary? opOne\free{opOne }}
\indentrel{3}\begin{verbatim}

(7) false

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty7}
\begin{paste}{BasicOperatorXmpPageEmpty7}{BasicOperatorXmpPagePatch7}
\pastebutton{BasicOperatorXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{nary? opOne\free{opOne }}

\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch8}
\begin{paste}{BasicOperatorXmpPageFull8}{BasicOperatorXmpPageEmpty8}
\pastebutton{BasicOperatorXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{unary? opOne\free{opOne }}
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\indentrel{3}\begin{verbatim}
(8) true
Type: Boolean
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty8}
\begin{paste}{BasicOperatorXmpPageEmpty8}{BasicOperatorXmpPagePatch8}
\pastebutton{BasicOperatorXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{unary? opOne\free{opOne }}

\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch9}
\begin{paste}{BasicOperatorXmpPageFull9}{BasicOperatorXmpPageEmpty9}
\pastebutton{BasicOperatorXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{arity opOne\free{opOne }}
\indentrel{3}\begin{verbatim}

9 1

Type: Union(NonNegativelnteger,...)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty9}
\begin{paste}{BasicOperatorXmpPageEmpty9}{BasicOperatorXmpPagePatch9}
\pastebutton{BasicOperatorXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{arity opOne\free{opOne }}

\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch10}
\begin{paste}{BasicOperatorXmpPageFull10}{BasicOperatorXmpPageEmpty10}
\pastebutton{BasicOperatorXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{name opOne\free{opOne 1}}
\indentrel{3}\begin{verbatim}

(10) opOne

Type: Symbol

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty10}
\begin{paste}{BasicOperatorXmpPageEmpty10}{BasicOperatorXmpPagePatch10}
\pastebutton{BasicOperatorXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{name opOne\free{opOne 1}}

\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatchl1}
\begin{paste}{BasicOperatorXmpPageFullli}{BasicOperatorXmpPageEmpty11}
\pastebutton{BasicOperatorXmpPageFulll1}{\hidepaste}
\tab{5}\spadcommand{is? (opOne, ’z2)\free{opOne 1}}
\indentrel{3}\begin{verbatim}

(11) false
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Type: Boolean
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty11}
\begin{paste}{BasicOperatorXmpPageEmptyl1}{BasicOperatorXmpPagePatchl1}
\pastebutton{BasicOperatorXmpPageEmpty11}{\showpaste}
\tab{5}\spadcommand{is? (opOne, °’z2)\free{opOne }}
\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch12}
\begin{paste}{BasicOperatorXmpPageFulll2}{BasicOperatorXmpPageEmpty12}
\pastebutton{BasicOperatorXmpPageFulli12}{\hidepaste}
\tab{5}\spadcommand{is? (opOne, "opOne")\free{opOne }}
\indentrel{3}\begin{verbatim}

(12) true

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty12}
\begin{paste}{BasicOperatorXmpPageEmptyl12}{BasicOperatorXmpPagePatch12}
\pastebutton{BasicOperatorXmpPageEmpty12}{\showpaste}
\tab{5}\spadcommand{is? (opOne, "opOne")\free{opOne }}
\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch13}
\begin{paste}{BasicOperatorXmpPageFulll3}{BasicOperatorXmpPageEmpty13}
\pastebutton{BasicOperatorXmpPageFull13}{\hidepaste}
\tab{5}\spadcommand{properties y\free{y }}
\indentrel{3}\begin{verbatim}

(13) table(Q

Type: AssociationList(String,None)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty13}
\begin{paste}{BasicOperatorXmpPageEmpty13}{BasicOperatorXmpPagePatch13}
\pastebutton{BasicOperatorXmpPageEmpty13}{\showpaste}
\tab{5}\spadcommand{properties y\free{y 1}}

\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch14}
\begin{paste}{BasicOperatorXmpPageFull14}{BasicOperatorXmpPageEmpty14}
\pastebutton{BasicOperatorXmpPageFulli4}{\hidepaste}

\tab{5}\spadcommand{
setProperty(y, "use", "unknown function" :: None )\free{y }\bound{spy }}
\indentrel{3}\begin{verbatim}

(14) vy

Type: BasicOperator
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\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty14}
\begin{paste}{BasicOperatorXmpPageEmpty14}{BasicOperatorXmpPagePatchl4}
\pastebutton{BasicOperatorXmpPageEmpty14}{\showpaste}
\tab{5}\spadcommand{

setProperty(y, "use", "unknown function" :: None )\free{y }\bound{spy }}
\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch15}
\begin{paste}{BasicOperatorXmpPageFull15}{BasicOperatorXmpPageEmpty15}
\pastebutton{BasicOperatorXmpPageFulli5}{\hidepaste}
\tab{5}\spadcommand{properties y\free{y spy }}
\indentrel{3}\begin{verbatim}

(15) table("use"= NONE)

Type: AssociationList(String,None)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty15}
\begin{paste}{BasicOperatorXmpPageEmpty15}{BasicOperatorXmpPagePatchl5}
\pastebutton{BasicOperatorXmpPageEmpty15}{\showpaste}
\tab{5}\spadcommand{properties y\free{y spy }}

\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatchl16}
\begin{paste}{BasicOperatorXmpPageFulll6}{BasicOperatorXmpPageEmpty163}
\pastebutton{BasicOperatorXmpPageFulli6}{\hidepaste}
\tab{5}\spadcommand{property(y, "use") :: None pretend String\free{y spy }}
\indentrel{3}\begin{verbatim}

(16) "unknown function"

Type: String

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty16}
\begin{paste}{BasicOperatorXmpPageEmpty16}{BasicOperatorXmpPagePatch16}
\pastebutton{BasicOperatorXmpPageEmpty16}{\showpaste}
\tab{5}\spadcommand{property(y, "use") :: None pretend String\free{y spy }}
\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatchl7}
\begin{paste}{BasicOperatorXmpPageFull17}{BasicOperatorXmpPageEmpty17}
\pastebutton{BasicOperatorXmpPageFulll7}{\hidepaste}
\tab{5}\spadcommand{deleteProperty! (y, "use")\free{y spy }\bound{dpy 1}}
\indentrel{3}\begin{verbatim}

an y

Type: BasicOperator

\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty17}
\begin{paste}{BasicOperatorXmpPageEmptyl17}{BasicOperatorXmpPagePatchl7}
\pastebutton{BasicOperatorXmpPageEmpty17}{\showpaste}
\tab{5}\spadcommand{deleteProperty! (y, "use")\free{y spy }\bound{dpy }}
\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPagePatch18}
\begin{paste}{BasicOperatorXmpPageFull18}{BasicOperatorXmpPageEmpty18}
\pastebutton{BasicOperatorXmpPageFull18}{\hidepaste}
\tab{5}\spadcommand{properties y\free{dpy }}
\indentrel{3}\begin{verbatim}

(18) table()

Type: AssociationList(String,None)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BasicOperatorXmpPageEmpty18}
\begin{paste}{BasicOperatorXmpPageEmpty18}{BasicOperatorXmpPagePatch18}
\pastebutton{BasicOperatorXmpPageEmpty18}{\showpaste}
\tab{5}\spadcommand{properties y\free{dpy }}

\end{paste}\end{patch}

3.11 bstree.ht

3.11.1 BinarySearchTree

— bstree.ht —

\begin{page}{BinarySearchTreeXmpPage}{BinarySearchTree}
\beginscroll

\spadtype{BinarySearchTree(R)} is the domain of binary trees with
elements of type \spad{R}, ordered across the nodes of the tree. A
non-empty binary search tree has a value of type \spad{R}, and
\spadfun{right} and \spadfun{left} binary search subtrees. If a
subtree is empty, it is displayed as a period (‘¢.7’).

\xtc{

Define a list of values to be placed across the tree.
The resulting tree has \spad{8} at the root;

all other elements are in the left subtree.
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H

\spadpaste{lv := [8,3,5,4,6,2,1,5,7]\bound{1v}}

}

\xtc{

A convenient way to create a binary search tree is to

apply the operation \spadfun{binarySearchTree} to a list of elements.
H

\spadpaste{t := binarySearchTree lv\free{lv}\bound{t}}

}

\xtc{

Another approach is to first create an empty binary search tree of integers.
H

\spadpaste{emptybst := empty()\$BSTREE(INT) \bound{e}}

}

\xtc{

Insert the value \spad{8}.

This establishes \spad{8} as the root of the binary search tree.
Values inserted later that are less than \spad{8} get stored in
the \spadfun{left} subtree, others in the \spadfun{right} subtree.
H

\spadpaste{tl := insert!(8,emptybst)\free{e}\bound{t1}}

}

\xtc{

Insert the value \spad{3}. This number becomes the root of the
\spadfun{left} subtree of \spad{ti}.

For optimal retrieval, it is thus important to insert the
middle elements first.

H

\spadpaste{insert!(3,t1)\free{t1}}

}

\xtc{

We go back to the original tree \spad{t}.

The leaves of the binary search tree are those which have empty
\spadfun{left} and \spadfun{right} subtrees.

H

\spadpaste{leaves t\free{t}}

}

\xtc{

The operation

\spadfun{split}\spad{(k,t)} returns a \spadgloss{record} containing
the two subtrees: one with all elements ‘‘less’’ than \spad{k},
another with elements ‘‘greater’’ than \spad{k}.

H

\spadpaste{split(3,t)\free{t}}

}

\xtc{

Define \userfun{insertRoot} to insert new elements by

creating a new node.

H

\spadpaste{insertRoot: (INT,BSTREE INT) -> BSTREE INT\bound{x}}
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}
\xtc{
The new node puts the inserted value between its
‘‘less’’ tree and ‘‘greater’’ tree.
H
\begin{spadsrc} [\bound{x1}\free{x}]
insertRoot(x, t) ==
a := split(x, t)
node(a.less, x, a.greater)
\end{spadsrc}
}
\xtc{
Function \userfun{buildFromRoot} builds
a binary search tree from a list of elements \spad{ls}
and the empty tree \spad{emptybst}.
H
\spadpaste{buildFromRoot 1ls == reduce(insertRoot,ls,emptybst)
\bound{x2}\free{x1 e}}
}
\xtc{
Apply this to the reverse of the list \spad{lv}.
H
\spadpaste{rt := buildFromRoot reverse lv\bound{rt}\free{lv x2}}
}
\xtc{
Have Axiom check that these are equal.
H
\spadpaste{(t = rt)@Boolean\free{rt t}}
}
\endscroll
\autobuttons
\end{page}

\begin{patch}{BinarySearchTreeXmpPagePatchl}
\begin{paste}{BinarySearchTreeXmpPageFulll}{BinarySearchTreeXmpPageEmpty1}
\pastebutton{BinarySearchTreeXmpPageFulll}{\hidepaste}
\tab{5}\spadcommand{1lv := [8,3,5,4,6,2,1,5,7]\bound{1v }}
\indentrel{3}\begin{verbatim}

(1 [8,3,5,4,6,2,1,5,7]

Type: List Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPageEmpty1}
\begin{paste}{BinarySearchTreeXmpPageEmptyl}{BinarySearchTreeXmpPagePatchl}
\pastebutton{BinarySearchTreeXmpPageEmpty1}{\showpastel}
\tab{5}\spadcommand{1lv := [8,3,5,4,6,2,1,5,7]\bound{1lv }}
\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPagePatch2}
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\begin{paste}{BinarySearchTreeXmpPageFull2}{BinarySearchTreeXmpPageEmpty2}
\pastebutton{BinarySearchTreeXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{t := binarySearchTree lv\free{lv }\bound{t }}
\indentrel{3}\begin{verbatim}

@2 {\tt{r1,2,.1,3,[4,5,[5,6,712},8,.]

Type: BinarySearchTree Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPageEmpty2}
\begin{paste}{BinarySearchTreeXmpPageEmpty2}{BinarySearchTreeXmpPagePatch2}
\pastebutton{BinarySearchTreeXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{t := binarySearchTree lv\free{lv }\bound{t }}
\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPagePatch3}
\begin{paste}{BinarySearchTreeXmpPageFull3}{BinarySearchTreeXmpPageEmpty3}
\pastebutton{BinarySearchTreeXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{emptybst := empty()$BSTREE(INT)\bound{e }}
\indentrel{3}\begin{verbatim}

@3 0O

Type: BinarySearchTree Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPageEmpty3}
\begin{paste}{BinarySearchTreeXmpPageEmpty3}{BinarySearchTreeXmpPagePatch3}
\pastebutton{BinarySearchTreeXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{emptybst := empty () $BSTREE(INT)\bound{e }}
\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPagePatch4}
\begin{paste}{BinarySearchTreeXmpPageFull4}{BinarySearchTreeXmpPageEmpty4}
\pastebutton{BinarySearchTreeXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{t1l := insert!(8,emptybst)\free{e }\bound{t1l }}
\indentrel{3}\begin{verbatim}

4) 8

Type: BinarySearchTree Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPageEmpty4}
\begin{paste}{BinarySearchTreeXmpPageEmpty4}{BinarySearchTreeXmpPagePatch4}
\pastebutton{BinarySearchTreeXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{t1l := insert!(8,emptybst)\free{e }\bound{tl }}
\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPagePatch5}
\begin{paste}{BinarySearchTreeXmpPageFull5}{BinarySearchTreeXmpPageEmpty5}
\pastebutton{BinarySearchTreeXmpPageFull5}{\hidepaste}
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\tab{5}\spadcommand{insert!(3,t1)\free{tl }}
\indentrel{3}\begin{verbatim}
(5) [3,8,.]
Type: BinarySearchTree Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPageEmpty5}
\begin{paste}{BinarySearchTreeXmpPageEmpty5}{BinarySearchTreeXmpPagePatch5}
\pastebutton{BinarySearchTreeXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{insert! (3,t1)\free{tl }}

\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPagePatch6}
\begin{paste}{BinarySearchTreeXmpPageFull6}{BinarySearchTreeXmpPageEmpty6}
\pastebutton{BinarySearchTreeXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{leaves t\free{t }}
\indentrel{3}\begin{verbatim}

(6) [1,4,5,7]

Type: List Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPageEmpty6}
\begin{paste}{BinarySearchTreeXmpPageEmpty6}{BinarySearchTreeXmpPagePatch6}
\pastebutton{BinarySearchTreeXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{leaves t\free{t }}

\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPagePatch7}
\begin{paste}{BinarySearchTreeXmpPageFull7}{BinarySearchTreeXmpPageEmpty7}
\pastebutton{BinarySearchTreeXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{split(3,t)\free{t }}
\indentrel{3}\begin{verbatim}

(7

[less= [1,2,.],greater= {\tt{}.,3,[4,5,[5,6,71},8,.1]
Type: Record(less: BinarySearchTree Positivelnteger,

greater: BinarySearchTree PositivelInteger)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPageEmpty7}
\begin{paste}{BinarySearchTreeXmpPageEmpty7}{BinarySearchTreeXmpPagePatch7}
\pastebutton{BinarySearchTreeXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{split(3,t)\free{t }}

\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPagePatch8}
\begin{paste}{BinarySearchTreeXmpPageFull8}{BinarySearchTreeXmpPageEmpty8}
\pastebutton{BinarySearchTreeXmpPageFull8}{\hidepaste}
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\tab{5}\spadcommand{insertRoot: (INT,BSTREE INT) -> BSTREE INT\bound{x }}
\indentrel{3}\begin{verbatim}
Type: Void
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPageEmpty8}
\begin{paste}{BinarySearchTreeXmpPageEmpty8}{BinarySearchTreeXmpPagePatch8}
\pastebutton{BinarySearchTreeXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{insertRoot: (INT,BSTREE INT) -> BSTREE INT\bound{x }}
\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPagePatch9}
\begin{paste}{BinarySearchTreeXmpPageFull9}{BinarySearchTreeXmpPageEmpty9}
\pastebutton{BinarySearchTreeXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{insertRoot (x, t) ==

a := split(x, t)

node(a.less, x, a.greater)
\bound{x1 }\free{x }}
\indentrel{3}\begin{verbatim}

Type: Void

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPageEmpty9}
\begin{paste}{BinarySearchTreeXmpPageEmpty9}{BinarySearchTreeXmpPagePatch9}
\pastebutton{BinarySearchTreeXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{insertRoot (x, t) ==

a := split(x, t)

node(a.less, x, a.greater)
\bound{x1 }\free{x }}
\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPagePatch10}
\begin{paste}{BinarySearchTreeXmpPageFull10}{BinarySearchTreeXmpPageEmpty10}
\pastebutton{BinarySearchTreeXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{
buildFromRoot ls == reduce(insertRoot,ls,emptybst)\bound{x2 }\free{xl e }}
\indentrel{3}\begin{verbatim}

Type: Void
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPageEmpty10}
\begin{paste}{BinarySearchTreeXmpPageEmpty10}
{BinarySearchTreeXmpPagePatch10}
\pastebutton{BinarySearchTreeXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{

buildFromRoot ls == reduce(insertRoot,ls,emptybst)\bound{x2 }\free{xl e }}
\end{paste}\end{patch}
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\begin{patch}{BinarySearchTreeXmpPagePatchl1}
\begin{paste}{BinarySearchTreeXmpPageFulli1}
{BinarySearchTreeXmpPageEmpty11}
\pastebutton{BinarySearchTreeXmpPageFullli}{\hidepaste}
\tab{5}\spadcommand{rt := buildFromRoot reverse lv\bound{rt }\free{lv x2 }}
\indentrel{3}\begin{verbatim}
(11 {\tt{¥01,2,.1,3,[4,5,[5,6,71},8,.]

Type: BinarySearchTree Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPageEmpty11}
\begin{paste}{BinarySearchTreeXmpPageEmpty11}
{BinarySearchTreeXmpPagePatch11}
\pastebutton{BinarySearchTreeXmpPageEmptyl1}{\showpaste}
\tab{5}\spadcommand{rt := buildFromRoot reverse lv\bound{rt }\free{lv x2 }}
\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPagePatch12}
\begin{paste}{BinarySearchTreeXmpPageFull12}
{BinarySearchTreeXmpPageEmpty12}
\pastebutton{BinarySearchTreeXmpPageFull12}{\hidepaste}
\tab{5}\spadcommand{(t = rt)@Boolean\free{rt t }}
\indentrel{3}\begin{verbatim}

(12) true

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{BinarySearchTreeXmpPageEmpty12}
\begin{paste}{BinarySearchTreeXmpPageEmpty12}
{BinarySearchTreeXmpPagePatch12}
\pastebutton{BinarySearchTreeXmpPageEmpty12}{\showpaste}
\tab{5}\spadcommand{(t = rt)@Boolean\free{rt t }}
\end{paste}\end{patch}
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3.12 card.ht

3.12.1 CardinalNumber

HyperDoc

Cardinallumber

The CardinalNumber domain can be used for values indicating
the cardinality of sets, both finite and infinite. For example,
the dimension operation in the category VectorSpace returns a
cardinal number.

The non-negative integers have a natural construction as
cardinals
0=4%#{ }, 1 =4{0}, 2 =40, 1}, ..., n=1{i | 0 <=1 < n}.
The fact that 0 acts as a zero for themultiplicationof
cardinals ig equivalent to the axiomof choice.

Cardinal numbers can be created by conversion from
non-negative integers.
c0 :=0 :: CardinalNumber
cl :=1:: CardinalNumber
c2 :=2 :: CardinalNumber
c3 =3 :: CardinalNumber
They can also be obtained as the named cardinal &lephin).

AQ :=Aleph 0

< “Axiom Number Types” (NumberPage) BZ61 on page I3
— card.ht —

\begin{page}{CardinalNumberXmpPage}{CardinalNumber}

\beginscroll

The \spadtype{CardinalNumber} domain can be used for values indicating
the cardinality of sets, both finite and infinite.

For example, the \spadfunFrom{dimension}{VectorSpace} operation in the
category \spadtype{VectorSpace} returns a cardinal number.

The non-negative integers have a natural construction as cardinals
\begin{verbatim}

0=#{}, 1t=4{0}, 2=40, 1}, ..., n={i | 0 <= i < n}.
\end{verbatim}

The fact that \spad{0} acts as a zero for the multiplication of
cardinals is equivalent to the axiom of choice.

\xtc{

Cardinal numbers can be created by conversion from non-negative integers.
H

\spadpaste{cO := 0 :: CardinalNumber \bound{cO0}}

}

\xtc{
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H
\spadpaste{cl :
}

\xtc{

H
\spadpaste{c2 :
}

\xtec{

H
\spadpaste{c3 :
}

\xtc{

They can also be obtained as the named cardinal \spad{Aleph(n)}.
H

\spadpaste{A0 := Aleph O \bound{AO}}

}

\xtc{

H

\spadpaste{Al := Aleph 1 \bound{A1}}

}

\xtc{

The \spadfunFrom{finite?}{CardinalNumber} operation tests whether a
value is a finite cardinal, that is, a non-negative integer.

H

\spadpaste{finite? c2 \free{c2}}

}

\xtc{

H

\spadpaste{finite? A0 \free{AO}}

}

\xtc{

Similarly, the \spadfunFrom{countable?}{CardinalNumber}
operation determines whether a value is

a countable cardinal, that is, finite or \spad{Aleph(0)}.

H

\spadpaste{countable? c2 \free{c2}}

}

\xtc{

H

\spadpaste{countable? A0 \free{AO}}

}

\xtc{

H

\spadpaste{countable? Al \free{A1}}

}

Arithmetic operations are defined on cardinal numbers as follows:
If \spad{x = \#X} and \spad{y = \#Y} then

]
e

:: CardinalNumber \bound{ci}}

]
N

: CardinalNumber \bound{c2}}

1]
w

:: CardinalNumber \bound{c3}}

\indent{0}
\spad{x+y = \#(X+Y)}
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\tab{20} cardinality of the disjoint union \newline

\spad{x-y = \#(X-Y)}

\tab{20} cardinality of the relative complement \newline

\spad{x*y = \#(X*Y)}

\tab{20} cardinality of the Cartesian product \newline

\spad{x**y = \#(X**Y)}

\tab{20} cardinality of the set of maps from \spad{Y} to \spad{X} \newline

\xtc{

Here are some arithmetic examples.

H

\spadpaste{[c2 + c2, c2 + A1] \free{c2 A1}}

}

\xtc{

H

\spadpaste{[cO*c2, cl*c2, c2xc2, cOxAl, cl*Al, c2*Al, AO*A1l]
\free{c0,c1,c2,A0,A1}}

}

\xtc{

H

\spadpaste{[c2**cO, c2**cl, c2*xc2, Al*xcO, Alx*xcl, Alx*c2]
\free{c0,c1,c2,A1}}

}

\xtc{

Subtraction is a partial operation: it is not defined

when subtracting a larger cardinal from a smaller one, nor
when subtracting two equal infinite cardinals.

H

\spadpaste{[c2-c1l, c2-c2, c2-c3, Al-c2, A1-A0, A1-A1]
\free{c1,c2,c3,A0,A1}}

}

The generalized continuum hypothesis asserts that
\begin{verbatim}

2x*Aleph i = Aleph(i+1)

\end{verbatim}

and is independent of the axioms of set theory.\footnote{Goedel,
{\it The consistency of the continuum hypothesis,}

Ann. Math. Studies, Princeton Univ. Press, 1940.}

\xtc{

The \spadtype{CardinalNumber} domain provides an operation to assert
whether the hypothesis is to be assumed.

H

\spadpaste{generalizedContinuumHypothesisAssumed true \bound{GCH}}
}

\xtc{

When the generalized continuum hypothesis

is assumed, exponentiation to a transfinite power is allowed.
H

\spadpaste{ [cO**A0, cl**A0, c2%*A0, AO*x*AO, AO**Al, A1**A0, Al*xA1]
\free{cO,c1,c2,A0,A1,GCH}}
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Three commonly encountered cardinal numbers are

\indent{0}

\spad{a = \#}{\bf Z} \tab{20} countable infinity \newline
\spad{c = \#}{\bf R} \tab{20} the continuum \newline
\spad{f = \#\{gl| g: [0,1] -> {\bf R}\}} \newline
\xtc{

In this domain, these values are obtained under the
generalized continuum hypothesis in this way.

H
\spadpaste{a :
}

\xtc{

H
\spadpaste{c := 2%*a \free{a} \bound{c}}
}

\xtc{

H

\spadpaste{f := 2%xc \free{c} \bound{f}}
}

\endscroll

\autobuttons

\end{page}

Aleph 0 \free{GCH}\bound{al}}

\begin{patch}{CardinalNumberXmpPagePatchl}
\begin{paste}{CardinalNumberXmpPageFulli}{CardinalNumberXmpPageEmpty1}
\pastebutton{CardinalNumberXmpPageFulli}{\hidepaste}
\tab{5}\spadcommand{cO := 0 :: CardinalNumber\bound{cO }}
\indentrel{3}\begin{verbatim}

(1) o

Type: CardinalNumber

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty1}
\begin{paste}{CardinalNumberXmpPageEmptyl}{CardinalNumberXmpPagePatchl}
\pastebutton{CardinalNumberXmpPageEmpty1}{\showpaste}
\tab{5}\spadcommand{cO := 0 :: CardinalNumber\bound{cO }}
\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch2}
\begin{paste}{CardinalNumberXmpPageFull2}{CardinalNumberXmpPageEmpty2}
\pastebutton{CardinalNumberXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{cl := 1 :: CardinalNumber\bound{cl }}
\indentrel{3}\begin{verbatim}
2 1
Type: CardinalNumber



3.12. CARD.HT 177

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty2}
\begin{paste}{CardinalNumberXmpPageEmpty2}{CardinalNumberXmpPagePatch2}
\pastebutton{CardinalNumberXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{cl := 1 :: CardinalNumber\bound{cl }}
\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch3}
\begin{paste}{CardinalNumberXmpPageFull3}{CardinalNumberXmpPageEmpty3}
\pastebutton{CardinalNumberXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{c2 := 2 :: CardinalNumber\bound{c2 }}
\indentrel{3}\begin{verbatim}

3 2

Type: CardinalNumber

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty3}
\begin{paste}{CardinalNumberXmpPageEmpty3}{CardinalNumberXmpPagePatch3}
\pastebutton{CardinalNumberXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{c2 := 2 :: CardinalNumber\bound{c2 }}
\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch4}
\begin{paste}{CardinalNumberXmpPageFull4}{CardinalNumberXmpPageEmpty4}
\pastebutton{CardinalNumberXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{c3 := 3 :: CardinalNumber\bound{c3 }}
\indentrel{3}\begin{verbatim}

4) 3

Type: CardinalNumber

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty4}
\begin{paste}{CardinalNumberXmpPageEmpty4}{CardinalNumberXmpPagePatch4}
\pastebutton{CardinalNumberXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{c3 := 3 :: CardinalNumber\bound{c3 }}
\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch5}
\begin{paste}{CardinalNumberXmpPageFull5}{CardinalNumberXmpPageEmpty5}
\pastebutton{CardinalNumberXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{A0 := Aleph O\bound{AO }}
\indentrel{3}\begin{verbatim}

(5) Aleph(0)

Type: CardinalNumber

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{CardinalNumberXmpPageEmpty5}
\begin{paste}{CardinalNumberXmpPageEmpty5}{CardinalNumberXmpPagePatch5}
\pastebutton{CardinalNumberXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{A0 := Aleph O\bound{AO }}

\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch6}
\begin{paste}{CardinalNumberXmpPageFull6}{CardinalNumberXmpPageEmpty6}
\pastebutton{CardinalNumberXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{A1 := Aleph 1\bound{A1l }}
\indentrel{3}\begin{verbatim}

(6) Aleph(1)

Type: CardinalNumber

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty6}
\begin{paste}{CardinalNumberXmpPageEmpty6}{CardinalNumberXmpPagePatch6}
\pastebutton{CardinalNumberXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{Al := Aleph 1\bound{Al }}

\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch7}
\begin{paste}{CardinalNumberXmpPageFull7}{CardinalNumberXmpPageEmpty7}
\pastebutton{CardinalNumberXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{finite? c2\free{c2 }}
\indentrel{3}\begin{verbatim}

(7) true

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty7}
\begin{paste}{CardinalNumberXmpPageEmpty7}{CardinalNumberXmpPagePatch7}
\pastebutton{CardinalNumberXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{finite? c2\free{c2 }}

\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch8}
\begin{paste}{CardinalNumberXmpPageFull8}{CardinalNumberXmpPageEmpty8}
\pastebutton{CardinalNumberXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{finite? AO\free{AO }}
\indentrel{3}\begin{verbatim}

(8) false

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty8}
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\begin{paste}{CardinalNumberXmpPageEmpty8}{CardinalNumberXmpPagePatch8}
\pastebutton{CardinalNumberXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{finite? AO\free{AO }}

\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch9}
\begin{paste}{CardinalNumberXmpPageFull9}{CardinalNumberXmpPageEmpty9}
\pastebutton{CardinalNumberXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{countable? c2\free{c2 }}
\indentrel{3}\begin{verbatim}

(9) true

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty9}
\begin{paste}{CardinalNumberXmpPageEmpty9}{CardinalNumberXmpPagePatch9}
\pastebutton{CardinalNumberXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{countable? c2\free{c2 }}

\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch10}
\begin{paste}{CardinalNumberXmpPageFull10}{CardinalNumberXmpPageEmpty10}
\pastebutton{CardinalNumberXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{countable? AO\free{AO }}
\indentrel{3}\begin{verbatim}

(10) true

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty10}
\begin{paste}{CardinalNumberXmpPageEmpty10}{CardinalNumberXmpPagePatch10}
\pastebutton{CardinalNumberXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{countable? AO\free{AO }}

\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch11}
\begin{paste}{CardinalNumberXmpPageFullli}{CardinalNumberXmpPageEmpty11}
\pastebutton{CardinalNumberXmpPageFullil}{\hidepaste}
\tab{5}\spadcommand{countable? Al\free{Al }}
\indentrel{3}\begin{verbatim}

(11) false

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty11}
\begin{paste}{CardinalNumberXmpPageEmpty11}{CardinalNumberXmpPagePatchl1}
\pastebutton{CardinalNumberXmpPageEmpty11}{\showpaste}
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\tab{5}\spadcommand{countable? Al\free{Al }}
\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch12}
\begin{paste}{CardinalNumberXmpPageFull12}{CardinalNumberXmpPageEmpty12}
\pastebutton{CardinalNumberXmpPageFulli2}{\hidepaste}
\tab{5}\spadcommand{[c2 + c2, c2 + Al]\free{c2 Al }}
\indentrel{3}\begin{verbatim}

(12) [4,Aleph(1)]

Type: List CardinalNumber

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty12}
\begin{paste}{CardinalNumberXmpPageEmpty12}{CardinalNumberXmpPagePatch12}
\pastebutton{CardinalNumberXmpPageEmpty12}{\showpaste}
\tab{5}\spadcommand{[c2 + c2, c2 + A1]\free{c2 Al }}
\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch13}
\begin{paste}{CardinalNumberXmpPageFull13}{CardinalNumberXmpPageEmpty13}
\pastebutton{CardinalNumberXmpPageFull13}{\hidepaste}
\tab{5}\spadcommand{
[cO*c2, cl*xc2, c2*c2, cO*Al, cilxAl, c2xAl, AO*A1]\free{cO cl1 c2 A0 Al }}
\indentrel{3}\begin{verbatim}

(13) [0,2,4,0,Aleph(1),Aleph(1),Aleph(1)]

Type: List CardinalNumber

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty13}
\begin{paste}{CardinalNumberXmpPageEmpty13}{CardinalNumberXmpPagePatch13}
\pastebutton{CardinalNumberXmpPageEmpty13}{\showpaste}
\tab{5}\spadcommand{

[cO*c2, ci1*c2, c2*c2, cO*xAl, clxAl, c2*xA1, AO*A1]\free{cO c1 c2 A0 A1 }}
\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch14}
\begin{paste}{CardinalNumberXmpPageFullil4}{CardinalNumberXmpPageEmpty14}
\pastebutton{CardinalNumberXmpPageFulli4}{\hidepaste}
\tab{5}\spadcommand{
[c2%*cO, c2xxcl, c2%*c2, Al*x*xcO, Alxxcl, Alxxc2]\free{cO cl c2 Al }}
\indentrel{3}\begin{verbatim}

(14) [1,2,4,1,Aleph(1),Aleph(1)]

Type: List CardinalNumber

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty14}
\begin{paste}{CardinalNumberXmpPageEmpty14}{CardinalNumberXmpPagePatch14}
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\pastebutton{CardinalNumberXmpPageEmpty14}{\showpaste}
\tab{5}\spadcommand{

[c2*xcO, c2**cl, c2%*c2, AlxxcO, Alxxcl, Al**c2]\free{cO cl1 c2 Al }}
\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch15}
\begin{paste}{CardinalNumberXmpPageFull15}{CardinalNumberXmpPageEmpty15}
\pastebutton{CardinalNumberXmpPageFulli5}{\hidepaste}
\tab{5}\spadcommand{
[c2-c1l, c2-c2, c2-c3, Al-c2, A1-AO0, A1-A1]\free{cl c2 c3 A0 Al }}
\indentrel{3}\begin{verbatim}

(15) [1,0,"failed",Aleph(1),Aleph(1),"failed"]

Type: List Union(CardinalNumber,"failed")

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty15}
\begin{paste}{CardinalNumberXmpPageEmpty15}{CardinalNumberXmpPagePatch15}
\pastebutton{CardinalNumberXmpPageEmpty15}{\showpaste}
\tab{5}\spadcommand{

[c2-c1l, c2-c2, c2-c3, Al-c2, A1-AO0, Al1-A1]\free{cl c2 c3 A0 Al }}
\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch16}
\begin{paste}{CardinalNumberXmpPageFull16}{CardinalNumberXmpPageEmpty16}
\pastebutton{CardinalNumberXmpPageFulli6}{\hidepaste}
\tab{5}\spadcommand{generalizedContinuumHypothesisAssumed true\bound{GCH }}
\indentrel{3}\begin{verbatim}

(16) true

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty16}
\begin{paste}{CardinalNumberXmpPageEmpty16}{CardinalNumberXmpPagePatch16}
\pastebutton{CardinalNumberXmpPageEmpty16}{\showpaste}
\tab{5}\spadcommand{generalizedContinuumHypothesisAssumed true\bound{GCH }}
\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatchl17}
\begin{paste}{CardinalNumberXmpPageFull17}{CardinalNumberXmpPageEmpty17}
\pastebutton{CardinalNumberXmpPageFull17}{\hidepaste}
\tab{5}\spadcommand{
[cO**A0, c1**A0, c2%*A0, AO**AO, AO**A1, Al*x*xAQ, Alx*xA1l]
\free{cO c1 c2 A0 A1l GCH }}
\indentrel{3}\begin{verbatim}
an
[0,1,Aleph(1),Aleph(1),Aleph(2),Aleph(1),Aleph(2)]
Type: List CardinalNumber
\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty17}
\begin{paste}{CardinalNumberXmpPageEmpty17}{CardinalNumberXmpPagePatchl7}
\pastebutton{CardinalNumberXmpPageEmpty17}{\showpaste}
\tab{5}\spadcommand{

[cO**AQ, cl*xxAQ, c2**A0, AO**AO, AO**xAl, AlxxAQ, Al**A1]

\free{cO c1 c2 A0 Al GCH }}

\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch18}
\begin{paste}{CardinalNumberXmpPageFull18}{CardinalNumberXmpPageEmpty18}
\pastebutton{CardinalNumberXmpPageFull18}{\hidepaste}
\tab{5}\spadcommand{a := Aleph O\free{GCH }\bound{a }}
\indentrel{3}\begin{verbatim}

(18) Aleph(0)

Type: CardinalNumber

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty18}
\begin{paste}{CardinalNumberXmpPageEmpty18}{CardinalNumberXmpPagePatch18}
\pastebutton{CardinalNumberXmpPageEmpty18}{\showpaste}
\tab{5}\spadcommand{a := Aleph O\free{GCH }\bound{a }}
\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch19}
\begin{paste}{CardinalNumberXmpPageFull19}{CardinalNumberXmpPageEmpty19}
\pastebutton{CardinalNumberXmpPageFulli9}{\hidepaste}
\tab{5}\spadcommand{c := 2**a\free{a }\bound{c }}
\indentrel{3}\begin{verbatim}

(19) Aleph(1)

Type: CardinalNumber

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty19}
\begin{paste}{CardinalNumberXmpPageEmpty19}{CardinalNumberXmpPagePatch19}
\pastebutton{CardinalNumberXmpPageEmpty19}{\showpaste}
\tab{5}\spadcommand{c := 2**a\free{a }\bound{c }}

\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPagePatch20}
\begin{paste}{CardinalNumberXmpPageFull20}{CardinalNumberXmpPageEmpty20}
\pastebutton{CardinalNumberXmpPageFull20}{\hidepaste}
\tab{5}\spadcommand{f := 2**c\free{c }\bound{f }}
\indentrel{3}\begin{verbatim}

(20) Aleph(2)

Type: CardinalNumber

\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CardinalNumberXmpPageEmpty20}
\begin{paste}{CardinalNumberXmpPageEmpty20}{CardinalNumberXmpPagePatch20}
\pastebutton{CardinalNumberXmpPageEmpty20}{\showpaste}
\tab{5}\spadcommand{f := 2x*c\free{c }\bound{f 1}}

\end{paste}\end{patch}

3.13 carten.ht

3.13.1 CartesianTensor

— carten.ht —

\begin{page}{CartesianTensorXmpPage}{CartesianTensor}
\beginscroll

\spadtype{CartesianTensor(i0,dim,R)}

provides Cartesian tensors with

components belonging to a commutative ring \spad{R}.

Tensors can be described as a generalization of vectors and matrices.

This gives a concise {\it tensor algebra} for multilinear objects
supported by the \spadtype{CartesianTensor} domain.

You can form the inner or outer product of any two tensors and you can add
or subtract tensors with the same number of components.

Additionally, various forms of traces and transpositions are useful.

The \spadtype{CartesianTensor} constructor allows you to specify the
minimum index for subscripting.
In what follows we discuss in detail how to manipulate tensors.

\xtc{

Here we construct the domain of Cartesian tensors of dimension 2 over the
integers, with indices starting at 1.

H

\spadpaste{CT := CARTEN(iO := 1, 2, Integer) \bound{CT i0}}

}

\subsubsection{Forming tensors}

\labelSpace{2pc}

\xtc{

Scalars can be converted to tensors of rank zero.
H

\spadpaste{t0: CT := 8 \free{CT}\bound{t0}}
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}
\xtc{
H
\spadpaste{rank tO \free{tO}}

}

\xtc{

Vectors (mathematical direct products, rather than one dimensional array
structures) can be converted to tensors of rank one.

H

\spadpaste{v: DirectProduct(2, Integer) := directProduct [3,4] \bound{v}}

}

\xtc{

H

\spadpaste{Tv: CT := v \free{v CT}\bound{Tv}}

}

\xtc{

Matrices can be converted to tensors of rank two.

H

\spadpaste{m: SquareMatrix(2, Integer) := matrix {\tt{}1,2],[4,5} \bound{m}}
}

\xtc{

H

\spadpaste{Tm: CT := m \bound{Tm}\free{CT m}}

}

\xtc{

H

\spadpaste{n: SquareMatrix(2, Integer) := matrix {\tt{}2,3],[0,1} \bound{n}}
}

\xtc{

H

\spadpaste{Tn: CT := n \bound{Tn}\free{CT n}}

}

\xtc{

In general, a tensor of rank \spad{k} can be formed by making a

list of rank \spad{k-1} tensors or, alternatively, a \spad{k}-deep nested
list of lists.

H

\spadpaste{tl: CT := [2, 3] \free{CT}\bound{ti}}

}

\xtc{

H

\spadpaste{rank t1 \free{t1}}

}

\xtc{

H

\spadpaste{t2: CT :
}

\xtc{

H

\spadpaste{t3: CT :

[t1, t1] \free{CT t1}\bound{t2}}

[t2, t2] \free{CT t2}\bound{t3}}
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}

\xtc{

H

\spadpaste{tt: CT := [t3, t3]; tt := [tt, tt] \free{CT t3}\bound{tt}}
}

\xtc{

H

\spadpaste{rank tt \free{tt}}

}

\subsubsection{Multiplication}
%\head{subsection}{Multiplication}{ugxCartenMult}

Given two tensors of rank \spad{kl} and \spad{k2}, the outer
{CartesianTensor}

\spadfunFrom{product}{CartesianTensor} forms a new tensor of rank
\spad{k1+k2}.

\xtc{

Here

\texht{$T_{mn}(i,j,k,1) = T_m(i,j) \ T_n(k,1).$}%
\spad{Tmn(i, j,k,1) = Tm(i,j)*Tn(k,1).}}

H

\spadpaste{Tmn := product(Tm, Tn)\free{Tm Tn}\bound{Tmn}}

}

The inner product (\spadfunFrom{contract}{CartesianTensor}) forms a tensor
{CartesianTensor}

of rank \spad{ki+k2-2}.

This product generalizes the vector dot product and matrix-vector product
by summing component products along two indices.

\xtc{

Here we sum along the second index of \texht{$T_m$}{\spad{Tm}} and the
first index of \texht{$T_v$}{\spad{Tvl}}.

Here

\texht{$T_{mv} = \sum_{j=1}"{\hbox{\tiny\rm dim}} T_m(i,j) \ T_v(3)$}{%
\spad{Tmv(i) = sum Tm(i,j) * Tv(j) for j in 1..dim.}}

H

\spadpaste{Tmv := contract(Tm,2,Tv,1)\free{Tm Tv}\bound{Tmv}}

}

The multiplication operator \spadopFrom{*}{CartesianTensor} is scalar
multiplication or an inner product depending on the ranks of the
arguments.

\xtc{

If either argument is rank zero it is treated as scalar multiplication.
Otherwise, \spad{a*b} is the inner product summing the last index of
\spad{a} with the first index of \spad{b}.

H

\spadpaste{Tm*Tv \free{Tm Tv}}

}
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\xtc{

This definition is consistent with the inner product on matrices
and vectors.

H

\spadpaste{Tmv = m * v \free{Tmv m v}}

¥

\subsubsection{Selecting Components}
%\head{subsection}{Selecting Components}{ugxCartenSelect}

\labelSpace{2pc}

\xtc{

For tensors of low rank (that is, four or less), components can be selected
by applying the tensor to its indices.

H

\spadpaste{t0() \free{t0}}

}

\xtc{

H

\spadpaste{t1(1+1)  \free{t1}}

}

\xtc{

H

\spadpaste{t2(2,1) \free{t2}}

}

\xtc{

H

\spadpaste{t3(2,1,2) \free{t3}}

}

\xtc{

H

\spadpaste{Tmn(2,1,2,1) \free{Tmn}}

}

\xtc{

A general indexing mechanism is provided for a list of indices.
H

\spadpaste{t0[] \free{t0}}

}

\xtc{

H

\spadpaste{t1[2] \free{t1}}

}

\xtc{

H

\spadpaste{t2[2,1] \free{t2}}

3

\xtc{

The general mechanism works for temnsors of arbitrary rank, but is
somewhat less efficient since the intermediate index list must be created.

H
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\spadpaste{t3[2,1,2] \free{t3}}
}

\xtc{

H

\spadpaste{Tmn[2,1,2,1] \free{Tmn}}
}

\subsubsection{Contraction}
%\head{subsection}{Contraction}{ugxCartenContract}

A ‘‘contraction’’ between two tensors is an inner product, as we have

seen above.

You can also contract a pair of indices of a single tensor.

This corresponds to a ‘‘trace’’ in linear algebra.

The expression \spad{contract(t,k1,k2)} forms a new tensor by summing the
diagonal given by indices in position \spad{kl} and \spad{k2}.

\xtc{

This is the tensor given by

\texht{$xT_{mn} = \sum_{k=1}"{\hbox{\tiny\rm dim}} T_{mn}(k,k,i,j).$H{%
\spad{cTmn(i,j) = sum Tmn(k,k,i,j) for k in 1..dim.}}

H

\spadpaste{cTmn := contract(Tmn,1,2) \free{Tmn}\bound{cTmn}}

}

\xtc{

Since \spad{Tmn} is the outer product of matrix \spad{m} and matrix \spad{n},
the above is equivalent to this.

H

\spadpaste{trace(m) * n \free{m n}}

}

\xtc{

In this and the next few examples,

we show all possible contractions of \spad{Tmn} and their matrix

algebra equivalents.

H
\spadpaste{contract(Tmn,1,2)
}

\xtc{

H

\spadpaste{contract (Tmn,1,3)
}

\xtc{

H
\spadpaste{contract(Tmn,1,4) = transpose(m) * transpose(n) \free{Tmn m n}}
}

\xtc{

H
\spadpaste{contract(Tmn,2,3)
}

\xtc{

H

trace(m) * n \free{Tmn m n}}

transpose(m) * n \free{Tmn m n}}

* n \free{Tmn m n}}

1]
8
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\spadpaste{contract(Tmn,2,4)
}

\xtc{

H

\spadpaste{contract (Tmn,3,4)
}

m * transpose(n) \free{Tmn m n}}

trace(n) * m \free{Tmn m n}}

\subsubsection{Transpositions}
%\head{subsection}{Transpositions}{ugxCartenTranspos}

You can exchange any desired pair of indices using the
\spadfunFrom{transpose}{CartesianTensor} operation.

\labelSpace{1pc}

\xtc{

Here the indices in positions one and three are exchanged, that is,
\texht{$tT_{mn}(i,j,k,1) = T_{mn}(k,j,i,1).$}{%

\spad{tTmn(i,j,k,1) = Tmn(k,j,i,1).}}

H

\spadpaste{tTmn := transpose(Tmn,1,3) \free{tTmnl}}

¥

\xtc{

If no indices are specified, the first and last index are exchanged.
H

\spadpaste{transpose Tmn \free{Tmn}}

¥

\xtc{

This is consistent with the matrix transpose.

H

\spadpaste{transpose Tm = transpose m \free{Tm m}}

}

If a more complicated reordering of the indices is required, then the
\spadfunFrom{reindex}{CartesianTensor} operation can be used.

This operation allows the indices to be arbitrarily permuted.

\xtc{

This defines

\texht{$rT_{mn}(i,j,k,1) = \allowbreak T_{mn}(i,1,j,k).$}{%
\spad{rTmn(i,j,k,1) = Tmn(i,1,j,k).}}

H

\spadpaste{rTmn := reindex(Tmn, [1,4,2,3]) \free{Tmn}\bound{rTmn}}

}

\subsubsection{Arithmetic}
%\head{subsection}{Arithmetic}{ugxCartenArith}

\labelSpace{2pc}

\xtc{

Tensors of equal rank can be added or subtracted so arithmetic
expressions can be used to produce new tensors.
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H

\spadpaste{tt := transpose(Tm)*Tn - Tn*transpose(Tm) \free{Tm Tn}\bound{tt2}}
}

\xtc{

H

\spadpaste{Tv*(tt+Tn) \free{tt2 Tv Tnl}}

}

\xtc{

H

\spadpaste{reindex (product(Tn,Tn), [4,3,2,1])+3*Tn*product (Tm,Tm) \free{Tm Tn}}
}

\subsubsection{Specific Tensors}
%\head{subsection}{Specific Tensors}{ugxCartenSpecific}

Two specific tensors have properties which depend only on the

dimension.
\labelSpace{1lpc}
\xtc{
The Kronecker delta satisfies
\texht{}{%
\begin{verbatim}
+—
I 1 ifi =3j
delta(i,j) = |
| 0 if i ~=j
-
\end{verbatim}
iy
H

\spadpaste{delta: CT := kroneckerDelta() \free{CT}\bound{deltal}}
}

\xtcq{

This can be used to reindex via contraction.

H

\spadpaste{contract(Tmn, 2, delta, 1) = reindex(Tmn, [1,3,4,2])
\free{Tmn deltal}}

}

\xtc{

The Levi Civita symbol determines the sign of a permutation of indices.
H

\spadpaste{epsilon:CT := leviCivitaSymbol() \free{CT}\bound{epsilon}}
}

Here we have:

\texht{}{%
\begin{verbatim}
epsilon(il,...,idim)

= +1 if il,...,idim is an even permutation of i0,...,i0+dim-1
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= -1 if i1,...,idim is an odd permutation of iO,...,i0+dim-1
= 0 if i1,...,idim is not a permutation of i0,...,i0+dim-1
\end{verbatim}
}
\xtc{
This property can be used to form determinants.
H

\spadpaste{contract (epsilon*Tm*epsilon, 1,2) = 2 * determinant m \free{epsilon Tm m}}

}

\subsubsection{Properties of the CartesianTensor domain}
%\head{subsection}{Properties of the CartesianTensor domain}{ugxCartenProp}

\spadtype{GradedModule(R,E)} denotes °‘\spad{E}-graded \spad{R}-module’’,
that is, a collection of \spad{R}-modules indexed by an abelian monoid
\spad{E.}

An element \spad{g} of \spad{G[s]} for some specific \spad{s}

in \spad{E} is said to be an element of \spad{G} with
\spadfunFrom{degree}{GradedModule} \spad{s}.

Sums are defined in each module \spad{G[s]} so two elements of

\spad{G} can be added if they have the same degree.

Morphisms can be defined and composed by degree to give the

mathematical category of graded modules.

\spadtype{GradedAlgebra(R,E)} denotes °‘\spad{E}-graded \spad{R}-algebra.’’
{CartesianTensor}

A graded algebra is a graded module together with a degree preserving
\spad{R}-bilinear map, called the \spadfunFrom{product}{GradedAlgebral.

\begin{verbatim}
degree(product(a,b))= degree(a) + degree(b)

product (r*a,b) = product(a,r*b) = r*xproduct(a,b)
product(al+a2,b) = product(al,b) + product(a2,b)
product (a,b1+b2) = product(a,bl) + product(a,b2)
product (a,product(b,c)) = product(product(a,b),c)
\end{verbatim}

The domain \spadtype{CartesianTensor(iO, dim, R)} belongs

to the category \spadtype{GradedAlgebra(R, NonNegativeInteger)}.
The non-negative integer \spadfunFrom{degree}{GradedAlgebra}

is the tensor rank

and the graded algebra \spadfunFrom{product}{GradedAlgebra}

is the tensor outer product.

The graded module addition captures the notion that

only tensors of equal rank can be added.

If \spad{V} is a vector space of dimension \spad{dim} over \spad{R},
then the tensor module \spad{T[k](V)} is defined as
\begin{verbatim}
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T[OJ(V) =R
Tk](V) = Tk-11(V) * V
\end{verbatim}

where \spadop{*} denotes the \spad{R}-module tensor
\spadfunFrom{product}{GradedAlgebra}.

\spadtype{CartesianTensor (i0,dim,R)} is the graded algebra in which
the degree \spad{k} module is \spad{T[k](V)}.

\subsubsection{Tensor Calculus}
%\head{subsection}{Tensor Calculus}{ugxCartenCalculus}

It should be noted here that often tensors are used in the context of
tensor-valued manifold maps. This leads to the notion of covariant
and contravariant bases with tensor component functions transforming
in specific ways under a change of coordinates on the manifold. This
is no more directly supported by the \spadtype{CartesianTensor} domain
than it is by the \spadtype{Vector} domain. However, it is possible
to have the components implicitly represent component maps by choosing
a polynomial or expression type for the components. In this case, it
is up to the user to satisfy any constraints which arise on the basis
of this interpretation.
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\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch23}
\begin{paste}{CartesianTensorXmpPageFull23}{CartesianTensorXmpPageEmpty23}
\pastebutton{CartesianTensorXmpPageFull23}{\hidepaste}
\tab{5}\spadcommand{t3(2,1,2) \free{t3 }}
\indentrel{3}\begin{verbatim}

(23) 3

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty23}
\begin{paste}{CartesianTensorXmpPageEmpty23}{CartesianTensorXmpPagePatch23}
\pastebutton{CartesianTensorXmpPageEmpty23}{\showpaste}
\tab{5}\spadcommand{t3(2,1,2)\free{t3 }}

\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch24}
\begin{paste}{CartesianTensorXmpPageFull24}{CartesianTensorXmpPageEmpty24}
\pastebutton{CartesianTensorXmpPageFull24}{\hidepaste}
\tab{5}\spadcommand{Tmn(2,1,2,1) \free{Tmn }}
\indentrel{3}\begin{verbatim}

(24) 0

Type: NonNegativelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty24}
\begin{paste}{CartesianTensorXmpPageEmpty24}{CartesianTensorXmpPagePatch24}
\pastebutton{CartesianTensorXmpPageEmpty24}{\showpaste}
\tab{5}\spadcommand{Tmn(2,1,2,1)\free{Tmn }}

\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch25}
\begin{paste}{CartesianTensorXmpPageFull25}{CartesianTensorXmpPageEmpty25}
\pastebutton{CartesianTensorXmpPageFull25}{\hidepaste}
\tab{5}\spadcommand{t0[]\free{t0 }}
\indentrel{3}\begin{verbatim}

(25) 8

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

199
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\begin{patch}{CartesianTensorXmpPageEmpty25}
\begin{paste}{CartesianTensorXmpPageEmpty25}{CartesianTensorXmpPagePatch25}
\pastebutton{CartesianTensorXmpPageEmpty25}{\showpaste}
\tab{5}\spadcommand{t0[]\free{t0 }}

\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch26}
\begin{paste}{CartesianTensorXmpPageFull26}{CartesianTensorXmpPageEmpty26}
\pastebutton{CartesianTensorXmpPageFull26}{\hidepaste}
\tab{5}\spadcommand{t1[2]\free{tl }}
\indentrel{3}\begin{verbatim}

(26) 3

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty26}
\begin{paste}{CartesianTensorXmpPageEmpty26}{CartesianTensorXmpPagePatch26}
\pastebutton{CartesianTensorXmpPageEmpty26}{\showpaste}
\tab{5}\spadcommand{t1[2] \free{tl }}

\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch27}
\begin{paste}{CartesianTensorXmpPageFull27}{CartesianTensorXmpPageEmpty27}
\pastebutton{CartesianTensorXmpPageFull27}{\hidepaste}
\tab{5}\spadcommand{t2[2,1]\free{t2 }}
\indentrel{3}\begin{verbatim}

@n 2

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty27}
\begin{paste}{CartesianTensorXmpPageEmpty27}{CartesianTensorXmpPagePatch27}
\pastebutton{CartesianTensorXmpPageEmpty27}{\showpaste}
\tab{5}\spadcommand{t2[2,1]\free{t2 }}

\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch28}
\begin{paste}{CartesianTensorXmpPageFull28}{CartesianTensorXmpPageEmpty28}
\pastebutton{CartesianTensorXmpPageFull28}{\hidepaste}
\tab{5}\spadcommand{t3[2,1,2]\free{t3 }}
\indentrel{3}\begin{verbatim}

(28) 3

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty28}
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\begin{paste}{CartesianTensorXmpPageEmpty28}{CartesianTensorXmpPagePatch28}
\pastebutton{CartesianTensorXmpPageEmpty28}{\showpaste}
\tab{5}\spadcommand{t3[2,1,2] \free{t3 }}

\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch29}
\begin{paste}{CartesianTensorXmpPageFull29}{CartesianTensorXmpPageEmpty29}
\pastebutton{CartesianTensorXmpPageFull29}{\hidepaste}
\tab{5}\spadcommand{Tmn[2,1,2,1]\free{Tmn }}
\indentrel{3}\begin{verbatim}

(29) 0

Type: NonNegativelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty29}
\begin{paste}{CartesianTensorXmpPageEmpty29}{CartesianTensorXmpPagePatch29}
\pastebutton{CartesianTensorXmpPageEmpty29}{\showpaste}
\tab{5}\spadcommand{Tmn[2,1,2,1]\free{Tmn }}

\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch30}
\begin{paste}{CartesianTensorXmpPageFull30}{CartesianTensorXmpPageEmpty30}
\pastebutton{CartesianTensorXmpPageFull30}{\hidepaste}
\tab{5}\spadcommand{cTmn := contract(Tmn,1,2)\free{Tmn }\bound{cTmn }}
\indentrel{3}\begin{verbatim}

(30)

Type: CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty30}
\begin{paste}{CartesianTensorXmpPageEmpty30}{CartesianTensorXmpPagePatch30}
\pastebutton{CartesianTensorXmpPageEmpty30}{\showpaste}
\tab{5}\spadcommand{cTmn := contract(Tmn,1,2)\free{Tmn }\bound{cTmn }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch31}
\begin{paste}{CartesianTensorXmpPageFull31}{CartesianTensorXmpPageEmpty31}
\pastebutton{CartesianTensorXmpPageFull31}{\hidepaste}
\tab{5}\spadcommand{trace(m) * n\free{m n }}

\indentrel{3}\begin{verbatim}

(31)
Type: SquareMatrix(2,Integer)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{CartesianTensorXmpPageEmpty31}
\begin{paste}{CartesianTensorXmpPageEmpty31}{CartesianTensorXmpPagePatch31}
\pastebutton{CartesianTensorXmpPageEmpty31}{\showpaste}
\tab{5}\spadcommand{trace(m) * n\free{m n }}

\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch32}
\begin{paste}{CartesianTensorXmpPageFull32}{CartesianTensorXmpPageEmpty32}
\pastebutton{CartesianTensorXmpPageFull32}{\hidepaste}
\tab{5}\spadcommand{contract(Tmn,1,2) = trace(m) * n\free{Tmn m n }}
\indentrel{3}\begin{verbatim}

(32)

Type: Equation CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty32}
\begin{paste}{CartesianTensorXmpPageEmpty32}{CartesianTensorXmpPagePatch32}
\pastebutton{CartesianTensorXmpPageEmpty32}{\showpaste}
\tab{5}\spadcommand{contract(Tmn,1,2) = trace(m) * n\free{Tmn m n }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch33}
\begin{paste}{CartesianTensorXmpPageFull33}{CartesianTensorXmpPageEmpty33}
\pastebutton{CartesianTensorXmpPageFull33}{\hidepaste}
\tab{5}\spadcommand{contract(Tmn,1,3) = transpose(m) * n\free{Tmn m n }}
\indentrel{3}\begin{verbatim}

(33)

Type: Equation CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty33}
\begin{paste}{CartesianTensorXmpPageEmpty33}{CartesianTensorXmpPagePatch33}
\pastebutton{CartesianTensorXmpPageEmpty33}{\showpastel}
\tab{5}\spadcommand{contract(Tmn,1,3) = transpose(m) * n\free{Tmn m n }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch34}
\begin{paste}{CartesianTensorXmpPageFull34}{CartesianTensorXmpPageEmpty34}
\pastebutton{CartesianTensorXmpPageFull34}{\hidepaste}
\tab{5}\spadcommand{

contract(Tmn,1,4) = transpose(m) * transpose(n)\free{Tmn m n }}
\indentrel{3}\begin{verbatim}
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(34)

Type: Equation CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty34}
\begin{paste}{CartesianTensorXmpPageEmpty34}{CartesianTensorXmpPagePatch34}
\pastebutton{CartesianTensorXmpPageEmpty34}{\showpaste}
\tab{5}\spadcommand{

contract(Tmn,1,4) = transpose(m) * transpose(n)\free{Tmn m n }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch35}
\begin{paste}{CartesianTensorXmpPageFull35}{CartesianTensorXmpPageEmpty35}
\pastebutton{CartesianTensorXmpPageFull35}{\hidepaste}
\tab{5}\spadcommand{contract(Tmn,2,3) = m * n\free{Tmn m n }}
\indentrel{3}\begin{verbatim}

(35)

Type: Equation CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty35}
\begin{paste}{CartesianTensorXmpPageEmpty35}{CartesianTensorXmpPagePatch35}
\pastebutton{CartesianTensorXmpPageEmpty35}{\showpaste}
\tab{5}\spadcommand{contract(Tmn,2,3) = m * n\free{Tmn m n }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch36}
\begin{paste}{CartesianTensorXmpPageFull36}{CartesianTensorXmpPageEmpty36}
\pastebutton{CartesianTensorXmpPageFull36}{\hidepaste}
\tab{5}\spadcommand{contract(Tmn,2,4) = m * transpose(n)\free{Tmn m n }}
\indentrel{3}\begin{verbatim}

(36)

Type: Equation CartesianTensor(1l,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty36}
\begin{paste}{CartesianTensorXmpPageEmpty36}{CartesianTensorXmpPagePatch36}
\pastebutton{CartesianTensorXmpPageEmpty36}{\showpastel}
\tab{5}\spadcommand{contract(Tmn,2,4) = m * transpose(n)\free{Tmn m n }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch37}
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\begin{paste}{CartesianTensorXmpPageFull37}{CartesianTensorXmpPageEmpty37}
\pastebutton{CartesianTensorXmpPageFull37}{\hidepaste}
\tab{5}\spadcommand{contract(Tmn,3,4) = trace(n) * m\free{Tmn m n }}
\indentrel{3}\begin{verbatim}

(37)

Type: Equation CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty37}
\begin{paste}{CartesianTensorXmpPageEmpty37}{CartesianTensorXmpPagePatch37}
\pastebutton{CartesianTensorXmpPageEmpty37}{\showpaste}
\tab{5}\spadcommand{contract(Tmn,3,4) = trace(n) * m\free{Tmn m n }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch38}
\begin{paste}{CartesianTensorXmpPageFull38}{CartesianTensorXmpPageEmpty38}
\pastebutton{CartesianTensorXmpPageFull38}{\hidepaste}
\tab{5}\spadcommand{tTmn := transpose(Tmn,1,3)\free{tTmn }}
\indentrel{3}\begin{verbatim}

(38)

Type: CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty38}
\begin{paste}{CartesianTensorXmpPageEmpty38}{CartesianTensorXmpPagePatch38}
\pastebutton{CartesianTensorXmpPageEmpty38}{\showpaste}
\tab{5}\spadcommand{tTmn := transpose(Tmn,1,3)\free{tTmn }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch39}
\begin{paste}{CartesianTensorXmpPageFull39}{CartesianTensorXmpPageEmpty39}
\pastebutton{CartesianTensorXmpPageFull39}{\hidepaste}
\tab{5}\spadcommand{transpose Tmn\free{Tmn }}
\indentrel{3}\begin{verbatim}

(39)
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Type: CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty39}
\begin{paste}{CartesianTensorXmpPageEmpty39}{CartesianTensorXmpPagePatch39}
\pastebutton{CartesianTensorXmpPageEmpty39}{\showpaste}
\tab{5}\spadcommand{transpose Tmn\free{Tmn }}

\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch40}
\begin{paste}{CartesianTensorXmpPageFull40}{CartesianTensorXmpPageEmpty40}
\pastebutton{CartesianTensorXmpPageFull40}{\hidepaste}
\tab{5}\spadcommand{transpose Tm = transpose m\free{Tm m }}
\indentrel{3}\begin{verbatim}

(40)

Type: Equation CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty40}
\begin{paste}{CartesianTensorXmpPageEmpty40}{CartesianTensorXmpPagePatch40}
\pastebutton{CartesianTensorXmpPageEmpty40}{\showpaste}
\tab{5}\spadcommand{transpose Tm = transpose m\free{Tm m }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch41}
\begin{paste}{CartesianTensorXmpPageFull41}{CartesianTensorXmpPageEmpty41}
\pastebutton{CartesianTensorXmpPageFull41}{\hidepaste}
\tab{5}\spadcommand{rTmn := reindex(Tmn, [1,4,2,3])\free{Tmn }\bound{rTmn }}
\indentrel{3}\begin{verbatim}

(41)

Type: CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty41}
\begin{paste}{CartesianTensorXmpPageEmpty41}{CartesianTensorXmpPagePatch41}
\pastebutton{CartesianTensorXmpPageEmpty41}{\showpaste}
\tab{5}\spadcommand{rTmn := reindex(Tmn, [1,4,2,3])\free{Tmn }\bound{rTmn }}
\end{paste}\end{patch}



206 CHAPTER 3. HYPERDOC PAGES

\begin{patch}{CartesianTensorXmpPagePatch42}
\begin{paste}{CartesianTensorXmpPageFull42}{CartesianTensorXmpPageEmpty42}
\pastebutton{CartesianTensorXmpPageFull42}{\hidepaste}
\tab{5}\spadcommand{

tt := transpose(Tm)*Tn - Tnxtranspose(Tm)\free{Tm Tn }\bound{tt2 }}
\indentrel{3}\begin{verbatim}

(42)

Type: CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty42}
\begin{paste}{CartesianTensorXmpPageEmpty42}{CartesianTensorXmpPagePatch42}
\pastebutton{CartesianTensorXmpPageEmpty42}{\showpaste}
\tab{5}\spadcommand{

tt := transpose(Tm)*Tn - Tnxtranspose(Tm)\free{Tm Tn }\bound{tt2 }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch43}
\begin{paste}{CartesianTensorXmpPageFull43}{CartesianTensorXmpPageEmpty43}
\pastebutton{CartesianTensorXmpPageFull43}{\hidepaste}
\tab{5}\spadcommand{Tv*(tt+Tn) \free{tt2 Tv Tn }}
\indentrel{3}\begin{verbatim}
(43) [-4,- 11]

Type: CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty43}
\begin{paste}{CartesianTensorXmpPageEmpty43}{CartesianTensorXmpPagePatch43}
\pastebutton{CartesianTensorXmpPageEmpty43}{\showpaste}
\tab{5}\spadcommand{Tv* (tt+Tn) \free{tt2 Tv Tn }}

\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch44}
\begin{paste}{CartesianTensorXmpPageFull44}{CartesianTensorXmpPageEmpty44}
\pastebutton{CartesianTensorXmpPageFull44}{\hidepaste}
\tab{5}\spadcommand{

reindex (product(Tn,Tn), [4,3,2,1])+3*Tn*product (Tm,Tm) \free{Tm Tn }}
\indentrel{3}\begin{verbatim}

(44)
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Type: CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty44}
\begin{paste}{CartesianTensorXmpPageEmpty44}{CartesianTensorXmpPagePatch44}
\pastebutton{CartesianTensorXmpPageEmpty44}{\showpaste}
\tab{5}\spadcommand{

reindex(product(Tn,Tn), [4,3,2,1])+3*Tn*product (Tm,Tm) \free{Tm Tn }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch45}
\begin{paste}{CartesianTensorXmpPageFull45}{CartesianTensorXmpPageEmpty45}
\pastebutton{CartesianTensorXmpPageFull45}{\hidepaste}
\tab{5}\spadcommand{delta: CT := kroneckerDelta()\free{CT }\bound{delta }}
\indentrel{3}\begin{verbatim}

(45)

Type: CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty45}
\begin{paste}{CartesianTensorXmpPageEmpty45}{CartesianTensorXmpPagePatch45}
\pastebutton{CartesianTensorXmpPageEmpty45}{\showpaste}
\tab{5}\spadcommand{delta: CT := kroneckerDelta()\free{CT }\bound{delta }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch46}
\begin{paste}{CartesianTensorXmpPageFull46}{CartesianTensorXmpPageEmpty46}
\pastebutton{CartesianTensorXmpPageFull46}{\hidepaste}
\tab{5}\spadcommand{

contract(Tmn, 2, delta, 1) = reindex(Tmn, [1,3,4,2])\free{Tmn delta }}
\indentrel{3}\begin{verbatim}

(46)

Type: Equation CartesianTensor(1l,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty46}
\begin{paste}{CartesianTensorXmpPageEmpty46}{CartesianTensorXmpPagePatch46}
\pastebutton{CartesianTensorXmpPageEmpty46}{\showpastel}
\tab{5}\spadcommand{
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contract(Tmn, 2, delta, 1) = reindex(Tmn, [1,3,4,2])\free{Tmn delta }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch47}
\begin{paste}{CartesianTensorXmpPageFull47}{CartesianTensorXmpPageEmpty47}
\pastebutton{CartesianTensorXmpPageFull47}{\hidepaste}
\tab{5}\spadcommand{

epsilon:CT := leviCivitaSymbol()\free{CT }\bound{epsilon }}
\indentrel{3}\begin{verbatim}

47

Type: CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty47}
\begin{paste}{CartesianTensorXmpPageEmpty47}
{CartesianTensorXmpPagePatch47}
\pastebutton{CartesianTensorXmpPageEmpty47}{\showpaste}
\tab{5}\spadcommand{

epsilon:CT := leviCivitaSymbol()\free{CT }\bound{epsilon }}
\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPagePatch48}
\begin{paste}{CartesianTensorXmpPageFull48}{CartesianTensorXmpPageEmpty48}
\pastebutton{CartesianTensorXmpPageFull48}{\hidepaste}
\tab{5}\spadcommand{
contract (epsilon*Tmxepsilon, 1,2) = 2 * determinant m\free{epsilon Tm m }}
\indentrel{3}\begin{verbatim}
(48) -6=-6

Type: Equation CartesianTensor(1,2,Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CartesianTensorXmpPageEmpty48}
\begin{paste}{CartesianTensorXmpPageEmpty48}{CartesianTensorXmpPagePatch48}
\pastebutton{CartesianTensorXmpPageEmpty48}{\showpaste}
\tab{5}\spadcommand{

contract (epsilon*Tm*epsilon, 1,2) = 2 * determinant m\free{epsilon Tm m }}
\end{paste}\end{patch}
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3.14 cclass.ht

3.14.1 CharacterClass

— cclass.ht —

\begin{page}{CharacterClassXmpPage}{CharacterClass}
\beginscroll

The \spadtype{CharacterClass} domain allows classes of characters to be
defined and manipulated efficiently.

\xtc{

Character classes can be created by giving either a string or a list
of characters.

H

\spadpaste{cll :=

charClass [char "a", char "e", char "i", char "o", char "u", char "y"]
\bound{cl1}}

}

\xtc{

H

\spadpaste{cl2 := charClass "bcdfghjklmnpgrstvwxyz" \bound{cl2}}
}

\xtc{

A number of character classes are predefined for convenience.
H

\spadpaste{digit ()}

}

\xtc{

H

\spadpaste{hexDigit ()}

}

\xtc{

H

\spadpaste{upperCase ()}

}

\xtcq

H

\spadpaste{lowerCase ()}

}

\xtc{

H

\spadpaste{alphabetic()}

}

\xtc{

H

\spadpaste{alphanumeric ()}
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}

\xtc{

You can quickly test whether a character belongs to a class.
H

\spadpaste{member?(char "a", cl1) \free{cl1}}

}

\xtc{

H

\spadpaste{member?(char "a", cl2) \free{cl2}}

}

\xtc{

Classes have the usual set operations because

the \spadtype{CharacterClass} domain belongs to the category
\spadtype{FiniteSetAggregate(Character)?}.

H

\spadpaste{intersect(cll, cl2) \free{cll cl2}}

}

\xtc{

H

\spadpaste{union(cll,cl2) \free{cll cl2}}

}

\xtc{

H

\spadpaste{difference(cll,cl2) \free{cll cl2}}

}

\xtc{

H

\spadpaste{intersect (complement(cl1),cl2) \free{cll cl2}}
}

\xtc{

You can modify character classes by adding or removing characters.
H

\spadpaste{insert! (char "a", cl2) \free{cl2}\bound{cl22}}
}

\xtc{

H

\spadpaste{remove! (char "b", cl2) \free{cl22}\bound{c123}}
}

For more information on related topics, see
\downlink{‘Character’}{CharacterXmpPage}\ignore{Character} and
\downlink{‘String’}{StringXmpPage}\ignore{String}.

yA

\showBlurb{CharacterClass}

\endscroll

\autobuttons

\end{page}

\begin{patch}{CharacterClassXmpPagePatchl}
\begin{paste}{CharacterClassXmpPageFulli}{CharacterClassXmpPageEmpty1}
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\pastebutton{CharacterClassXmpPageFulll}{\hidepaste}
\tab{5}\spadcommand{
cll:=charClass[char "a", char "e", char "i", char "o", char "u", char "y"]
\bound{cl1 }}
\indentrel{3}\begin{verbatim}

(1) T"aeiouy"

Type: CharacterClass

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmptyl}
\begin{paste}{CharacterClassXmpPageEmptyl}{CharacterClassXmpPagePatchl}
\pastebutton{CharacterClassXmpPageEmptyl}{\showpaste}

\tab{5}\spadcommand{

cll:=charClass [char "a", char "e", char "i", char "o", char "u", char "y"]
\bound{cl1 }}

\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatch2}
\begin{paste}{CharacterClassXmpPageFull2}{CharacterClassXmpPageEmpty2}
\pastebutton{CharacterClassXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{cl2 := charClass "bcdfghjklmnpqrstvwxyz"\bound{cl2 }}
\indentrel{3}\begin{verbatim}

(2) "bcdfghjklmnpqrstvwxyz"

Type: CharacterClass

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty2}
\begin{paste}{CharacterClassXmpPageEmpty2}{CharacterClassXmpPagePatch2}
\pastebutton{CharacterClassXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{cl2 := charClass "bcdfghjklmnpqrstvwxyz"\bound{cl2 }}
\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatch3}
\begin{paste}{CharacterClassXmpPageFull3}{CharacterClassXmpPageEmpty3}
\pastebutton{CharacterClassXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{digit ()}
\indentrel{3}\begin{verbatim}

(3) "0123456789"

Type: CharacterClass

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty3}
\begin{paste}{CharacterClassXmpPageEmpty3}{CharacterClassXmpPagePatch3}
\pastebutton{CharacterClassXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{digit ()}

\end{paste}\end{patch}
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\begin{patch}{CharacterClassXmpPagePatch4}
\begin{paste}{CharacterClassXmpPageFull4}{CharacterClassXmpPageEmpty4}
\pastebutton{CharacterClassXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{hexDigit ()}
\indentrel{3}\begin{verbatim}

(4) "0123456789ABCDEFabcdef"

Type: CharacterClass

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty4}
\begin{paste}{CharacterClassXmpPageEmpty4}{CharacterClassXmpPagePatch4}
\pastebutton{CharacterClassXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{hexDigit ()}

\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatch5}
\begin{paste}{CharacterClassXmpPageFull5}{CharacterClassXmpPageEmpty5}
\pastebutton{CharacterClassXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{upperCase ()}
\indentrel{3}\begin{verbatim}

(56) "ABCDEFGHIJKLMNOPQRSTUVWXYZ"

Type: CharacterClass

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty5}
\begin{paste}{CharacterClassXmpPageEmpty5}{CharacterClassXmpPagePatch5}
\pastebutton{CharacterClassXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{upperCase ()}

\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatch6}
\begin{paste}{CharacterClassXmpPageFull6}{CharacterClassXmpPageEmpty6}
\pastebutton{CharacterClassXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{lowerCase()}
\indentrel{3}\begin{verbatim}

(6) "abcdefghijklmnopqrstuvwxyz"

Type: CharacterClass

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty6}
\begin{paste}{CharacterClassXmpPageEmpty6}{CharacterClassXmpPagePatch6}
\pastebutton{CharacterClassXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{lowerCase ()}

\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatch7}
\begin{paste}{CharacterClassXmpPageFull7}{CharacterClassXmpPageEmpty7}
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\pastebutton{CharacterClassXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{alphabetic()}
\indentrel{3}\begin{verbatim}
(7
"ABCDEFGHIJKLMNOPQRSTUVWXYZabcdefghijklmnopgrstuvwxyz"
Type: CharacterClass
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty7}
\begin{paste}{CharacterClassXmpPageEmpty7}{CharacterClassXmpPagePatch7}
\pastebutton{CharacterClassXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{alphabetic ()}

\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatch8}
\begin{paste}{CharacterClassXmpPageFull8}{CharacterClassXmpPageEmpty8}
\pastebutton{CharacterClassXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{alphanumeric ()}

\indentrel{3}\begin{verbatim}

(8)
"0123456789ABCDEFGHI JKLMNOPQRSTUVWXYZabcdefghi jklmnopqr
stuvwxyz"
Type: CharacterClass
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty8}
\begin{paste}{CharacterClassXmpPageEmpty8}{CharacterClassXmpPagePatch8}
\pastebutton{CharacterClassXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{alphanumeric ()}

\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatch9}
\begin{paste}{CharacterClassXmpPageFull9}{CharacterClassXmpPageEmpty9}
\pastebutton{CharacterClassXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{member?(char "a", cli)\free{cll }}
\indentrel{3}\begin{verbatim}

(9) true

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty9}
\begin{paste}{CharacterClassXmpPageEmpty9}{CharacterClassXmpPagePatch9}
\pastebutton{CharacterClassXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{member? (char "a", cli)\free{cll }}
\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatch10}
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\begin{paste}{CharacterClassXmpPageFull10}{CharacterClassXmpPageEmpty10}
\pastebutton{CharacterClassXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{member? (char "a", c12)\free{cl2 }}
\indentrel{3}\begin{verbatim}

(10) false

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty10}
\begin{paste}{CharacterClassXmpPageEmpty10}{CharacterClassXmpPagePatch10}
\pastebutton{CharacterClassXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{member?(char "a", cl2)\free{cl2 }}
\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatchl1}
\begin{paste}{CharacterClassXmpPageFullill}{CharacterClassXmpPageEmpty11}
\pastebutton{CharacterClassXmpPageFulll1}{\hidepaste}
\tab{5}\spadcommand{intersect(cll, cl2)\free{cll cl2 }}
\indentrel{3}\begin{verbatim}
a1y

Type: CharacterClass
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty11}
\begin{paste}{CharacterClassXmpPageEmptyl1l}{CharacterClassXmpPagePatchl1}
\pastebutton{CharacterClassXmpPageEmptyl1}{\showpaste}
\tab{56}\spadcommand{intersect(cll, cl12)\free{cll cl2 }}
\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatch12}
\begin{paste}{CharacterClassXmpPageFulll2}{CharacterClassXmpPageEmpty12}
\pastebutton{CharacterClassXmpPageFull12}{\hidepaste}
\tab{5}\spadcommand{union(cl1l,cl2)\free{cll cl2 }}
\indentrel{3}\begin{verbatim}

(12) "abcdefghijklmnopqrstuvwxyz"

Type: CharacterClass

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty12}
\begin{paste}{CharacterClassXmpPageEmpty12}{CharacterClassXmpPagePatch12}
\pastebutton{CharacterClassXmpPageEmpty12}{\showpaste}
\tab{5}\spadcommand{union(cll,cl2)\free{cll cl2 }}

\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatch13}
\begin{paste}{CharacterClassXmpPageFull13}{CharacterClassXmpPageEmpty13}
\pastebutton{CharacterClassXmpPageFull13}{\hidepaste}
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\tab{5}\spadcommand{difference(cll,cl2)\free{cll cl2 }}
\indentrel{3}\begin{verbatim}
(13) "aeiou"
Type: CharacterClass
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty13}
\begin{paste}{CharacterClassXmpPageEmpty13}{CharacterClassXmpPagePatch13}
\pastebutton{CharacterClassXmpPageEmpty13}{\showpaste}
\tab{5}\spadcommand{difference(cll,cl2)\free{cll cl2 }}
\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatch14}
\begin{paste}{CharacterClassXmpPageFulll4}{CharacterClassXmpPageEmpty14}
\pastebutton{CharacterClassXmpPageFulll4}{\hidepaste}
\tab{5}\spadcommand{intersect (complement (c11),cl2)\free{cll cl2 }}
\indentrel{3}\begin{verbatim}

(14) "bcdfghjklmnpqrstvwxz"

Type: CharacterClass

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty14}
\begin{paste}{CharacterClassXmpPageEmptyl4}{CharacterClassXmpPagePatch14}
\pastebutton{CharacterClassXmpPageEmpty14}{\showpaste}
\tab{5}\spadcommand{intersect (complement (cl1),c12)\free{cll cl2 }}
\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatchi5}
\begin{paste}{CharacterClassXmpPageFulll5}{CharacterClassXmpPageEmpty15}
\pastebutton{CharacterClassXmpPageFulli5}{\hidepaste}
\tab{5}\spadcommand{insert! (char "a", cl2)\free{cl2 }\bound{cl22 }}
\indentrel{3}\begin{verbatim}

(15) "abcdfghjklmnpqrstvwxyz"

Type: CharacterClass

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty15}
\begin{paste}{CharacterClassXmpPageEmpty15}{CharacterClassXmpPagePatchl5}
\pastebutton{CharacterClassXmpPageEmpty15}{\showpaste}
\tab{5}\spadcommand{insert! (char "a", c12)\free{cl2 }\bound{cl22 }}
\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPagePatch16}
\begin{paste}{CharacterClassXmpPageFull16}{CharacterClassXmpPageEmpty16}
\pastebutton{CharacterClassXmpPageFull16}{\hidepaste}
\tab{5}\spadcommand{remove! (char "b", c12)\free{cl22 }\bound{cl23 }}
\indentrel{3}\begin{verbatim}
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(16) "acdfghjklmnpqrstvwxyz"
Type: CharacterClass
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterClassXmpPageEmpty16}
\begin{paste}{CharacterClassXmpPageEmpty16}{CharacterClassXmpPagePatchl6}
\pastebutton{CharacterClassXmpPageEmpty16}{\showpaste}
\tab{5}\spadcommand{remove! (char "b", c12)\free{cl22 }\bound{cl23 }}
\end{paste}\end{patch}

3.15 char.ht

3.15.1 Character

= “CharacterClass” (CharacterClassXmpPage) B2 on page
= “String” (StringXmpPage) BT on page [Z51
— char.ht —

\begin{page}{CharacterXmpPage}{Character}
\beginscroll

The members of the domain \spadtype{Character} are values

representing letters, numerals and other text elements.

For more information on related topics, see
\downlink{‘CharacterClass’}{CharacterClassXmpPage}\ignore{CharacterClass}
and \downlink{‘String’}{StringXmpPage}\ignore{String}.

\xtcq{

Characters can be obtained using \spadtype{String} notation.
H

\spadpaste{chars := [char "a", char "A", char "X", char "8", char "+"]
\bound{chars}}

}

\xtcq{

Certain characters are available by name.

This is the blank character.

H

\spadpaste{space()}

}

\xtc{

This is the quote that is used in strings.

H
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\spadpaste{quote ()}

}

\xtc{

This is the escape character that allows quotes and other characters
within strings.

H

\spadpaste{escape ()}

}

\xtc{

Characters are represented as integers in a machine-dependent way.

The integer value can be obtained using the \spadfunFrom{ord}{Character}
operation.

It is always true that \spad{char(ord c) = c} and \spad{ord(char i) = i},
provided that \spad{i} is in the range \spad{0..size()\$Character-1}.

H

\spadpaste{[ord c for c in chars] \free{chars}}

}

\xtc{

The \spadfunFrom{lowerCase}{Character} operation converts an upper case
letter to the corresponding lower case letter.

If the argument is not an upper case letter, then it is returned
unchanged.

H

\spadpaste{ [upperCase ¢ for c¢ in chars] \free{chars}}

}

\xtc{

Likewise, the \spadfunFrom{upperCasel}{Character} operation converts lower
case letters to upper case.

H

\spadpaste{[lowerCase ¢ for c¢ in chars] \free{chars}}

}

\xtc{

A number of tests are available to determine whether characters
belong to certain families.

H

\spadpaste{[alphabetic? c for c in chars] \free{chars}}
}

\xtc{

H

\spadpaste{ [upperCase? ¢ for c in chars] \free{chars}}
}

\xtc{

H

\spadpaste{[lowerCase? c for c in chars] \free{chars}}
}

\xtc{

H

\spadpaste{[digit? c¢ for c in chars] \free{chars}}

217
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}

\xtc{

H

\spadpaste{[hexDigit? c for c¢ in chars] \free{chars}}
}

\xtc{

H

\spadpasteq{[alphanumeric? ¢ for ¢ in chars] \free{chars}}
}

\endscroll

\autobuttons

\end{page}

\begin{patch}{CharacterXmpPagePatchl}
\begin{paste}{CharacterXmpPageFulli}{CharacterXmpPageEmptyl}
\pastebutton{CharacterXmpPageFulll}{\hidepaste}
\tab{5}\spadcommand{
chars := [char "a", char "A", char "X", char "8", char "+"]\bound{chars }}
\indentrel{3}\begin{verbatim}

(1) [a,A,X,8,+]

Type: List Character

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterXmpPageEmpty1l}
\begin{paste}{CharacterXmpPageEmptyl}{CharacterXmpPagePatchl}
\pastebutton{CharacterXmpPageEmptyl}{\showpaste}

\tab{5}\spadcommand{

chars := [char "a", char "A", char "X", char "8", char "+"]\bound{chars }}
\end{paste}\end{patch}

\begin{patch}{CharacterXmpPagePatch2}
\begin{paste}{CharacterXmpPageFull2}{CharacterXmpPageEmpty2}
\pastebutton{CharacterXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{space O}
\indentrel{3}\begin{verbatim}

(2)

Type: Character

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterXmpPageEmpty2}
\begin{paste}{CharacterXmpPageEmpty2}{CharacterXmpPagePatch2}
\pastebutton{CharacterXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{space ()}

\end{paste}\end{patch}

\begin{patch}{CharacterXmpPagePatch3}
\begin{paste}{CharacterXmpPageFull3}{CharacterXmpPageEmpty3}
\pastebutton{CharacterXmpPageFull3}{\hidepaste}
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\tab{5}\spadcommand{quote () }
\indentrel{3}\begin{verbatim}
@
Type: Character
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterXmpPageEmpty3}
\begin{paste}{CharacterXmpPageEmpty3}{CharacterXmpPagePatch3}
\pastebutton{CharacterXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{quote ()}

\end{paste}\end{patch}

\begin{patch}{CharacterXmpPagePatch4}
\begin{paste}{CharacterXmpPageFull4}{CharacterXmpPageEmpty4}
\pastebutton{CharacterXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{escape ()}
\indentrel{3}\begin{verbatim}

@ _

Type: Character

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterXmpPageEmpty4}
\begin{paste}{CharacterXmpPageEmpty4}{CharacterXmpPagePatch4}
\pastebutton{CharacterXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{escape ()}

\end{paste}\end{patch}

\begin{patch}{CharacterXmpPagePatch5}
\begin{paste}{CharacterXmpPageFull5}{CharacterXmpPageEmpty5}
\pastebutton{CharacterXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{ [ord ¢ for ¢ in chars]\free{chars }}
\indentrel{3}\begin{verbatim}
(5) [97,65,88,56,43]

Type: List Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterXmpPageEmpty5}
\begin{paste}{CharacterXmpPageEmpty5}{CharacterXmpPagePatch5}
\pastebutton{CharacterXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{[ord ¢ for c in chars]\free{chars }}
\end{paste}\end{patch}

\begin{patch}{CharacterXmpPagePatch6}
\begin{paste}{CharacterXmpPageFull6}{CharacterXmpPageEmpty6}
\pastebutton{CharacterXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{ [upperCase c for c in chars]\free{chars }}
\indentrel{3}\begin{verbatim}
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(6) [A,A,X,8,+]
Type: List Character
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterXmpPageEmpty6}
\begin{paste}{CharacterXmpPageEmpty6}{CharacterXmpPagePatch6}
\pastebutton{CharacterXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{ [upperCase c¢ for ¢ in chars]\free{chars }}
\end{paste}\end{patch}

\begin{patch}{CharacterXmpPagePatch7}
\begin{paste}{CharacterXmpPageFull7}{CharacterXmpPageEmpty7}
\pastebutton{CharacterXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{ [lowerCase c¢ for c in chars]\free{chars }}
\indentrel{3}\begin{verbatim}

(7) [a,a,x,8,+]

Type: List Character

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterXmpPageEmpty7}
\begin{paste}{CharacterXmpPageEmpty7}{CharacterXmpPagePatch7}
\pastebutton{CharacterXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{ [lowerCase c¢ for c in chars]\free{chars }}
\end{paste}\end{patch}

\begin{patch}{CharacterXmpPagePatch8}
\begin{paste}{CharacterXmpPageFull8}{CharacterXmpPageEmpty8}
\pastebutton{CharacterXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{ [alphabetic? ¢ for c in chars]\free{chars }}
\indentrel{3}\begin{verbatim}

(8) [true,true,true,false,false]

Type: List Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterXmpPageEmpty8}
\begin{paste}{CharacterXmpPageEmpty8}{CharacterXmpPagePatch8}
\pastebutton{CharacterXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{ [alphabetic? c for c in chars]\free{chars }}
\end{paste}\end{patch}

\begin{patch}{CharacterXmpPagePatch9}
\begin{paste}{CharacterXmpPageFull9}{CharacterXmpPageEmpty9}
\pastebutton{CharacterXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{ [upperCase? c for c in chars]\free{chars }}
\indentrel{3}\begin{verbatim}
(9) [false,true,true,false,false]
Type: List Boolean



3.15. CHAR.HT

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterXmpPageEmpty9}
\begin{paste}{CharacterXmpPageEmpty9}{CharacterXmpPagePatch9}
\pastebutton{CharacterXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{ [upperCase? c for c¢ in chars]\free{chars }}
\end{paste}\end{patch}

\begin{patch}{CharacterXmpPagePatch10}
\begin{paste}{CharacterXmpPageFull10}{CharacterXmpPageEmpty10}
\pastebutton{CharacterXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{ [lowerCase? c for c¢ in chars]\free{chars }}
\indentrel{3}\begin{verbatim}

(10) [true,false,false,false,false]

Type: List Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterXmpPageEmpty10}
\begin{paste}{CharacterXmpPageEmpty10}{CharacterXmpPagePatch10}
\pastebutton{CharacterXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{ [lowerCase? ¢ for c in chars]\free{chars }}
\end{paste}\end{patch}

\begin{patch}{CharacterXmpPagePatchi1}
\begin{paste}{CharacterXmpPageFullli}{CharacterXmpPageEmpty11}
\pastebutton{CharacterXmpPageFulll1}{\hidepaste}
\tab{5}\spadcommand{[digit? ¢ for c in chars]\free{chars }}
\indentrel{3}\begin{verbatim}

(11) [false,false,false,true,false]

Type: List Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterXmpPageEmpty11}
\begin{paste}{CharacterXmpPageEmptyl1}{CharacterXmpPagePatchl1}
\pastebutton{CharacterXmpPageEmptyl1}{\showpaste}
\tab{5}\spadcommand{ [digit? ¢ for c¢ in chars]\free{chars }}
\end{paste}\end{patch}

\begin{patch}{CharacterXmpPagePatch12}
\begin{paste}{CharacterXmpPageFull12}{CharacterXmpPageEmpty12}
\pastebutton{CharacterXmpPageFulli2}{\hidepaste}
\tab{5}\spadcommand{ [hexDigit? ¢ for c in chars]\free{chars }}
\indentrel{3}\begin{verbatim}

(12) [true,true,false,true,false]

Type: List Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{CharacterXmpPageEmpty12}
\begin{paste}{CharacterXmpPageEmpty12}{CharacterXmpPagePatch12}
\pastebutton{CharacterXmpPageEmpty12}{\showpaste}
\tab{5}\spadcommand{ [hexDigit? ¢ for c in chars]\free{chars }}
\end{paste}\end{patch}

\begin{patch}{CharacterXmpPagePatch13}
\begin{paste}{CharacterXmpPageFulll3}{CharacterXmpPageEmpty13}
\pastebutton{CharacterXmpPageFull13}{\hidepaste}
\tab{5}\spadcommand{ [alphanumeric? ¢ for ¢ in chars]\free{chars }}
\indentrel{3}\begin{verbatim}

(13) [true,true,true,true,false]

Type: List Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CharacterXmpPageEmpty13}
\begin{paste}{CharacterXmpPageEmpty13}{CharacterXmpPagePatch13}
\pastebutton{CharacterXmpPageEmpty13}{\showpaste}
\tab{5}\spadcommand{ [alphanumeric? ¢ for c¢ in chars]\free{chars }}
\end{paste}\end{patch}

3.15.2 CliffordAlgebra

= “The Complex Numbers as a Clifford Algebra” (ugxCliffordComplexPage) BI53 on
page 223
= “The Quaternion Numbers as a Clifford AlgebraNo” (ugxCliffordQuaternPage) BI54 on
page 224
= “The Exterior Algebra on a Three Space” (ugxCliffordExteriorPage) BI53 on page P32
= “The Dirac Spin Algebra” (ugxCliffordDiracPage) BZI5G on page

— clif.ht —

\begin{page}{CliffordAlgebraXmpPage}{CliffordAlgebra}
\beginscroll

\noindent

\spadtype{CliffordAlgebra(n,K,Q)} defines a vector space of dimension
\texht{$2 "n$}{\spad{2**n}} over the field \texht{$K$}{\spad{K}} with a
given quadratic form \spad{Q}.

If \texht{$\{e_1, \ldots, e_n\}$}{\spad{\{e(i), 1<=i<=n\}}}

is a basis for \texht{$K"n$}{\spad{K**n}} then

\begin{verbatim}
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{ 1,
e(i) 1 <= i <= n,
e(il)*e(i2) 1 <= il < i2 <=n,

e(1)*xe(2)*...*xe(n) }
\end{verbatim}
is a basis for the Clifford algebra.
The algebra is defined by the relations

\begin{verbatim}
e(i)*e(i) = QCe(i))
e(i)*e(j) = -e(jI*e(i), i "= j

\end{verbatim}

Examples of Clifford Algebras are
gaussians (complex numbers), quaternions,
exterior algebras and spin algebras.

%

\beginmenu

\menudownlink{{9.10.1. The Complex Numbers as a Clifford Algebral}}

{ugxCliffordComplexPage}

\menudownlink{{9.10.2. The Quaternion Numbers as a Clifford Algebral}}

{ugxCliffordQuaternPage}
\menudownlink{{9.10.3. The Exterior Algebra on a Three Spacel}}
{ugxCliffordExteriorPage}
\menudownlink{{9.10.4. The Dirac Spin Algebral}}
{ugxCliffordDiracPage}
\endmenu
\endscroll
\autobuttons
\end{page}

3.15.3 The Complex Numbers as a Clifford Algebra

= “Complex” (ComplexXmpPage) BI61 on page
— clif.ht —

\begin{page}{ugxCliffordComplexPage}
{The Complex Numbers as a Clifford Algebral}
\beginscroll

\labelSpace{5pc}

\xtc{

This is the field over which we will work, rational functions with
integer coefficients.

H
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\spadpaste{K := Fraction Polynomial Integer \bound{K}}

}

\xtc{

We use this matrix for the quadratic form.

H

\spadpaste{m := matrix {\tt{}-1} \bound{m}}

}

\xteq

We get complex arithmetic by using this domain.

H

\spadpaste{C := CliffordAlgebra(l, K, quadraticForm m) \free{K m}
\bound{C}}

}

\xtc{

Here is \spad{i}, the usual square root of \spad{-1.}

H

\spadpaste{i: C := e(1) \bound{i}\free{C}}

}

\xtc{

Here are some examples of the arithmetic.

H
\spadpaste{x :
}

\xtcq

H
\spadpaste{y :
}

\xtcq

See \downlink{‘Complex’}{ComplexXmpPage}\ignore{Complex}
for examples of Axiom’s constructor

implementing complex numbers.

H

\spadpaste{x * y \free{x y}}

}

a + b *x i \bound{x}\free{il}}

c +d *x i \bound{y}\free{i}}

\endscroll
\autobuttons
\end{page}

\begin{patch}{ugxCliffordComplexPagePatchl}
\begin{paste}{ugxCliffordComplexPageFulll}{ugxCliffordComplexPageEmpty1}
\pastebutton{ugxCliffordComplexPageFulll}{\hidepaste}
\tab{5}\spadcommand{K := Fraction Polynomial Integer\bound{K }}
\indentrel{3}\begin{verbatim}

(1) Fraction Polynomial Integer

Type: Domain

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordComplexPageEmpty1}
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\begin{paste}{ugxCliffordComplexPageEmpty1}{ugxCliffordComplexPagePatchl}
\pastebutton{ugxCliffordComplexPageEmpty1}{\showpaste}
\tab{5}\spadcommand{K := Fraction Polynomial Integer\bound{K }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordComplexPagePatch2}
\begin{paste}{ugxCliffordComplexPageFull2}{ugxCliffordComplexPageEmpty2}
\pastebutton{ugxCliffordComplexPageFull2}{\hidepaste}
\tab{5}\spadcommand{m := matrix {\tt{}-1}\bound{m 1}}
\indentrel{3}\begin{verbatim}

2 [-1]

Type: Matrix Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordComplexPageEmpty2}
\begin{paste}{ugxCliffordComplexPageEmpty2}{ugxCliffordComplexPagePatch2}
\pastebutton{ugxCliffordComplexPageEmpty2}{\showpaste}
\tab{5}\spadcommand{m := matrix {\tt{}-1}\bound{m }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordComplexPagePatch3}
\begin{paste}{ugxCliffordComplexPageFull3}{ugxCliffordComplexPageEmpty3}
\pastebutton{ugxCliffordComplexPageFull3}{\hidepaste}
\tab{5}\spadcommand{
C := CliffordAlgebra(l, K, quadraticForm m)\free{K m }\bound{C }}
\indentrel{3}\begin{verbatim}

(3)

CliffordAlgebra(l,Fraction Polynomial Integer,MATRIX)

Type: Domain

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordComplexPageEmpty3}
\begin{paste}{ugxCliffordComplexPageEmpty3}{ugxCliffordComplexPagePatch3}
\pastebutton{ugxCliffordComplexPageEmpty3}{\showpaste}
\tab{5}\spadcommand{

C := CliffordAlgebra(l, K, quadraticForm m)\free{K m }\bound{C }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordComplexPagePatch4}
\begin{paste}{ugxCliffordComplexPageFull4}{ugxCliffordComplexPageEmpty4}
\pastebutton{ugxCliffordComplexPageFull4}{\hidepaste}
\tab{5}\spadcommand{i: C := e(1)\bound{i }\free{C }}
\indentrel{3}\begin{verbatim}

(4) e

1

Type: CliffordAlgebra(l,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{ugxCliffordComplexPageEmpty4}
\begin{paste}{ugxCliffordComplexPageEmpty4}{ugxCliffordComplexPagePatch4}
\pastebutton{ugxCliffordComplexPageEmpty4}{\showpaste}
\tab{5}\spadcommand{i: C := e(1)\bound{i }\free{C }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordComplexPagePatchb5}
\begin{paste}{ugxCliffordComplexPageFull5}{ugxCliffordComplexPageEmpty5}
\pastebutton{ugxCliffordComplexPageFull5}{\hidepaste}
\tab{5}\spadcommand{x := a + b * i\bound{x }\free{i }}
\indentrel{3}\begin{verbatim}

(5) a+be

1

Type: CliffordAlgebra(l,Fraction Polynomial Integer ,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordComplexPageEmpty5}
\begin{paste}{ugxCliffordComplexPageEmpty5}{ugxCliffordComplexPagePatch5}
\pastebutton{ugxCliffordComplexPageEmpty5}{\showpaste}
\tab{5}\spadcommand{x := a + b * i\bound{x }\free{i }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordComplexPagePatch6}
\begin{paste}{ugxCliffordComplexPageFull6}{ugxCliffordComplexPageEmpty6}
\pastebutton{ugxCliffordComplexPageFull6}{\hidepaste}
\tab{5}\spadcommand{y := ¢ + d * i\bound{y }\free{i }}
\indentrel{3}\begin{verbatim}

(6) c+de

1

Type: CliffordAlgebra(l,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordComplexPageEmpty6}
\begin{paste}{ugxCliffordComplexPageEmpty6}{ugxCliffordComplexPagePatch6}
\pastebutton{ugxCliffordComplexPageEmpty6}{\showpaste}
\tab{5}\spadcommand{y := ¢ + d * i\bound{y }\free{i }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordComplexPagePatch7}
\begin{paste}{ugxCliffordComplexPageFull7}{ugxCliffordComplexPageEmpty7}
\pastebutton{ugxCliffordComplexPageFull7}{\hidepaste}
\tab{5}\spadcommand{x * y\free{x y }}
\indentrel{3}\begin{verbatim}

(7) -bd+ac+ (ad+Dbcle

1

Type: CliffordAlgebra(l,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordComplexPageEmpty7}
\begin{paste}{ugxCliffordComplexPageEmpty7}{ugxCliffordComplexPagePatch7}
\pastebutton{ugxCliffordComplexPageEmpty7}{\showpaste}
\tab{5}\spadcommand{x * y\free{x y }}

\end{paste}\end{patch}

3.15.4 The Quaternion Numbers as a Clifford Algebra

= “Quaternion” (QuaternionXmpPage) B=X51 on page 119
— clif.ht —

\begin{page}{ugxCliffordQuaternPage}
{The Quaternion Numbers as a Clifford Algebra}
\beginscroll

\labelSpace{3pc}

\xtc{

This is the field over which we will work, rational functions with

integer coefficients.

H

\spadpaste{K := Fraction Polynomial Integer \bound{Kl}}

}

\xtc{

We use this matrix for the quadratic form.

H

\spadpaste{m := matrix {\tt{}-1,0]1,[0,-1} \bound{m}}

}

\xtc{

The resulting domain is the quaternioms.

H

\spadpaste{H := CliffordAlgebra(2, K, quadraticForm m) \free{K m}\bound{H}}
}

\xtc{

We use Hamilton’s notation for \spad{il},\spad{j},\spad{k}.

H
\spadpaste{i: H
}

\xtc{

H
\spadpaste{j: H
}

\xtc{

H

e(1) \free{H}\bound{il}}

e(2) \free{H}\bound{j}}
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\spadpaste{k: H
}

\xtc{

H

\spadpaste{x :=a +b *x i+ c* j+d*k \free{i j k}\bound{x}}
}

\xtc{

H

\spadpaste{y :=e + f * 1 + g * j + h * k \free{i j k}\bound{y}}
}

\xtc{

H

\spadpaste{x + y \free{x y}}

}

\xtc{

H

\spadpaste{x * y \free{x y}}

}

\xtc{

See \downlink{‘Quaternion’}{QuaternionXmpPage}
\ignore{Quaternion} for examples of Axiom’s constructor
implementing quaternions.

H

\spadpaste{y * x \free{x y}}

}

i * j \free{H,i,j}\bound{k}}

\endscroll
\autobuttons
\end{page}

\begin{patch}{ugxCliffordQuaternPagePatchl}
\begin{paste}{ugxCliffordQuaternPageFulll}{ugxCliffordQuaternPageEmpty1}
\pastebutton{ugxCliffordQuaternPageFulli}{\hidepaste}
\tab{5}\spadcommand{K := Fraction Polynomial Integer\bound{K }}
\indentrel{3}\begin{verbatim}

(1) Fraction Polynomial Integer

Type: Domain

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPageEmpty1}
\begin{paste}{ugxCliffordQuaternPageEmptyl}{ugxCliffordQuaternPagePatchl}
\pastebutton{ugxCliffordQuaternPageEmpty1}{\showpaste}
\tab{5}\spadcommand{K := Fraction Polynomial Integer\bound{K }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPagePatch2}
\begin{paste}{ugxCliffordQuaternPageFull2}{ugxCliffordQuaternPageEmpty2}
\pastebutton{ugxCliffordQuaternPageFull2}{\hidepaste}
\tab{5}\spadcommand{m := matrix {\tt{}-1,0],[0,-1}\bound{m }3}
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\indentrel{3}\begin{verbatim}
(2)

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPageEmpty2}
\begin{paste}{ugxCliffordQuaternPageEmpty2}{ugxCliffordQuaternPagePatch2}
\pastebutton{ugxCliffordQuaternPageEmpty2}{\showpaste}
\tab{5}\spadcommand{m := matrix {\tt{}-1,0],[0,-1}\bound{m }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPagePatch3}
\begin{paste}{ugxCliffordQuaternPageFull3}{ugxCliffordQuaternPageEmpty3}
\pastebutton{ugxCliffordQuaternPageFull3}{\hidepaste}
\tab{5}\spadcommand{
H := CliffordAlgebra(2, K, quadraticForm m)\free{K m }\bound{H 1}}
\indentrel{3}\begin{verbatim}

(3)

CliffordAlgebra(2,Fraction Polynomial Integer,MATRIX)

Type: Domain

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPageEmpty3}
\begin{paste}{ugxCliffordQuaternPageEmpty3}{ugxCliffordQuaternPagePatch3}
\pastebutton{ugxCliffordQuaternPageEmpty3}{\showpaste}
\tab{5}\spadcommand{

H := CliffordAlgebra(2, K, quadraticForm m)\free{K m }\bound{H 1}}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPagePatch4}
\begin{paste}{ugxCliffordQuaternPageFull4}{ugxCliffordQuaternPageEmpty4}
\pastebutton{ugxCliffordQuaternPageFull4}{\hidepaste}
\tab{5}\spadcommand{i: H := e(1)\free{H }\bound{i }}
\indentrel{3}\begin{verbatim}

(4) e

1

Type: CliffordAlgebra(2,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPageEmpty4}
\begin{paste}{ugxCliffordQuaternPageEmpty4}{ugxCliffordQuaternPagePatch4}
\pastebutton{ugxCliffordQuaternPageEmpty4}{\showpaste}
\tab{5}\spadcommand{i: H := e(1)\free{H }\bound{i }}
\end{paste}\end{patch}
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\begin{patch}{ugxCliffordQuaternPagePatch5}
\begin{paste}{ugxCliffordQuaternPageFull5}{ugxCliffordQuaternPageEmpty5}
\pastebutton{ugxCliffordQuaternPageFull5}{\hidepaste}
\tab{5}\spadcommand{j: H := e(2)\free{H }\bound{j }}
\indentrel{3}\begin{verbatim}

(5) e

2

Type: CliffordAlgebra(2,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPageEmpty5}
\begin{paste}{ugxCliffordQuaternPageEmpty5}{ugxCliffordQuaternPagePatch5}
\pastebutton{ugxCliffordQuaternPageEmpty5}{\showpaste}
\tab{5}\spadcommand{j: H := e(2)\free{H }\bound{j }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPagePatch6}
\begin{paste}{ugxCliffordQuaternPageFull6}{ugxCliffordQuaternPageEmpty6}
\pastebutton{ugxCliffordQuaternPageFull6}{\hidepaste}
\tab{5}\spadcommand{k: H := i * j\free{H i j }\bound{k }}
\indentrel{3}\begin{verbatim}

(6) e e

12

Type: CliffordAlgebra(2,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPageEmpty6}
\begin{paste}{ugxCliffordQuaternPageEmpty6}{ugxCliffordQuaternPagePatch6}
\pastebutton{ugxCliffordQuaternPageEmpty6}{\showpaste}
\tab{5}\spadcommand{k: H := i * j\free{H i j }\bound{k }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPagePatch7}
\begin{paste}{ugxCliffordQuaternPageFull7}{ugxCliffordQuaternPageEmpty7}
\pastebutton{ugxCliffordQuaternPageFull7}{\hidepaste}
\tab{5}\spadcommand{x :=a + b * i + ¢ * j + d * k\free{i j k }\bound{x }}
\indentrel{3}\begin{verbatim}

(7T) a+be +ce +dee

1 2 12

Type: CliffordAlgebra(2,Fraction Polynomial Integer ,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPageEmpty7}
\begin{paste}{ugxCliffordQuaternPageEmpty7}{ugxCliffordQuaternPagePatch7}
\pastebutton{ugxCliffordQuaternPageEmpty7}{\showpaste}
\tab{5}\spadcommand{x := a + b * i + ¢ * j + d * k\free{i j k }\bound{x }}
\end{paste}\end{patch}
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\begin{patch}{ugxCliffordQuaternPagePatch8}
\begin{paste}{ugxCliffordQuaternPageFull8}{ugxCliffordQuaternPageEmpty8}
\pastebutton{ugxCliffordQuaternPageFull8}{\hidepaste}
\tab{5}\spadcommand{y := e + £ *x i + g * j + h * k\free{i j k }\bound{y }}
\indentrel{3}\begin{verbatim}

(8 e+fe +ge +hee

1 2 12

Type: CliffordAlgebra(2,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPageEmpty8}
\begin{paste}{ugxCliffordQuaternPageEmpty8}{ugxCliffordQuaternPagePatch8}
\pastebutton{ugxCliffordQuaternPageEmpty8}{\showpaste}
\tab{5}\spadcommand{y := e + £ *x i + g * j + h * k\free{i j k }\bound{y }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPagePatch9}
\begin{paste}{ugxCliffordQuaternPageFull9}{ugxCliffordQuaternPageEmpty9}
\pastebutton{ugxCliffordQuaternPageFull9}{\hidepaste}
\tab{5}\spadcommand{x + y\free{x y }}
\indentrel{3}\begin{verbatim}

(9) e+a+ (f+Dbe + (g+cle + (h+dee

1 2 12

Type: CliffordAlgebra(2,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPageEmpty9}
\begin{paste}{ugxCliffordQuaternPageEmpty9}{ugxCliffordQuaternPagePatch9}
\pastebutton{ugxCliffordQuaternPageEmpty9}{\showpaste}
\tab{5}\spadcommand{x + y\free{x y }}

\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPagePatch10}
\begin{paste}{ugxCliffordQuaternPageFull10}{ugxCliffordQuaternPageEmpty10}
\pastebutton{ugxCliffordQuaternPageFull10}{\hidepaste}
\tab{5}\spadcommand{x * y\free{x y }}
\indentrel{3}\begin{verbatim}
(10)
-dh-cg-bf+ae+(ch-dg+af+bee
1

(-bh+ag+df+cee
2

(ah+bg-cf+delee
12
Type: CliffordAlgebra(2,Fraction Polynomial Integer,MATRIX)

231
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\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPageEmpty10}
\begin{paste}{ugxCliffordQuaternPageEmpty10}{ugxCliffordQuaternPagePatch10}
\pastebutton{ugxCliffordQuaternPageEmpty10}{\showpaste}
\tab{5}\spadcommand{x * y\free{x y }}

\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPagePatchll}
\begin{paste}{ugxCliffordQuaternPageFulll1}{ugxCliffordQuaternPageEmpty11}
\pastebutton{ugxCliffordQuaternPageFullil}{\hidepaste}
\tab{5}\spadcommand{y * x\free{x y }}
\indentrel{3}\begin{verbatim}
1
-dh-cg-bf+ae+(-ch+dg+af+bele
1
+
bh+ag-df+cele +(ah-bg+cf+delee
2 12
Type: CliffordAlgebra(2,Fraction Polynomial Integer ,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordQuaternPageEmpty11}
\begin{paste}{ugxCliffordQuaternPageEmptyl1}{ugxCliffordQuaternPagePatchl1}
\pastebutton{ugxCliffordQuaternPageEmpty11}{\showpaste}
\tab{5}\spadcommand{y * x\free{x y }}

\end{paste}\end{patch}

3.15.5 The Exterior Algebra on a Three Space

— clif.ht —

\begin{page}{ugxCliffordExteriorPage}{The Exterior Algebra on a Three Space}
\beginscroll

\labelSpace{4pc}

\xtc{

This is the field over which we will work, rational functions with
integer coefficients.

H

\spadpaste{K := Fraction Polynomial Integer \bound{K}}

}

\xtc{
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If we chose the three by three zero quadratic form, we obtain

the exterior algebra on \spadfe(1),e(2),e(3)}.

H

\spadpaste{Ext := CliffordAlgebra(3, K, quadraticForm 0) \bound{Ext}
\free{K}}

}

\xtc{

This is a three dimensional vector algebra.

We define \spad{i}, \spad{j}, \spad{k} as the unit vectors.

H

\spadpaste{i: Ext := e(1) \free{Ext}\bound{i}}

}

\xtc{

H

\spadpaste{j: Ext :
}

\xtc{

H

\spadpaste{k: Ext :
}

\xtc{

Now it is possible to do arithmetic.

H

\spadpaste{x := x1*i + x2*j + x3*k \free{i j k}\bound{xl}}

}

\xtc{

H

\spadpaste{y := ylxi + y2xj + y3*k \free{i j k}\bound{y}}

}

\xtc{

H

\spadpaste{x + y \free{x y}}

}

\xtc{

H

\spadpaste{x * y + y * x \free{x y}}

}

\xtc{

On an \spad{n} space, a grade \spad{p} form has a dual \spad{n-p} form.
In particular, in three space the dual of a grade two element identifies
\spad{el*e2->e3, e2*e3->el, e3*el->e2}.

H

\spadpaste{dual2 a == coefficient(a,[2,3]) * i + coefficient(a,[3,1]) *
j + coefficient(a,[1,2]) * k \free{i j k}\bound{dual2}}

}

\xtc{

The vector cross product is then given by this.

H

\spadpaste{dual2(x*y) \free{x y dual2}}

}

e(2) \free{Ext}\bound{j}}

e(3) \free{Ext}\bound{k}}
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\endscroll
\autobuttons
\end{page}

\begin{patch}{ugxCliffordExteriorPagePatchl}
\begin{paste}{ugxCliffordExteriorPageFulll}{ugxCliffordExteriorPageEmpty1}
\pastebutton{ugxCliffordExteriorPageFulli}{\hidepaste}
\tab{5}\spadcommand{K := Fraction Polynomial Integer\bound{K }}
\indentrel{3}\begin{verbatim}

(1) Fraction Polynomial Integer

Type: Domain

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPageEmptyl}
\begin{paste}{ugxCliffordExteriorPageEmptyl}{ugxCliffordExteriorPagePatchi}
\pastebutton{ugxCliffordExteriorPageEmptyl}{\showpaste}
\tab{5}\spadcommand{K := Fraction Polynomial Integer\bound{K }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPagePatch2}
\begin{paste}{ugxCliffordExteriorPageFull2}{ugxCliffordExteriorPageEmpty2}
\pastebutton{ugxCliffordExteriorPageFull2}{\hidepaste}
\tab{5}\spadcommand{
Ext := CliffordAlgebra(3, K, quadraticForm 0)\bound{Ext }\free{K }}
\indentrel{3}\begin{verbatim}

(2)

CliffordAlgebra(3,Fraction Polynomial Integer ,MATRIX)

Type: Domain

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPageEmpty2}
\begin{paste}{ugxCliffordExteriorPageEmpty2}{ugxCliffordExteriorPagePatch2}
\pastebutton{ugxCliffordExteriorPageEmpty2}{\showpaste}
\tab{5}\spadcommand{

Ext := CliffordAlgebra(3, K, quadraticForm 0)\bound{Ext }\free{K }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPagePatch3}
\begin{paste}{ugxCliffordExteriorPageFull3}{ugxCliffordExteriorPageEmpty3}
\pastebutton{ugxCliffordExteriorPageFull3}{\hidepaste}
\tab{6}\spadcommand{i: Ext := e(1)\free{Ext }\bound{i }}
\indentrel{3}\begin{verbatim}

3) e

1

Type: CliffordAlgebra(3,Fraction Polynomial Integer ,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{ugxCliffordExteriorPageEmpty3}
\begin{paste}{ugxCliffordExteriorPageEmpty3}{ugxCliffordExteriorPagePatch3}
\pastebutton{ugxCliffordExteriorPageEmpty3}{\showpaste}
\tab{5}\spadcommand{i: Ext := e(1)\free{Ext }\bound{i }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPagePatch4}
\begin{paste}{ugxCliffordExteriorPageFull4}{ugxCliffordExteriorPageEmpty4}
\pastebutton{ugxCliffordExteriorPageFull4}{\hidepaste}
\tab{5}\spadcommand{j: Ext := e(2)\free{Ext }\bound{j }}
\indentrel{3}\begin{verbatim}

4) e

2

Type: CliffordAlgebra(3,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPageEmpty4}
\begin{paste}{ugxCliffordExteriorPageEmpty4}{ugxCliffordExteriorPagePatch4}
\pastebutton{ugxCliffordExteriorPageEmpty4}{\showpaste}
\tab{5}\spadcommand{j: Ext := e(2)\free{Ext }\bound{j 1}}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPagePatch5}
\begin{paste}{ugxCliffordExteriorPageFull5}{ugxCliffordExteriorPageEmpty5}
\pastebutton{ugxCliffordExteriorPageFull5}{\hidepaste}
\tab{5}\spadcommand{k: Ext := e(3)\free{Ext }\bound{k }}
\indentrel{3}\begin{verbatim}

(5) e

3

Type: CliffordAlgebra(3,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPageEmpty5}
\begin{paste}{ugxCliffordExteriorPageEmpty5}{ugxCliffordExteriorPagePatchb5}
\pastebutton{ugxCliffordExteriorPageEmpty5}{\showpaste}
\tab{5}\spadcommand{k: Ext := e(3)\free{Ext }\bound{k }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPagePatch6}
\begin{paste}{ugxCliffordExteriorPageFull6}{ugxCliffordExteriorPageEmpty6}
\pastebutton{ugxCliffordExteriorPageFull6}{\hidepaste}
\tab{5}\spadcommand{x := x1*i + x2*j + x3*k\free{i j k }\bound{x 1}}
\indentrel{3}\begin{verbatim}

(6) xle +x2e +x3e

1 2 3

Type: CliffordAlgebra(3,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPageEmpty6}
\begin{paste}{ugxCliffordExteriorPageEmpty6}{ugxCliffordExteriorPagePatch6}
\pastebutton{ugxCliffordExteriorPageEmpty6}{\showpaste}
\tab{5}\spadcommand{x := x1*i + x2*j + x3*k\free{i j k }\bound{x }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPagePatch7}
\begin{paste}{ugxCliffordExteriorPageFull7}{ugxCliffordExteriorPageEmpty7}
\pastebutton{ugxCliffordExteriorPageFull7}{\hidepaste}
\tab{5}\spadcommand{y := yil*i + y2*j + y3*k\free{i j k }\bound{y }}
\indentrel{3}\begin{verbatim}

(7) yle +y2e +y3e

1 2 3
Type: CliffordAlgebra(3,Fraction Polynomial Integer,MATRIX)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPageEmpty7}
\begin{paste}{ugxCliffordExteriorPageEmpty7}{ugxCliffordExteriorPagePatch7}
\pastebutton{ugxCliffordExteriorPageEmpty7}{\showpaste}
\tab{5}\spadcommand{y := yl*i + y2xj + y3*k\free{i j k }\bound{y }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPagePatch8}
\begin{paste}{ugxCliffordExteriorPageFull8}{ugxCliffordExteriorPageEmpty8}
\pastebutton{ugxCliffordExteriorPageFull8}{\hidepaste}
\tab{5}\spadcommand{x + y\free{x y }}
\indentrel{3}\begin{verbatim}

8 (y1 + xl)e + (y2 + x2)e + (y3 + x3)e

1 2 3

Type: CliffordAlgebra(3,Fraction Polynomial Integer ,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPageEmpty8}
\begin{paste}{ugxCliffordExteriorPageEmpty8}{ugxCliffordExteriorPagePatch8}
\pastebutton{ugxCliffordExteriorPageEmpty8}{\showpaste}
\tab{5}\spadcommand{x + y\free{x y }}

\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPagePatch9}
\begin{paste}{ugxCliffordExteriorPageFull9}{ugxCliffordExteriorPageEmpty9}
\pastebutton{ugxCliffordExteriorPageFull9}{\hidepaste}
\tab{6}\spadcommand{x * y + y * x\free{x y }}
\indentrel{3}\begin{verbatim}

(9 o
Type: CliffordAlgebra(3,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPageEmpty9}
\begin{paste}{ugxCliffordExteriorPageEmpty9}{ugxCliffordExteriorPagePatch9}
\pastebutton{ugxCliffordExteriorPageEmpty9}{\showpaste}
\tab{5}\spadcommand{x * y + y * x\free{x y }}

\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPagePatch10}
\begin{paste}{ugxCliffordExteriorPageFull10}{ugxCliffordExteriorPageEmpty10}
\pastebutton{ugxCliffordExteriorPageFull10}{\hidepaste}
\tab{5}\spadcommand{
dual2 a == coefficient(a,[2,3]) * i + coefficient(a,[3,1]) * _
j + coefficient(a,[1,2]) * k\free{i j k }\bound{dual2 }}
\indentrel{3}\begin{verbatim}
Type: Void
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPageEmpty10}
\begin{paste}{ugxCliffordExteriorPageEmpty10}{ugxCliffordExteriorPagePatch10}
\pastebutton{ugxCliffordExteriorPageEmpty10}{\showpaste}
\tab{5}\spadcommand{
dual2 a == coefficient(a,[2,3]) * i + coefficient(a,[3,1]) * _

j + coefficient(a,[1,2]) * k\free{i j k }\bound{dual2 }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPagePatchl1}
\begin{paste}{ugxCliffordExteriorPageFulli1}{ugxCliffordExteriorPageEmpty11}
\pastebutton{ugxCliffordExteriorPageFullil}{\hidepaste}
\tab{5}\spadcommand{dual2 (x*y) \free{x y dual2 }}
\indentrel{3}\begin{verbatim}
1)
(x2 y3 - x3 y2)e + (- x1 y3 + x3 yl)e
1 2

(x1 y2 - x2 yle
3
Type: CliffordAlgebra(3,Fraction Polynomial Integer,MATRIX)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordExteriorPageEmpty11}
\begin{paste}{ugxCliffordExteriorPageEmptyl1}{ugxCliffordExteriorPagePatchl1}
\pastebutton{ugxCliffordExteriorPageEmpty11}{\showpaste}
\tab{5}\spadcommand{dual2(x*y)\free{x y dual2 }}

\end{paste}\end{patch}
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3.15.6 The Dirac Spin Algebra

— clif.ht —

\begin{page}{ugxCliffordDiracPage}{The Dirac Spin Algebra}
\beginscroll

\labelSpace{4pc}
{The Dirac Spin Algebra}
yA
\xtcq{
In this section we will work over the field of rational numbers.
H
\spadpaste{K := Fraction Integer \bound{K}}
}
\xtc{
We define the quadratic form to be the Minkowski space-time metric.
H
\spadpaste{g := matrix {\tt{}1,0,0,0],\ [0,-1,0,0],\ [0,0,-1,0],\ [0,0,0,-1}
\bound{g}}
}
\xtc{
We obtain the Dirac spin algebra
used in Relativistic Quantum Field Theory.
{9.10.4.}{The Dirac Spin Algebra}
H
\spadpaste{D := CliffordAlgebra(4,K, quadraticForm g) \free{K g}\bound{D}}
}
\xtc{
The usual notation for the basis is \texht{$\gamma$}{\spad{gamma}}
with a superscript.
For Axiom input we will use \spad{gam(i)}:
H
\spadpaste{gam := [e(i)\$D for i in 1..4] \free{D}\bound{gam}}
}
\noindent
There are various contraction identities of the form
\begin{verbatim}
g(1,t)*gam (1) *gam(m) *gam(n) *gam (r) *gam (s) *gam(t) =
2% (gam(s)gam(m) gam(n) gam(r) + gam(r)*gam(n)*gam(m)*gam(s))

\end{verbatim}

where a sum over \spad{l} and \spad{t} is implied.

\xtc{

Verify this identity for particular values of \spad{m,n,r,s}.
H

\spadpaste{m := 1; n:= 2; r := 3; s := 4; \bound{m,n,r,s}}

}

\xtc{

H
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\spadpaste{lhs :=

reduce(+, [reduce(+,

[ g(1,t)*gam(1) *gam(m) *gam (n) *gam (r) *gam(s) *gam(t) for 1 in 1..4])
for t in 1..4]) \bound{lhs}\free{g gam m n r s}}

}

\xtc{

H

\spadpaste{rhs := 2*(gam s * gam m*gam n*gam r + gam r*gam n¥gam mkgam S)
\bound{rhs}\free{lhs g gam m n r s}}

}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ugxCliffordDiracPagePatchl}
\begin{paste}{ugxCliffordDiracPageFulll}{ugxCliffordDiracPageEmptyl}
\pastebutton{ugxCliffordDiracPageFulli}{\hidepaste}
\tab{5}\spadcommand{K := Fraction Integer\bound{K }}
\indentrel{3}\begin{verbatim}

(1) Fraction Integer

Type: Domain

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPageEmpty1}
\begin{paste}{ugxCliffordDiracPageEmptyl}{ugxCliffordDiracPagePatchi}
\pastebutton{ugxCliffordDiracPageEmptyl}{\showpaste}
\tab{5}\spadcommand{K := Fraction Integer\bound{K }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPagePatch2}
\begin{paste}{ugxCliffordDiracPageFull2}{ugxCliffordDiracPageEmpty2}
\pastebutton{ugxCliffordDiracPageFull2}{\hidepaste}

\tab{6}\spadcommand{g := matrix {\tt{}1,0,0,0],\ [0,-1,0,0],\ [0,0,-1,0],\ [0,0,0,-1}\bound{g }}
\indentrel{3}\begin{verbatim}

(2)

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPageEmpty2}
\begin{paste}{ugxCliffordDiracPageEmpty2}{ugxCliffordDiracPagePatch2}
\pastebutton{ugxCliffordDiracPageEmpty2}{\showpaste}
\tab{5}\spadcommand{
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g := matrix {\tt{}1,0,0,0],\ [0,-1,0,0],\ [0,0,-1,0],\ [0,0,0,-1}\bound{g }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPagePatch3}
\begin{paste}{ugxCliffordDiracPageFull3}{ugxCliffordDiracPageEmpty3}
\pastebutton{ugxCliffordDiracPageFull3}{\hidepaste}
\tab{5}\spadcommand{
D := CliffordAlgebra(4,K, quadraticForm g)\free{K g }\bound{D }}
\indentrel{3}\begin{verbatim}

(3) CliffordAlgebra(4,Fraction Integer,MATRIX)

Type: Domain

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPageEmpty3}
\begin{paste}{ugxCliffordDiracPageEmpty3}{ugxCliffordDiracPagePatch3}
\pastebutton{ugxCliffordDiracPageEmpty3}{\showpaste}
\tab{5}\spadcommand{

D := CliffordAlgebra(4,K, quadraticForm g)\free{K g }\bound{D }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPagePatch4}
\begin{paste}{ugxCliffordDiracPageFull4}{ugxCliffordDiracPageEmpty4}
\pastebutton{ugxCliffordDiracPageFull4}{\hidepaste}
\tab{5}\spadcommand{gam := [e(i)$D for i in 1..4]\free{D }\bound{gam }}
\indentrel{3}\begin{verbatim}

(4) [e ,e ,e ,e ]

1 2 3 4
Type: List CliffordAlgebra(4,Fraction Integer,MATRIX)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPageEmpty4}
\begin{paste}{ugxCliffordDiracPageEmpty4}{ugxCliffordDiracPagePatch4}
\pastebutton{ugxCliffordDiracPageEmpty4}{\showpaste}
\tab{5}\spadcommand{gam := [e(i)$D for i in 1..4]\free{D }\bound{gam }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPagePatch5}
\begin{paste}{ugxCliffordDiracPageFull5}{ugxCliffordDiracPageEmpty5}
\pastebutton{ugxCliffordDiracPageFull5}{\hidepaste}
\tab{5}\spadcommand{m := 1; n:= 2; r := 3; s := 4;\bound{m n r s }}
\indentrel{3}\begin{verbatim}

Type: Positivelnteger
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPageEmpty5}
\begin{paste}{ugxCliffordDiracPageEmpty5}{ugxCliffordDiracPagePatchb}
\pastebutton{ugxCliffordDiracPageEmpty5}{\showpaste}
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\tab{5}\spadcommand{m := 1; n:= 2; r := 3; s := 4;\bound{m n r s }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPagePatch6}
\begin{paste}{ugxCliffordDiracPageFull6}{ugxCliffordDiracPageEmpty6}
\pastebutton{ugxCliffordDiracPageFull6}{\hidepaste}
\tab{5}\spadcommand{
lhs := reduce(+, [reduce(+, _

[ g(1,t)*gam(1)*gam(m) *gam(n) *gam (r) *gam(s) *gam(t) for 1 in 1..4]) _

for t in 1..4])\bound{lhs }\free{g gamm n r s }}
\indentrel{3}\begin{verbatim}

(6) -4deeee
1234
Type: CliffordAlgebra(4,Fraction Integer,MATRIX)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPageEmpty6}
\begin{paste}{ugxCliffordDiracPageEmpty6}{ugxCliffordDiracPagePatch6}
\pastebutton{ugxCliffordDiracPageEmpty6}{\showpaste}
\tab{5}\spadcommand{
lhs := reduce(+, [reduce(+, _
[ g(1,t)*gam(1)*gam(m) *gam(n) *gam (r) *gam(s) *gam(t) for 1 in 1..4]) _
for t in 1..4])\bound{lhs }\free{g gamm n r s }}
\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPagePatch7}
\begin{paste}{ugxCliffordDiracPageFull7}{ugxCliffordDiracPageEmpty7}
\pastebutton{ugxCliffordDiracPageFull7}{\hidepaste}
\tab{5}\spadcommand{
rhs := 2+(gam s * gam m*gam n*gam r + gam r*gam nkgam mxgam s)
\bound{rhs }\free{lhs g gamm n r s }}
\indentrel{3}\begin{verbatim}
(7) -4deecee
1234
Type: CliffordAlgebra(4,Fraction Integer,MATRIX)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ugxCliffordDiracPageEmpty7}
\begin{paste}{ugxCliffordDiracPageEmpty7}{ugxCliffordDiracPagePatch7}
\pastebutton{ugxCliffordDiracPageEmpty7}{\showpaste}
\tab{5}\spadcommand{

rhs := 2+(gam s * gam m*gam n*gam r + gam r*gam nkgam mkgam s)
\bound{rhs }\free{lhs g gamm n r s }}

\end{paste}\end{patch}
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3.16 complex.ht

3.16.1 Complex

& HyperDoc [=Je )]
Complex

The Complex constructor implements complex objects over a
commutative ring R. Typically, the ringR is Integer,
Fraction Integer, Float or DoubleFloat. Ecanalsobea
gsymbolic type, like Polynomial Integer. For more information
about the numerical and graphical aspects of complex numbers,
gee ~“Humeric Functions'' in Section 8.1 .
Complex objects are created by the complex operation.

a =complex(4/3,5/2)

b :=complex(4/3, -5/2)
The standard arithmetic operations are available.
a+rb
a-b
a*b
IfRisafield, youcanalso divide the complex objects.
| a/b
e a convergion (T TConversion'' in Section 2.7) to view the
last object as a fraction of complex integers.

“Axiom Number Types” (NumberPage) BZ761 on page [MIA
“Primes and Factorization” (ugxIntegerPrimesPage) BAZ3 on page
“Numeric Functions” (ugProblemNumericPage) BIIR3 on page 2049
“Conversion” (ugTypesConvertPage) 7?7 on page 77

— complex.ht —

4

\begin{page}{ComplexXmpPage}{Complex}

\beginscroll

The \spadtype{Complex} constructor implements complex objects over a
commutative ring \spad{R}.

Typically, the ring \spad{R} is \spadtype{Integer}, \spadtype{Fraction
Integer}, \spadtype{Float} or \spadtype{DoubleFloat}.

\spad{R} can also be a symbolic type, like \spadtype{Polynomial Integerl}.
For more information about the numerical and graphical aspects of complex
numbers,

see \downlink{‘‘Numeric Functions’’}{ugProblemNumericPage} in Section 8.1
\ignore{ugProblemNumeric}.

\xtc{
Complex objects are created by the \spadfunFrom{complex}{Complex} operation.

H
\spadpaste{a := complex(4/3,5/2) \bound{al}}
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}

\xtcq

H

\spadpaste{b := complex(4/3,-5/2) \bound{b}}

}

\xtc{

The standard arithmetic operations are available.

H

\spadpaste{a + b \free{a b}}

}

\xtc{

H

\spadpaste{a - b \free{a b}}

}

\xtc{

H

\spadpaste{a * b \free{a b}}

}

\xtc{

If \spad{R} is a field, you can also divide the complex objects.
H

\spadpaste{a / b \free{a b}\bound{adb}}

}

\xtc{

Use a conversion (\downlink{‘‘Conversion’’}{ugTypesConvertPage}
in Section 2.7\ignore{ugTypesConvert}) to view the last

object as a fraction of complex integers.

H

\spadpaste{\’ :: Fraction Complex Integer \free{adbl}}

}

\xtc{

The predefined macro \spad{\%i} is defined to be \spad{complex(0,1)}.
H

\spadpaste{3.4 + 6.7 * \}%i}

}

\xtc{

You can also compute the \spadfunFrom{conjugate}{Complex} and
\spadfunFrom{norm}{Complex} of a complex number.

H

\spadpaste{conjugate a \free{a}}

}

\xtc{

H

\spadpaste{norm a \free{al}}

}

\xtc{

The \spadfunFrom{real}{Complex} and \spadfunFrom{imag}{Complex} operations
are provided to extract the real and imaginary parts, respectively.
H

\spadpaste{real a \free{al}}
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}

\xtc{

H

\spadpaste{imag a \free{a}}
}

\xtc{

The domain \spadtype{Complex Integer} is also called the Gaussian
integers.

If \spad{R} is the integers (or, more generally,

a \spadtype{EuclideanDomain}), you can compute greatest common divisors.
H

\spadpaste{gcd (13 - 13%\%i,31 + 27*\%i)}

}

\xtc{

You can also compute least common multiples.

H

\spadpaste{lcm(13 - 13%\%i,31 + 27*\%i)}

}

\xtc{

You can \spadfunFrom{factor}{Complex} Gaussian integers.
H

\spadpaste{factor(13 - 13*\%i)}

}

\xtc{

H

\spadpaste{factor complex(2,0)}

}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ComplexXmpPagePatchl}
\begin{paste}{ComplexXmpPageFulll}{ComplexXmpPageEmpty1l}
\pastebutton{ComplexXmpPageFulli}{\hidepaste}
\tab{5}\spadcommand{a := complex(4/3,5/2)\bound{a }}
\indentrel{3}\begin{verbatim}

4 5
(1)
3 2
Type: Complex Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty1l}
\begin{paste}{ComplexXmpPageEmptyl}{ComplexXmpPagePatchl}
\pastebutton{ComplexXmpPageEmpty1}{\showpaste}
\tab{5}\spadcommand{a := complex(4/3,5/2)\bound{a }}
\end{paste}\end{patch}
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\begin{patch}{ComplexXmpPagePatch2}
\begin{paste}{ComplexXmpPageFull2}{ComplexXmpPageEmpty2}
\pastebutton{ComplexXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{b := complex(4/3,-5/2)\bound{b }}
\indentrel{3}\begin{verbatim}

4 5
(2)
3 2
Type: Complex Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty2}
\begin{paste}{ComplexXmpPageEmpty2}{ComplexXmpPagePatch2}
\pastebutton{ComplexXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{b := complex(4/3,-5/2)\bound{b }}
\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatch3}
\begin{paste}{ComplexXmpPageFull3}{ComplexXmpPageEmpty3}
\pastebutton{ComplexXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{a + b\free{a b }}
\indentrel{3}\begin{verbatim}

8
(3)
3
Type: Complex Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty3}
\begin{paste}{ComplexXmpPageEmpty3}{ComplexXmpPagePatch3}
\pastebutton{ComplexXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{a + b\free{a b }}
\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatch4}
\begin{paste}{ComplexXmpPageFull4}{ComplexXmpPageEmpty4}
\pastebutton{ComplexXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{a - b\free{a b }}
\indentrel{3}\begin{verbatim}
(4) 5%i

Type: Complex Fraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty4}
\begin{paste}{ComplexXmpPageEmpty4}{ComplexXmpPagePatch4}
\pastebutton{ComplexXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{a - b\free{a b }}
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\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatchb5}
\begin{paste}{ComplexXmpPageFull5}{ComplexXmpPageEmpty5}
\pastebutton{ComplexXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{a * b\free{a b }}
\indentrel{3}\begin{verbatim}

289
(8
36
Type: Complex Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty5}
\begin{paste}{ComplexXmpPageEmpty5}{ComplexXmpPagePatch5}
\pastebutton{ComplexXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{a * b\free{a b }}
\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatch6}
\begin{paste}{ComplexXmpPageFull6}{ComplexXmpPageEmpty6}
\pastebutton{ComplexXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{a / b\free{a b }\bound{adb }}
\indentrel{3}\begin{verbatim}

161 240
e -
289 289
Type: Complex Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty6}
\begin{paste}{ComplexXmpPageEmpty6}{ComplexXmpPagePatch6}
\pastebutton{ComplexXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{a / b\free{a b }\bound{adb }}
\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatch7}
\begin{paste}{ComplexXmpPageFull7}{ComplexXmpPageEmpty7}
\pastebutton{ComplexXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{\), :: Fraction Complex Integer\free{adb }}
\indentrel{3}\begin{verbatim}

- 16 + 8%i
¢P)
15 + 8%i
Type: Fraction Complex Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{ComplexXmpPageEmpty7}
\begin{paste}{ComplexXmpPageEmpty7}{ComplexXmpPagePatch7}
\pastebutton{ComplexXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{\’, :: Fraction Complex Integer\free{adb }}
\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatch8}
\begin{paste}{ComplexXmpPageFull8}{ComplexXmpPageEmpty8}
\pastebutton{ComplexXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{3.4 + 6.7 * \}i}
\indentrel{3}\begin{verbatim}
(8) 3.4+ 6.7 %i

Type: Complex Float
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty8}
\begin{paste}{ComplexXmpPageEmpty8}{ComplexXmpPagePatch8}
\pastebutton{ComplexXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{3.4 + 6.7 * \Ji}
\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatch9}
\begin{paste}{ComplexXmpPageFull9}{ComplexXmpPageEmpty9}
\pastebutton{ComplexXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{conjugate a\free{a }}
\indentrel{3}\begin{verbatim}

4 5
9
3 2
Type: Complex Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty9}
\begin{paste}{ComplexXmpPageEmpty9}{ComplexXmpPagePatch9}
\pastebutton{ComplexXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{conjugate a\free{a }}
\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatch10}
\begin{paste}{ComplexXmpPageFull10}{ComplexXmpPageEmpty10}
\pastebutton{ComplexXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{norm a\free{a }}
\indentrel{3}\begin{verbatim}

289

(10)
36
Type: Fraction Integer

\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty10}
\begin{paste}{ComplexXmpPageEmpty10}{ComplexXmpPagePatch10}
\pastebutton{ComplexXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{norm a\free{a 1}}

\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatchl1}
\begin{paste}{ComplexXmpPageFulll1}{ComplexXmpPageEmpty11}
\pastebutton{ComplexXmpPageFulll1}{\hidepastel}
\tab{5}\spadcommand{real a\free{a 1}}
\indentrel{3}\begin{verbatim}

4
1
3
Type: Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty11}
\begin{paste}{ComplexXmpPageEmpty11}{ComplexXmpPagePatchl1}
\pastebutton{ComplexXmpPageEmptyl1i}{\showpaste}
\tab{5}\spadcommand{real a\free{a 1}}

\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatch12}
\begin{paste}{ComplexXmpPageFull12}{ComplexXmpPageEmpty12}
\pastebutton{ComplexXmpPageFullil2}{\hidepastel}
\tab{5}\spadcommand{imag a\free{a 1}}
\indentrel{3}\begin{verbatim}

5
(12)
2
Type: Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty12}
\begin{paste}{ComplexXmpPageEmpty12}{ComplexXmpPagePatchi2}
\pastebutton{ComplexXmpPageEmpty12}{\showpaste}
\tab{5}\spadcommand{imag a\free{a }}

\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatch13}
\begin{paste}{ComplexXmpPageFull13}{ComplexXmpPageEmpty13}
\pastebutton{ComplexXmpPageFull13}{\hidepaste}
\tab{5}\spadcommand{gcd (13 - 13*\%i,31 + 27x\%i)}
\indentrel{3}\begin{verbatim}

(13) 5 + i
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Type: Complex Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty13}
\begin{paste}{ComplexXmpPageEmpty13}{ComplexXmpPagePatch13}
\pastebutton{ComplexXmpPageEmpty13}{\showpaste}
\tab{5}\spadcommand{gcd (13 - 13*\%i,31 + 27*\%i)}
\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatch14}
\begin{paste}{ComplexXmpPageFulll4}{ComplexXmpPageEmpty14}
\pastebutton{ComplexXmpPageFulll4}{\hidepaste}
\tab{5}\spadcommand{lcm(13 - 13x%\%i,31 + 27*\}i)}
\indentrel{3}\begin{verbatim}

(14) 143 - 39%i

Type: Complex Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty14}
\begin{paste}{ComplexXmpPageEmpty14}{ComplexXmpPagePatch14}
\pastebutton{ComplexXmpPageEmpty14}{\showpaste}
\tab{5}\spadcommand{lcm(13 - 13*\%i,31 + 27*\%i)}
\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatch15}
\begin{paste}{ComplexXmpPageFull15}{ComplexXmpPageEmpty15}
\pastebutton{ComplexXmpPageFulli5}{\hidepaste}
\tab{5}\spadcommand{factor (13 - 13*\%i)}
\indentrel{3}\begin{verbatim}

(15) - (1 + %i)(2 + 3%1) (3 + 2%i)

Type: Factored Complex Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty15}
\begin{paste}{ComplexXmpPageEmpty15}{ComplexXmpPagePatch15}
\pastebutton{ComplexXmpPageEmpty15}{\showpaste}
\tab{5}\spadcommand{factor(13 - 13%\}i)}
\end{paste}\end{patch}

\begin{patch}{ComplexXmpPagePatch16}
\begin{paste}{ComplexXmpPageFull16}{ComplexXmpPageEmpty16}
\pastebutton{ComplexXmpPageFull16}{\hidepaste}
\tab{5}\spadcommand{factor complex(2,0)}
\indentrel{3}\begin{verbatim}
2
(16) - %i (1 + %1
Type: Factored Complex Integer
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\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ComplexXmpPageEmpty16}
\begin{paste}{ComplexXmpPageEmpty16}{ComplexXmpPagePatchi6}
\pastebutton{ComplexXmpPageEmpty16}{\showpaste}
\tab{5}\spadcommand{factor complex(2,0)}
\end{paste}\end{patch}

3.17 contfrac.ht

3.17.1 ContinuedFraction

& HyperDoc =)m)x]

ContinuedFraction

Continued fractions have been a fascinating and useful tool
inmathematics for well over three hundred years. Axiom
implements continued fractions for fractions of any Euclidean
domain. Inpractice, thisgusuallymeans rational numbers. In
thig section we demonstrate some of the operations available
for manipulating both finite and infinite continued fractions.
It may be helpful if youreview ~Stream' to remind yourselfof
gome of the operations with streams.

The ContinuedFraction domain ig a field and therefore you
can add, subtract, multiply and divide the fractions. The
continuedFraction operation converts its fractional argument
to a continued fraction.
¢ :=continuedFraction(314159/100000)

This disgplay ig a compact formof the bulkier
3+ 1

< “Axiom Number Types” (NumberPage) BZ61 on page [M0Q
= “Stream” (StreamXmpPage) B on page
— contfrac.ht —

\begin{page}{ContinuedFractionXmpPage}{ContinuedFraction}
\beginscroll

Continued fractions have been a fascinating and useful tool in
mathematics for well over three hundred years. Axiom implements
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continued fractions for fractions of any Euclidean domain. In
practice, this usually means rational numbers. In this section we
demonstrate some of the operations available for manipulating both
finite and infinite continued fractions. It may be helpful if you
review \downlink{‘Stream’}{StreamXmpPagel}\ignore{Stream} to remind
yourself of some of the operations with streams.

The \spadtype{ContinuedFraction} domain is a field and therefore you can
add, subtract, multiply and divide the fractioms.

\xtc{

The \spadfunFrom{continuedFraction}{ContinuedFraction} operation
converts its fractional argument to a continued fraction.

H

\spadpaste{c := continuedFraction(314159/100000) \bound{c}}

}

h

This display is a compact form of the bulkier
\texht{\narrowDisplay{%

3 + {\displaystyle 1 \over {\displaystyle

7 + {1 \over {\displaystyle

15 + {1 \over {\displaystyle

1 + {1 \over {\displaystyle

25 + {1 \over {\displaystyle

1 + {1 \over {\displaystyle

7 + {1 \over 4}}}}}}}}}}}}}}%

iéegin{verbatim}
3+ 1
e 1
se o1
e
x5+ 1
teo1
7o o1
__;__
\end{verbatim}
}

You can write any rational number in a similar form. The fraction
will be finite and you can always take the ‘‘numerators’’ to be
\spad{1}. That is, any rational number can be written as a simple,
finite continued fraction of the form

\texht{\narrowDisplay{%

a_1 + {\displaystyle 1 \over {\displaystyle
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a_2 + {1 \over {\displaystyle
a_3 + {1 \over {\displaystyle \ddots
a_{n-1} + {1 \over a_n}}}}}}}}%

H
\begin{verbatim}
a(l) + 1
a(2) + 1
a(3) +
1
a(n-1) + 1
a(n)
\end{verbatim}
}
\xtcq{

The \texht{$a_i$}{\spad{a(i)}} are called partial quotients and the
operation \spadfunFrom{partialQuotients}{ContinuedFraction} creates a
stream of them.

H

\spadpaste{partialQuotients c \free{cl}}

}

\xtc{

By considering more and more of the fraction, you get the
\spadfunFrom{convergents}{ContinuedFraction}.

For example, the first convergent is \texht{$a_1$}{\spad{a(1)l}},

the second is

\texht{$a_1 + 1/a_2$}{\spad{a(l) + 1/a(2)}} and so on.

H

\spadpaste{convergents c \free{c}}

}

yA

\xtc{

Since this is a finite continued fraction, the last convergent is
the original rational number, in reduced form.

The result of \spadfunFrom{approximants}{ContinuedFraction}

is always an infinite stream, though it may just repeat the ‘‘last’’
value.

H

\spadpaste{approximants c \free{c}}

}

\xtc{

Inverting \spad{c} only changes the partial quotients of its fraction
by inserting a \spad{0} at the beginning of the list.

H
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\spadpaste{pq := partialQuotients(1/c) \free{c}\bound{pql}}

}

\xtc{

Do this to recover the original continued fraction from this list of
partial quotients.

The three-argument form of the
\spadfunFrom{continuedFraction}{ContinuedFraction} operation takes an
element which is the whole part of the fraction, a stream of elements
which are the numerators of the fraction, and a stream of elements which
are the denominators of the fractionm.

H

\spadpaste{continuedFraction(first pq,repeating [1],rest pq) \free{pql}}
}

\xtc{

The streams need not be finite for
\spadfunFrom{continuedFraction}{ContinuedFraction}.

Can you guess which irrational number has the following continued
fraction?

See the end of this section for the answer.

H

\spadpaste{z:=continuedFraction(3,repeating [1],repeating [3,6]) \bound{z}}

}
h

In 1737 Euler discovered the infinite continued fraction expansion
\texht{\narrowDisplay{%

{{e - 1} \over 2} =

{1 \over {\displaystyle

1 + {1 \over {\displaystyle

6 + {1 \over {\displaystyle

10 + {1 \over {\displaystyle

14 + \cdots}}}}}}}}}Y

H
\begin{verbatim}
e -1 1
2 1+ 1
6 + 1
10 + 1
14 +
\end{verbatim}
¥

We use this expansion to compute rational and floating point
approximations of \spad{e}.\footnote{For this and other interesting
expansions, see C. D. 0lds, {\it Continued Fractioms,}

New Mathematical Library, (New York: Random House, 1963), pp.
134--139.}

253
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\xteq

By looking at the above expansion, we see that the whole part is
\spad{0} and the numerators are all equal to \spad{1}. This
constructs the stream of denominators.

H

\spadpaste{dens:Stream Integer := cons(l,generate((x+->x+4),6))
\bound{dens}}

}

\xtcq

Therefore this is the continued fraction expansion for
\texht{$(e - 1) / 2$}{\spad{(e-1)/2}}.

H

\spadpaste{cf := continuedFraction(0,repeating [1],dens)
\free{dens}\bound{cf}}

}

\xtc{

These are the rational number convergents.

H

\spadpaste{ccf := convergents cf \free{cf}\bound{ccfl}}

}

\xtc{

You can get rational convergents for \spad{e} by multiplying by \spad{2} and
adding \spad{1}.

H

\spadpaste{eConvergents := [2xe + 1 for e in ccf] \bound{ec}\free{ccf}}
}

h

\xtc{

You can also compute the floating point approximations to these convergents.
H

\spadpaste{eConvergents :: Stream Float \free{ecl}}

}

\xtc{

Compare this to the value of \spad{e} computed by the
\spadfunFrom{exp}{Float} operation in \spadtype{Float}.

H

\spadpaste{exp 1.0}

}

In about 1658, Lord Brouncker established the following expansion
for \texht{$4 / \pi$}{\spad{4/pi}}.

\texht{\narrowDisplay{/

1 + {\displaystyle

1 \over {\displaystyle

+ {9 \over {\displaystyle

{25 \over {\displaystyle

{49 \over {\displaystyle

{81 \over {\displaystyle

\cdots}}}}}}3333}Y

NN NN
+ o+ o+ o+
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H
\begin{verbatim}
1+ 1
2 + 9
2 + 25
2 + 49
2 + 81
2 +

\end{verbatim}
}
\xtcq{

Let’s use this expansion to compute rational and floating point
approximations for \texht{$\pi$}{\spad{pi}}.

H

\spadpaste{

cf := continuedFraction(1, [(2*i+1)**2 for i in 0..],repeating [2])
\bound{cf1}}

}

\xtc{

H

\spadpaste{ccf := convergents cf \free{cfi}\bound{ccfi}}

}

\xtc{

H

\spadpaste{

piConvergents := [4/p for p in ccf] \bound{piConvergents}\free{ccf1}}

}

\xtc{

As you can see, the values are converging to
\texht{$\pi$}{\spad{pi}t} = 3.14159265358979323846. ..,

but not very quickly.

H

\spadpaste{piConvergents :: Stream Float \free{piConvergents}}
}

\xtc{

You need not restrict yourself to continued fractions of integers.
Here is an expansion for a quotient of Gaussian integers.

H

\spadpaste{continuedFraction((- 122 + 597*\%i)/(4 - 4*\%i))}

}

\xtc{

This is an expansion for a quotient of polynomials in one variable
with rational number coefficients.

H

255
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\spadpaste{r : Fraction UnivariatePolynomial(x,Fraction Integer)
\bound{rdec}?}

}

\xtc{

H

\spadpaste{r := ((x - 1) * (x - 2)) / ((x-3) * (x-4)) \free{rdec}
\bound{r}}

}

\xtc{

H

\spadpaste{continuedFraction r \free{r}}

}

To conclude this section, we give you evidence that
\texht{\narrowDisplay{%
z =
{3+\zag{1}{3}+\zag{1}{6}+\zag{1}{3}+\zag{1}{6}+\zag{1}{3}+\zag{1}{6}+
\zag{1}{3}+\zag{1}{6}+\zag{1}{3}+\zag{1}{6}+. . .}}}
H
\begin{verbatim}

z =3+ 1

\end{verbatim}

}

is the expansion of \texht{$\sqrt{11}$}{the square root of \spad{11l}}.
YA

\xtc{

H

\spadpaste{[i*i for i in convergents(z) :: Stream Float] \free{z}}
}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ContinuedFractionXmpPagePatchl}
\begin{paste}{ContinuedFractionXmpPageFulll}{ContinuedFractionXmpPageEmptyl}
\pastebutton{ContinuedFractionXmpPageFulli}{\hidepaste}
\tab{5}\spadcommand{c := continuedFraction(314159/100000)\bound{c }}
\indentrel{3}\begin{verbatim}
¢D)
1
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3+

Type: ContinuedFraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty1}
\begin{paste}{ContinuedFractionXmpPageEmpty1}
{ContinuedFractionXmpPagePatchi}
\pastebutton{ContinuedFractionXmpPageEmpty1}{\showpaste}
\tab{5}\spadcommand{c := continuedFraction(314159/100000)\bound{c }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch2}
\begin{paste}{ContinuedFractionXmpPageFull2}
{ContinuedFractionXmpPageEmpty2}
\pastebutton{ContinuedFractionXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{partialQuotients c\free{c }}
\indentrel{3}\begin{verbatim}
(2) [8,7,15,1,25,1,7,4]

Type: Stream Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty2}
\begin{paste}{ContinuedFractionXmpPageEmpty2}
{ContinuedFractionXmpPagePatch2}
\pastebutton{ContinuedFractionXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{partialQuotients c\free{c }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch3}
\begin{paste}{ContinuedFractionXmpPageFull3}
{ContinuedFractionXmpPageEmpty3}
\pastebutton{ContinuedFractionXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{convergents c\free{c }}
\indentrel{3}\begin{verbatim}

22 333 355 9208 9563 76149 314159

3) I8,
7 106 113 2931 3044 24239 100000
Type: Stream Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty3}
\begin{paste}{ContinuedFractionXmpPageEmpty3}
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{ContinuedFractionXmpPagePatch3}
\pastebutton{ContinuedFractionXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{convergents c\free{c }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch4}
\begin{paste}{ContinuedFractionXmpPageFull4}
{ContinuedFractionXmpPageEmpty4}
\pastebutton{ContinuedFractionXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{approximants c\free{c }}
\indentrel{3}\begin{verbatim}

22 333 355 9208 9563 76149 314159

4) I[3,
7 106 113 2931 3044 24239 100000
Type: Stream Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty4}
\begin{paste}{ContinuedFractionXmpPageEmpty4}
{ContinuedFractionXmpPagePatch4}
\pastebutton{ContinuedFractionXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{approximants c\free{c }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch5}
\begin{paste}{ContinuedFractionXmpPageFull5}
{ContinuedFractionXmpPageEmpty5}
\pastebutton{ContinuedFractionXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{pq := partialQuotients(1/c)\free{c }\bound{pq }}
\indentrel{3}\begin{verbatim}

(5) [0,3,7,15,1,25,1,7,4]

Type: Stream Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty5}
\begin{paste}{ContinuedFractionXmpPageEmpty5}
{ContinuedFractionXmpPagePatchb5}
\pastebutton{ContinuedFractionXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{pq := partialQuotients(1/c)\free{c }\bound{pq }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch6}
\begin{paste}{ContinuedFractionXmpPageFull6}
{ContinuedFractionXmpPageEmpty6}
\pastebutton{ContinuedFractionXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{

continuedFraction(first pq,repeating [1],rest pq)\free{pq }}
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\indentrel{3}\begin{verbatim}
(6)
1

Type: ContinuedFraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty6}
\begin{paste}{ContinuedFractionXmpPageEmpty6}
{ContinuedFractionXmpPagePatch6}
\pastebutton{ContinuedFractionXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{

continuedFraction(first pq,repeating [1],rest pq)\free{pq }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch7}
\begin{paste}{ContinuedFractionXmpPageFull7}
{ContinuedFractionXmpPageEmpty7}
\pastebutton{ContinuedFractionXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{

z:=continuedFraction(3,repeating [1],repeating [3,6])\bound{z 1}}
\indentrel{3}\begin{verbatim}

€0
1
3+
+
1
Type: ContinuedFraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty7}
\begin{paste}{ContinuedFractionXmpPageEmpty7}
{ContinuedFractionXmpPagePatch7}
\pastebutton{ContinuedFractionXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{

z:=continuedFraction(3,repeating [1],repeating [3,6])\bound{z }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch8}
\begin{paste}{ContinuedFractionXmpPageFull8}
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{ContinuedFractionXmpPageEmpty8}
\pastebutton{ContinuedFractionXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{
dens:Stream Integer := cons(1l,generate((x+->x+4),6))\bound{dens }}
\indentrel{3}\begin{verbatim}
(8) [1,6,10,14,18,22,26,30,34,38,...]

Type: Stream Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty8}
\begin{paste}{ContinuedFractionXmpPageEmpty8}
{ContinuedFractionXmpPagePatch8}
\pastebutton{ContinuedFractionXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{

dens:Stream Integer := cons(1l,generate((x+->x+4),6))\bound{dens }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch9}
\begin{paste}{ContinuedFractionXmpPageFull9}
{ContinuedFractionXmpPageEmpty9}
\pastebutton{ContinuedFractionXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{
cf := continuedFraction(0,repeating [1],dens)\free{dens }\bound{cf }}
\indentrel{3}\begin{verbatim}

(€)]

1

Type: ContinuedFraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty9}
\begin{paste}{ContinuedFractionXmpPageEmpty9}
{ContinuedFractionXmpPagePatch9}
\pastebutton{ContinuedFractionXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{

cf := continuedFraction(0,repeating [1],dens)\free{dens }\bound{cf 1}}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch10}
\begin{paste}{ContinuedFractionXmpPageFulli0}
{ContinuedFractionXmpPageEmpty10}
\pastebutton{ContinuedFractionXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{ccf := convergents cf\free{cf }\bound{ccf }}
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\indentrel{3}\begin{verbatim}
(10)
6 61 860 15541 342762 8927353
[o, 1,
7 71 1001 18089 398959 10391023
268163352 9126481321

312129649 10622799089
Type: Stream Fraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty10}
\begin{paste}{ContinuedFractionXmpPageEmpty10}
{ContinuedFractionXmpPagePatch10}
\pastebutton{ContinuedFractionXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{ccf := convergents cf\free{cf }\bound{ccf }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatchl1}
\begin{paste}{ContinuedFractionXmpPageFulli1l}
{ContinuedFractionXmpPageEmpty11}
\pastebutton{ContinuedFractionXmpPageFulll1}{\hidepaste}
\tab{5}\spadcommand{
eConvergents := [2%¥e + 1 for e in ccf]\bound{ec }\free{ccf }}
\indentrel{3}\begin{verbatim}
11
19 193 2721 49171 1084483 28245729
(1, 3,
7 71 1001 18089 398959 10391023
848456353 28875761731

312129649 10622799089
Type: Stream Fraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty11}
\begin{paste}{ContinuedFractionXmpPageEmpty11}
{ContinuedFractionXmpPagePatchi1}
\pastebutton{ContinuedFractionXmpPageEmpty11}{\showpaste}
\tab{5}\spadcommand{

eConvergents := [2*e + 1 for e in ccf]\bound{ec }\free{ccf }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatchi2}
\begin{paste}{ContinuedFractionXmpPageFulll2}
{ContinuedFractionXmpPageEmpty12}
\pastebutton{ContinuedFractionXmpPageFull12}{\hidepaste}
\tab{5}\spadcommand{eConvergents :: Stream Float\free{ec }}
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\indentrel{3}\begin{verbatim}
(12)
[1.0, 3.0, 2.7142857142 857142857,
2.7183098591 549295775, 2.7182817182 817182817,
2.7182818287 356957267, 2.7182818284 585634113,
2.7182818284 590458514, 2.7182818284 590452348,
2.7182818284 590452354, ...]
Type: Stream Float
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty12}
\begin{paste}{ContinuedFractionXmpPageEmpty12}
{ContinuedFractionXmpPagePatch12}
\pastebutton{ContinuedFractionXmpPageEmpty12}{\showpaste}
\tab{5}\spadcommand{eConvergents :: Stream Float\free{ec }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch13}
\begin{paste}{ContinuedFractionXmpPageFull13}
{ContinuedFractionXmpPageEmpty13}
\pastebutton{ContinuedFractionXmpPageFull13}{\hidepaste}
\tab{5}\spadcommand{exp 1.0}
\indentrel{3}\begin{verbatim}

(13) 2.7182818284 590452354

Type: Float

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty13}
\begin{paste}{ContinuedFractionXmpPageEmpty13}
{ContinuedFractionXmpPagePatch13}
\pastebutton{ContinuedFractionXmpPageEmpty13}{\showpaste}
\tab{5}\spadcommand{exp 1.0}

\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch14}
\begin{paste}{ContinuedFractionXmpPageFulli4}
{ContinuedFractionXmpPageEmpty14}
\pastebutton{ContinuedFractionXmpPageFulli4}{\hidepaste}
\tab{5}\spadcommand{
cf := continuedFraction(1, [(2*i+1)**2 for i in 0..],repeating [2])
\bound{cf1l }}
\indentrel{3}\begin{verbatim}

(14)
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Type: ContinuedFraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty14}
\begin{paste}{ContinuedFractionXmpPageEmpty14}
{ContinuedFractionXmpPagePatch14}
\pastebutton{ContinuedFractionXmpPageEmpty14}{\showpaste}
\tab{5}\spadcommand{

cf := continuedFraction(1l, [(2*i+1)**2 for i in 0..],repeating [2])
\bound{cf1l }}

\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch15}
\begin{paste}{ContinuedFractionXmpPageFulli5}
{ContinuedFractionXmpPageEmpty15}
\pastebutton{ContinuedFractionXmpPageFull15}{\hidepaste}
\tab{5}\spadcommand{ccf := convergents cf\free{cfl }\bound{ccfl }}
\indentrel{3}\begin{verbatim}
(15)
3 15 105 315 3465 45045 45045 765765 14549535
(1,
2 13 76 263 2578 36979 33976 622637 11064338
Type: Stream Fraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty15}
\begin{paste}{ContinuedFractionXmpPageEmpty15}
{ContinuedFractionXmpPagePatch15}
\pastebutton{ContinuedFractionXmpPageEmpty15}{\showpaste}
\tab{5}\spadcommand{ccf := convergents cf\free{cfl }\bound{ccfl }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch16}
\begin{paste}{ContinuedFractionXmpPageFulll6}
{ContinuedFractionXmpPageEmpty16}
\pastebutton{ContinuedFractionXmpPageFull16}{\hidepaste}
\tab{5}\spadcommand{
piConvergents := [4/p for p in ccf]\bound{piConvergents }\free{ccfl }}
\indentrel{3}\begin{verbatim}
(16)
8 52 304 1052 10312 147916 135904 2490548
(4,
3 15 105 315 3465 45045 45045 765765
44257352

14549535
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Type: Stream Fraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty16}
\begin{paste}{ContinuedFractionXmpPageEmpty16}
{ContinuedFractionXmpPagePatchl6}
\pastebutton{ContinuedFractionXmpPageEmpty16}{\showpaste}
\tab{5}\spadcommand{

piConvergents := [4/p for p in ccf]\bound{piConvergents }\free{ccfl 1}}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatchl7}
\begin{paste}{ContinuedFractionXmpPageFulll7}
{ContinuedFractionXmpPageEmpty17}
\pastebutton{ContinuedFractionXmpPageFulll7}{\hidepaste}
\tab{5}\spadcommand{piConvergents :: Stream Float\free{piConvergents }}
\indentrel{3}\begin{verbatim}
an
[4.0, 2.6666666666 666666667, 3.4666666666 666666667,
2.8952380952 380952381, 3.3396825396 825396825,
2.9760461760 461760462, 3.2837384837 384837385,
3.0170718170 718170718, 3.2523659347 188758953,
3.0418396189 294022111, ...]
Type: Stream Float
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty17}
\begin{paste}{ContinuedFractionXmpPageEmpty17}
{ContinuedFractionXmpPagePatchl7}
\pastebutton{ContinuedFractionXmpPageEmpty17}{\showpaste}
\tab{5}\spadcommand{piConvergents :: Stream Float\free{piConvergents }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch18}
\begin{paste}{ContinuedFractionXmpPageFull18}
{ContinuedFractionXmpPageEmpty18}
\pastebutton{ContinuedFractionXmpPageFull18}{\hidepaste}
\tab{5}\spadcommand{continuedFraction((- 122 + 597*\%i)/(4 - 4*\%i))}
\indentrel{3}\begin{verbatim}

1

(18) - 90 + 59%i +

Type: ContinuedFraction Complex Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty18}
\begin{paste}{ContinuedFractionXmpPageEmpty18}
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{ContinuedFractionXmpPagePatch18}
\pastebutton{ContinuedFractionXmpPageEmpty18}{\showpaste}
\tab{5}\spadcommand{continuedFraction((- 122 + 597*\%i)/(4 - 4*\%i))}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch19}
\begin{paste}{ContinuedFractionXmpPageFull19}
{ContinuedFractionXmpPageEmpty19}
\pastebutton{ContinuedFractionXmpPageFull19}{\hidepaste}
\tab{5}\spadcommand{
r : Fraction UnivariatePolynomial(x,Fraction Integer)\bound{rdec }}
\indentrel{3}\begin{verbatim}

Type: Void
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty19}
\begin{paste}{ContinuedFractionXmpPageEmpty19}
{ContinuedFractionXmpPagePatch19}
\pastebutton{ContinuedFractionXmpPageEmpty19}{\showpaste}
\tab{5}\spadcommand{

r : Fraction UnivariatePolynomial(x,Fraction Integer)\bound{rdec }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch20}
\begin{paste}{ContinuedFractionXmpPageFull20}
{ContinuedFractionXmpPageEmpty20}
\pastebutton{ContinuedFractionXmpPageFull20}{\hidepaste}
\tab{5}\spadcommand{
r = ((x-1) * (x-2)) / ((x=3) * (x-4))\free{rdec }\bound{r 1}}
\indentrel{3}\begin{verbatim}
2
x - 3x + 2
(20)

2

x - 7x + 12
Type: Fraction UnivariatePolynomial(x,Fraction Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty20}
\begin{paste}{ContinuedFractionXmpPageEmpty20}
{ContinuedFractionXmpPagePatch20}
\pastebutton{ContinuedFractionXmpPageEmpty20}{\showpaste}
\tab{5}\spadcommand{

r:= ((x-1) x (x - 2)) / ((x=3) * (x-4))\free{rdec }\bound{r }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch21}
\begin{paste}{ContinuedFractionXmpPageFull21}
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{ContinuedFractionXmpPageEmpty21}
\pastebutton{ContinuedFractionXmpPageFull21}{\hidepaste}
\tab{5}\spadcommand{continuedFraction r\free{r }}
\indentrel{3}\begin{verbatim}
1
(21) 1+

Type: ContinuedFraction UnivariatePolynomial(x,Fraction Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty21}
\begin{paste}{ContinuedFractionXmpPageEmpty21}
{ContinuedFractionXmpPagePatch21}
\pastebutton{ContinuedFractionXmpPageEmpty21}{\showpaste}
\tab{5}\spadcommand{continuedFraction r\free{r }}
\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPagePatch22}
\begin{paste}{ContinuedFractionXmpPageFull22}
{ContinuedFractionXmpPageEmpty22}
\pastebutton{ContinuedFractionXmpPageFull22}{\hidepaste}
\tab{5}\spadcommand{
[i*i for i in convergents(z) :: Stream Float]\free{z 1}}
\indentrel{3}\begin{verbatim}
(22)
[9.0, 11.1111111111 11111111, 10.9944598337 9501385,
11.0002777777 77777778, 10.9999860763 98799786,
11.0000006979 29731039, 10.9999999650 15834446,
11.0000000017 53603304, 10.9999999999 12099531,
11.0000000000 04406066, ...]
Type: Stream Float
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ContinuedFractionXmpPageEmpty22}
\begin{paste}{ContinuedFractionXmpPageEmpty22}
{ContinuedFractionXmpPagePatch22}
\pastebutton{ContinuedFractionXmpPageEmpty22}{\showpaste}
\tab{5}\spadcommand{

[i*i for i in convergents(z) :: Stream Float]\free{z }}
\end{paste}\end{patch}
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3.18 cphelp.ht

3.18.1 Control Panel Bits

— cphelp.ht —

\begin{page}{CPHelp}{Control Panel Bits}
\beginscroll

Here are some stuff from a Three Dimensional Viewport’s Control Panel
\newline

Main Control Panel: \newline \newline

Rotate: \helpbit{rotate3D}

Zoom: \helpbit{zoom3D}

Translate up/down left/right in the window: \helpbit{translate3D}
Changing the color of the rendered surface: \helpbit{color3D}

Turn the axes on and off: \helpbit{axes3D}

Display surface as a transparent wire mesh: \helpbit{transparent3D}
Display surface with hidden surface removed and the core dumped:
\helpbit{opaque3D}

Display rendered surface: \helpbit{render3D}

Show region within which the function is defined: \helpbit{region3D}
Change position of light source: \helpbit{lighting3D}

Change Perspective/Clipping of surface: \helpbit{volume3D}

Reset to original viewpoint: \helpbit{reset3D}

Show grid lines on the rendered surface: \helpbit{outline3D}

Hide the menu: \helpbit{hide3D}

Close the viewport: \helpbit{close3D}

\newline
\newline
\endscroll

\autobuttons
\end{page}

3.19 cycles.ht

3.19.1 Cyclelndicators

— cycles.ht —

267
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\begin{page}{CycleIndicatorsXmpPage}{CycleIndicators}
\beginscroll

This section is based upon the paper

J. H. Redfield, °‘The Theory of Group-Reduced Distributions’’,
and is an application of group theory to enumeration problems.
It is a development of the work by P. A. MacMahon on the

The theory is based upon the power sum symmetric functions
\subscriptIt{s}{i}

which are the sum of the \eth{\it i} powers of the variables.
The cycle index of a permutation is an expression that specifies
the sizes of the cycles of a permutation, and

may be represented as a partition.

A partition of a non-negative integer \spad{n} is a collection
of positive integers called its parts whose sum is \spad{n}.
For example, the partition

\texht{$(372 \ 2 \ 172)$}{\spad{3**2 2 1**2)}}

will be used to represent

\texht{$s"2_3 s_2 s72_1$}{\spad{(s_3)**2 s_2 (s_1)**2}}

and will indicate that the permutation has two cycles of length 3,
one of length 2 and two of length 1.

The cycle index of a permutation group is the sum of the cycle indices
of its permutations divided by the number of permutations.

The cycle indices of certain groups are provided.

\xtc{

We first expose something from the library.

H

\spadpaste{) expose EVALCYC}

¥

\xtc{

The operation \spadfun{complete} returns the cycle index of the
symmetric group of order \spad{n} for argument \spad{n}.
Alternatively, it is the \eth{\spad{n}} complete homogeneous symmetric
function expressed in terms of power sum symmetric functions.
H

\spadpaste{complete 1}

X

\xtc{

H

\spadpaste{complete 2}

¥

\xtc{

H

\spadpaste{complete 3}

}

\xtc{

H

\spadpaste{complete 7}

¥

\xtc{
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The operation \spadfun{elementary} computes the \eth{\spad{n}}
elementary symmetric function for argument \spad{n.}

H

\spadpaste{elementary 7}

}

\xtc{

The operation \spadfun{alternating} returns

the cycle index of the alternating group

having an even number of even parts in each cycle partition.
H

\spadpaste{alternating 7}

}

\xtc{

The operation \spadfun{cyclic} returns the cycle index of the cyclic group.
H

\spadpaste{cyclic 7}

}

\xtc{

The operation \spadfun{dihedral} is the cycle index of the
dihedral group.

H

\spadpaste{dihedral 7}

}

\xtc{

The operation \spadfun{graphs} for argument \spad{n} returns
the cycle index of the group of permutations on

the edges of the complete graph with \spad{n} nodes induced by
applying the symmetric group to the nodes.

H

\spadpaste{graphs 5}

}

The cycle index of a direct product of two groups is the product
of the cycle indices of the groups.

Redfield provided two operations on two cycle indices which will
be called ‘‘cup’’ and ‘‘cap’’ here.

The \spadfun{cup} of two cycle indices is a kind of scalar product
that combines monomials for permutations with the same cycles.

The \spadfun{cap} operation provides the sum of the coefficients
of the result of the \spadfun{cup} operation which will be an
integer that enumerates what Redfield called

group-reduced distributions.

We can, for example, represent \spad{complete 2 * complete 2}
as the set of objects \spad{a a b b} and
\spad{complete 2 * complete 1 * complete 1} as \spad{c c d e.}

\xtc{
This integer
is the number of different sets of four pairs.
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H

\spadpaste{cap(complete 2**2, complete 2*complete 1%*2)}
}

For example,

\begin{verbatim}

aabb aabb aabb aabb

ccde cdce cecd decc

\end{verbatim}

\xtc{

This integer

is the number of different sets of four pairs no two pairs being equal.
H

\spadpaste{cap(elementary 2**2, complete 2*complete 1%*2)}

}

For example,

\begin{verbatim}

aabb aabb

cdce cecd

\end{verbatim}

In this case the configurations enumerated are easily constructed,
however the theory merely enumerates them providing little help in
actually constructing them.

\xtc{

Here are the

number of 6-pairs, first from \spad{a a a b b c,} second from
\spad{d d e e f g.}

H

\spadpaste{cap(complete 3*complete 2*complete 1,

complete 2**2xcomplete 1*x2)}

}

\xtc{

Here it is again, but with no equal pairs.

H

\spadpaste{cap(elementary 3*elementary 2*elementary 1,

complete 2**2xcomplete 1*x2)}

}

\xtc{

H

\spadpaste{cap(complete 3*complete 2*complete 1,

elementary 2x*2*elementary 1**2)}

}

\xtc{

The number of 6-triples, first from \spad{a a a b b c,} second from
\spad{d d e e £ g,} third from \spad{fh h i i j j.}

H

\spadpaste{eval (cup(complete 3*complete 2*complete 1,

cup(complete 2*x2*complete 1**2,complete 2%%*3)))}

}

\xtc{
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The cycle index of vertices of a square is dihedral 4.

H

\spadpaste{square:=dihedral 4}

}

\xtc{

The number of different squares with 2 red vertices and 2 blue vertices.
H

\spadpaste{cap(complete 2**2,square)}

}

\xtc{

The number of necklaces with 3 red beads, 2 blue beads and 2 green beads.
H

\spadpaste{cap(complete 3*complete 2**2,dihedral 7)}

}

\xtc{

The number of graphs with 5 nodes and 7 edges.

H

\spadpaste{cap(graphs 5,complete 7*complete 3)}

}

\xtc{

The cycle index of rotations of vertices of a cube.

H

\spadpaste{s(x) == powerSum(x)}

}

\xtc{

H

\spadpaste{cube:=(1/24) *(s 1%*8+9%s 2%*4 + 8ks 3**2xs 1**x2+6%s 4**2)}
}

\xtc{

The number of cubes with 4 red vertices and 4 blue vertices.

H

\spadpaste{cap(complete 4**2,cube)}

}

\xtc{

The number of labeled graphs with degree sequence \spad{2 2 2 1 1}
with no loops or multiple edges.

H

\spadpaste{

cap(complete 2**3*complete 1**2,wreath(elementary 4,elementary 2))}
}

\xtc{

Again, but

with loops allowed but not multiple edges.

H

\spadpaste{

cap(complete 2**3xcomplete 1%*2,wreath(elementary 4,complete 2))}
}

\xtc{

Again, but

with multiple edges allowed, but not loops
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H

\spadpaste{cap(complete 2**3*complete 1**2,wreath(complete 4,elementary 2))3}
}

\xtc{

Again, but

with both multiple edges and loops allowed

H

\spadpaste{cap(complete 2**3*complete 1**2 ,wreath(complete 4,complete 2))}

}

Having constructed a cycle index for a configuration

we are at liberty to evaluate the

\subscriptIt{s}{i}

components any way we please.

For example we can produce enumerating generating functions.
{CycleIndicators}

This is done by providing a function \spad{f} on an integer \spad{i}
to the value required of \subscriptIt{s}{i},

and then evaluating \spad{eval(f, cycleindex)}.

\xtc{

H

\spadpaste{x: ULS(FRAC INT,’x,0) := ’x \bound{x}}

}

\xtc{

H

\spadpaste{ZeroOrOne: INT -> ULS(FRAC INT, ’x, 0) \bound{zodecl}}
}

\xtc{

H

\spadpaste{Integers: INT -> ULS(FRAC INT, ’x, O0) \bound{idec}}
}

\xtc{

For the integers 0 and 1, or two colors.

H

\spadpaste{ZeroOrOne n == 1+x**n \free{x zodec}\bound{zol}}
}

\xtc{

H

\spadpaste{ZeroOrOne 5 \free{zol}}

}

\xtc{

For the integers \spad{0, 1, 2, ...} we have this.

H

\spadpaste{Integers n == 1/(1-x**n) \free{x idec}\bound{i}}
}

\xtc{

H

\spadpaste{Integers 5 \free{il}}

}
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\xtc{

The coefficient of \texht{$x"n$}{\spad{x**n}}

is the number of graphs with 5 nodes

and \spad{n} edges.

H

\spadpaste{eval(ZeroOrOne, graphs 5) \free{zol}}

}

\xtcq

The coefficient of \texht{$x"n$}{\spad{x**n}} is the number of
necklaces with \spad{n} red beads and \spad{n-8} green beads.
H

\spadpaste{eval (ZeroOrOne,dihedral 8) \free{zo}}

}

\xtc{

The coefficient of \texht{$x"n$}{\spad{x**n}} is the number of
partitions of \spad{n} into 4 or fewer parts.

H

\spadpaste{eval (Integers,complete 4) \free{i}}

}

\xtc{

The coefficient of \texht{$x"n$}{\spad{x**n}} is the number of
partitions of \spad{n} into 4

boxes containing ordered distinct parts.

H

\spadpaste{eval (Integers,elementary 4) \free{il}}

}

\xtc{

The coefficient of \texht{$x"n$}{\spad{x**n}} is the number of
different cubes with \spad{n} red vertices and \spad{8-n} green ones.
H

\spadpaste{eval (ZeroOrQOne,cube) \free{zo}}

}

\xtc{

The coefficient of \texht{$x"n$}{\spad{x**nl}}

is the number of different cubes with integers

on the vertices whose sum is \spad{n.}

H

\spadpaste{eval (Integers,cube) \free{i}}

}

\xtcd

The coefficient of \texht{$x"n$}{\spad{x**n}} is the number of
graphs with 5 nodes and with integers on the edges whose sum is
\spad{n.}

In other words, the enumeration is of multigraphs with 5 nodes and
\spad{n} edges.

H

\spadpaste{eval (Integers,graphs 5) \free{i}}

}

\xtc{

Graphs with 15 nodes enumerated with respect to number of edges.
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H

\spadpaste{eval(ZeroOrOne ,graphs 15) \free{zol}}

}

\xtc{

Necklaces with 7 green beads, 8 white beads, 5 yellow beads and 10

red beads.

H

\spadpaste{cap(dihedral 30,complete 7*complete 8*complete 5*complete 10)}
}

The operation \spadfun{SFunction} is the S-function or Schur function
of a partition written

as a descending list of integers expressed in terms of power sum
symmetric functions.

\xtc{

In this case the argument partition represents a tableau shape.

For example \spad{3,2,2,1} represents a tableau with three boxes in the
first row, two boxes in the second and third rows, and one box in the
fourth row.

\spad{SFunction [3,2,2,1]}

counts the number of different tableaux of shape \spad{3, 2, 2, 1} filled
with objects with an ascending order in the columns and a
non-descending order in the rows.

H

\spadpaste{sf3221:= SFunction [3,2,2,1] \bound{sf3221}}
}

\xtc{

This is the number filled with \spad{a a bb c c d d.}
H

\spadpaste{cap(sf3221,complete 2**4) \free{sf3221}}

}

The configurations enumerated above are:
\begin{verbatim}

aab aac aad

b c bb bb

cd cd cc

d d d

\end{verbatim}

\xtc{

This is the number of tableaux filled with \spad{1l..8.}
H

\spadpaste{cap(sf3221, powerSum 1**8)\free{sf3221}}

}

\xtc{

The coefficient of \texht{$x"n$}{\spad{x**n}} is the number

of column strict reverse plane partitions of \spad{n} of shape
\spad{3 2 2 1.}

H

\spadpaste{eval (Integers, s£3221)\free{i sf3221}}

}

The smallest is
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\begin{verbatim}
000

11

2 2

3

\end{verbatim}
\endscroll
\autobuttons
\end{page}

\begin{patch}{CycleIndicatorsXmpPagePatchi}
\begin{paste}{CycleIndicatorsXmpPageFulli}{CycleIndicatorsXmpPageEmpty1}
\pastebutton{CycleIndicatorsXmpPageFulll}{\hidepaste}
\tab{5}\spadcommand{) expose EVALCYC}

\indentrel{3}\begin{verbatim}

\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmptyl}
\begin{paste}{CycleIndicatorsXmpPageEmpty1}{CycleIndicatorsXmpPagePatchl}
\pastebutton{CycleIndicatorsXmpPageEmptyl}{\showpaste}
\tab{5}\spadcommand{) expose EVALCYC}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch2}
\begin{paste}{CycleIndicatorsXmpPageFull2}{CycleIndicatorsXmpPageEmpty2}
\pastebutton{CycleIndicatorsXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{complete 1}
\indentrel{3}\begin{verbatim}

@ @

Type: SymmetricPolynomial Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty2}
\begin{paste}{CycleIndicatorsXmpPageEmpty2}{CycleIndicatorsXmpPagePatch2}
\pastebutton{CycleIndicatorsXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{complete 1}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch3}
\begin{paste}{CycleIndicatorsXmpPageFull3}{CycleIndicatorsXmpPageEmpty3}
\pastebutton{CycleIndicatorsXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{complete 2}
\indentrel{3}\begin{verbatim}

1 1 2

(2)
2 2
Type: SymmetricPolynomial Fraction Integer

\end{verbatim}

275
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty3}
\begin{paste}{CycleIndicatorsXmpPageEmpty3}{CycleIndicatorsXmpPagePatch3}
\pastebutton{CycleIndicatorsXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{complete 2}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch4}
\begin{paste}{CycleIndicatorsXmpPageFull4}{CycleIndicatorsXmpPageEmpty4}
\pastebutton{CycleIndicatorsXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{complete 3}

\indentrel{3}\begin{verbatim}

1 1 1 3
3
3 2 6
Type: SymmetricPolynomial Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty4}
\begin{paste}{CycleIndicatorsXmpPageEmpty4}{CycleIndicatorsXmpPagePatch4}
\pastebutton{CycleIndicatorsXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{complete 3}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch5}
\begin{paste}{CycleIndicatorsXmpPageFull5}{CycleIndicatorsXmpPageEmpty5}
\pastebutton{CycleIndicatorsXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{complete 7}

\indentrel{3}\begin{verbatim}

(4)
1 1 1 1 2 1
7 6 10 10 12
+
1 1 3 1 2 1 2
8 24 18 24
+
1 2 1 4 1 3 1 23
12 72 48 48
+
1 5 1 7
240 5040
Type: SymmetricPolynomial Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}



3.19. CYCLES.HT 277

\begin{patch}{CycleIndicatorsXmpPageEmpty5}
\begin{paste}{CycleIndicatorsXmpPageEmpty5}{CycleIndicatorsXmpPagePatch5}
\pastebutton{CycleIndicatorsXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{complete 7}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch6}
\begin{paste}{CycleIndicatorsXmpPageFull6}{CycleIndicatorsXmpPageEmpty6}
\pastebutton{CycleIndicatorsXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{elementary 7}

\indentrel{3}\begin{verbatim}

(8)
1 1 1 1 2 1
7 6 10 10 12
+
1 1 3 1 2 1 2
8 24 18 24
+
1 2 1 4 1 3 1 23
12 72 48 48
+
1 5 1 7
240 5040
Type: SymmetricPolynomial Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty6}
\begin{paste}{CycleIndicatorsXmpPageEmpty6}{CycleIndicatorsXmpPagePatch6}
\pastebutton{CycleIndicatorsXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{elementary 7}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch7}
\begin{paste}{CycleIndicatorsXmpPageFull7}{CycleIndicatorsXmpPageEmpty7}
\pastebutton{CycleIndicatorsXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{alternating 7}

\indentrel{3}\begin{verbatim}

()]
2 1 2 1 1 2 1 2
7 5 4 9 12
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36 24 2520
Type: SymmetricPolynomial Fraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty7}
\begin{paste}{CycleIndicatorsXmpPageEmpty7}{CycleIndicatorsXmpPagePatch7}
\pastebutton{CycleIndicatorsXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{alternating 73}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch8}
\begin{paste}{CycleIndicatorsXmpPageFull8}{CycleIndicatorsXmpPageEmpty8}
\pastebutton{CycleIndicatorsXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{cyclic 7}

\indentrel{3}\begin{verbatim}

6 17
(M
7 7
Type: SymmetricPolynomial Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty8}
\begin{paste}{CycleIndicatorsXmpPageEmpty8}{CycleIndicatorsXmpPagePatch8}
\pastebutton{CycleIndicatorsXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{cyclic 7}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch9}
\begin{paste}{CycleIndicatorsXmpPageFull9}{CycleIndicatorsXmpPageEmpty9}
\pastebutton{CycleIndicatorsXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{dihedral 7}

\indentrel{3}\begin{verbatim}

3 1 3 17
(®
7 2 14
Type: SymmetricPolynomial Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty9}
\begin{paste}{CycleIndicatorsXmpPageEmpty9}{CycleIndicatorsXmpPagePatch9}
\pastebutton{CycleIndicatorsXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{dihedral 7}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch10}
\begin{paste}{CycleIndicatorsXmpPageFull10}{CycleIndicatorsXmpPageEmpty10}
\pastebutton{CycleIndicatorsXmpPageFull10}{\hidepaste}
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\tab{5}\spadcommand{graphs 5}
\indentrel{3}\begin{verbatim}

9

1 1 2 1 2 1 3 1 42

6 5 4 6 8
+

1 34 1 10
12 120
Type: SymmetricPolynomial Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty10}
\begin{paste}{CycleIndicatorsXmpPageEmpty10}{CycleIndicatorsXmpPagePatch10}
\pastebutton{CycleIndicatorsXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{graphs 5}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatchl1}
\begin{paste}{CycleIndicatorsXmpPageFulll1}{CycleIndicatorsXmpPageEmpty11}
\pastebutton{CycleIndicatorsXmpPageFulll1}{\hidepaste}
\tab{5}\spadcommand{cap(complete 2**2, complete 2*complete 1*x2)}
\indentrel{3}\begin{verbatim}

(10) 4

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty11}
\begin{paste}{CycleIndicatorsXmpPageEmpty11}{CycleIndicatorsXmpPagePatchi1}
\pastebutton{CycleIndicatorsXmpPageEmptyl1}{\showpaste}
\tab{5}\spadcommand{cap(complete 2**2, complete 2*complete 1**2)}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch12}
\begin{paste}{CycleIndicatorsXmpPageFull12}{CycleIndicatorsXmpPageEmpty12}
\pastebutton{CycleIndicatorsXmpPageFull12}{\hidepaste}
\tab{5}\spadcommand{cap(elementary 2%*2, complete 2*complete 1**2)}
\indentrel{3}\begin{verbatim}

1) 2

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty12}
\begin{paste}{CycleIndicatorsXmpPageEmpty12}{CycleIndicatorsXmpPagePatchl2}
\pastebutton{CycleIndicatorsXmpPageEmpty12}{\showpastel}
\tab{5}\spadcommand{cap(elementary 2**2, complete 2*complete 1%*x2)}
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\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch13}
\begin{paste}{CycleIndicatorsXmpPageFull13}{CycleIndicatorsXmpPageEmpty13}
\pastebutton{CycleIndicatorsXmpPageFull13}{\hidepaste}
\tab{5}\spadcommand{
cap(complete 3*complete 2%complete 1,complete 2**2*complete 1%%2)}
\indentrel{3}\begin{verbatim}

(12) 24

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty13}
\begin{paste}{CycleIndicatorsXmpPageEmpty13}{CycleIndicatorsXmpPagePatch13}
\pastebutton{CycleIndicatorsXmpPageEmpty13}{\showpaste}
\tab{5}\spadcommand{

cap(complete 3*complete 2*complete 1,complete 2**2*complete 1%*2)}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatchi4}
\begin{paste}{CycleIndicatorsXmpPageFull14}{CycleIndicatorsXmpPageEmpty14}
\pastebutton{CycleIndicatorsXmpPageFulli4}{\hidepaste}
\tab{5}\spadcommand{
cap(elementary 3*elementary 2*elementary 1,complete 2**2xcomplete 1%%2)}
\indentrel{3}\begin{verbatim}

(13) 8

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty14}
\begin{paste}{CycleIndicatorsXmpPageEmpty14}{CycleIndicatorsXmpPagePatch14}
\pastebutton{CycleIndicatorsXmpPageEmpty14}{\showpaste}
\tab{5}\spadcommand{

cap(elementary 3*elementary 2*elementary 1,complete 2**2xcomplete 1%*2)}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatchi5}
\begin{paste}{CycleIndicatorsXmpPageFull15}{CycleIndicatorsXmpPageEmpty15}
\pastebutton{CycleIndicatorsXmpPageFull15}{\hidepaste}
\tab{5}\spadcommand{
cap(complete 3*complete 2*complete 1,elementary 2%*2*elementary 1**2)}
\indentrel{3}\begin{verbatim}

(14) 8

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty15}
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\begin{paste}{CycleIndicatorsXmpPageEmpty15}{CycleIndicatorsXmpPagePatchl5}
\pastebutton{CycleIndicatorsXmpPageEmpty15}{\showpaste}
\tab{5}\spadcommand{

cap(complete 3*complete 2xcomplete 1,elementary 2**2*elementary 1%*2)}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatchl6}
\begin{paste}{CycleIndicatorsXmpPageFull16}{CycleIndicatorsXmpPageEmpty16}
\pastebutton{CycleIndicatorsXmpPageFull16}{\hidepaste}
\tab{5}\spadcommand{
eval(cup(complete 3*complete 2*complete 1, _
cup(complete 2*x2*complete 1**2,complete 2%%*3)))}

\indentrel{3}\begin{verbatim}

(15) 1500

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty16}
\begin{paste}{CycleIndicatorsXmpPageEmpty16}{CycleIndicatorsXmpPagePatch16}
\pastebutton{CycleIndicatorsXmpPageEmpty16}{\showpaste}
\tab{5}\spadcommand{
eval(cup(complete 3*complete 2*complete 1, _

cup(complete 2*x2*complete 1**2,complete 2%%*3)))}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatchl7}
\begin{paste}{CycleIndicatorsXmpPageFull17}{CycleIndicatorsXmpPageEmpty17}
\pastebutton{CycleIndicatorsXmpPageFull17}{\hidepaste}
\tab{5}\spadcommand{square:=dihedral 4}

\indentrel{3}\begin{verbatim}

1 3 2 1 2 1 4
(16)
4 8 4 8
Type: SymmetricPolynomial Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty17}
\begin{paste}{CycleIndicatorsXmpPageEmpty17}{CycleIndicatorsXmpPagePatchl7}
\pastebutton{CycleIndicatorsXmpPageEmpty17}{\showpaste}
\tab{5}\spadcommand{square:=dihedral 4}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch18}
\begin{paste}{CycleIndicatorsXmpPageFull18}{CycleIndicatorsXmpPageEmpty18}
\pastebutton{CycleIndicatorsXmpPageFull18}{\hidepaste}
\tab{5}\spadcommand{cap(complete 2**2,square)’}
\indentrel{3}\begin{verbatim}

an 2
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Type: Fraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty18}
\begin{paste}{CycleIndicatorsXmpPageEmpty18}{CycleIndicatorsXmpPagePatch18}
\pastebutton{CycleIndicatorsXmpPageEmpty18}{\showpaste}
\tab{5}\spadcommand{cap(complete 2**2,square)}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch19}
\begin{paste}{CycleIndicatorsXmpPageFull19}{CycleIndicatorsXmpPageEmpty19}
\pastebutton{CycleIndicatorsXmpPageFull19}{\hidepaste}
\tab{5}\spadcommand{cap (complete 3*complete 2**2,dihedral 7)}
\indentrel{3}\begin{verbatim}

(18) 18

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty19}
\begin{paste}{CycleIndicatorsXmpPageEmpty19}{CycleIndicatorsXmpPagePatch19}
\pastebutton{CycleIndicatorsXmpPageEmpty19}{\showpaste}
\tab{5}\spadcommand{cap (complete 3*complete 2**2,dihedral 7)}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch20}
\begin{paste}{CycleIndicatorsXmpPageFull20}{CycleIndicatorsXmpPageEmpty20}
\pastebutton{CycleIndicatorsXmpPageFull20}{\hidepaste}
\tab{5}\spadcommand{cap (graphs 5,complete 7*complete 3)}
\indentrel{3}\begin{verbatim}
(19) 4

Type: Fraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty20}
\begin{paste}{CycleIndicatorsXmpPageEmpty20}{CycleIndicatorsXmpPagePatch20}
\pastebutton{CycleIndicatorsXmpPageEmpty20}{\showpaste}
\tab{5}\spadcommand{cap(graphs 5,complete 7*complete 3)}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch21}
\begin{paste}{CycleIndicatorsXmpPageFull21}{CycleIndicatorsXmpPageEmpty21}
\pastebutton{CycleIndicatorsXmpPageFull21}{\hidepaste}
\tab{5}\spadcommand{s (x) == powerSum(x)}
\indentrel{3}\begin{verbatim}

Type: Void
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{CycleIndicatorsXmpPageEmpty21}
\begin{paste}{CycleIndicatorsXmpPageEmpty21}{CycleIndicatorsXmpPagePatch21}
\pastebutton{CycleIndicatorsXmpPageEmpty21}{\showpaste}
\tab{5}\spadcommand{s(x) == powerSum(x)}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch22}
\begin{paste}{CycleIndicatorsXmpPageFull22}{CycleIndicatorsXmpPageEmpty22}
\pastebutton{CycleIndicatorsXmpPageFull22}{\hidepaste}
\tab{5}\spadcommand{

cube:=(1/24)*(s 1**8+9%s 2x*4 + 8ks 3x*2xs 1*x*x2+6%s 4*x2)}
\indentrel{3}\begin{verbatim}

1 2 1 22 3 4 1 8
21
4 3 8 24
Type: SymmetricPolynomial Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty22}
\begin{paste}{CycleIndicatorsXmpPageEmpty22}{CycleIndicatorsXmpPagePatch22}
\pastebutton{CycleIndicatorsXmpPageEmpty22}{\showpaste}
\tab{5}\spadcommand{

cube:=(1/24)*(s 1%x8+9xs 2%*4 + 8ks 3k*k2ks 1%*2+6%s 4*%2)}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch23}
\begin{paste}{CycleIndicatorsXmpPageFull23}{CycleIndicatorsXmpPageEmpty23}
\pastebutton{CycleIndicatorsXmpPageFull23}{\hidepaste}
\tab{5}\spadcommand{cap(complete 4**2,cube)}
\indentrel{3}\begin{verbatim}

(22) 7

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty23}
\begin{paste}{CycleIndicatorsXmpPageEmpty23}{CycleIndicatorsXmpPagePatch23}
\pastebutton{CycleIndicatorsXmpPageEmpty23}{\showpastel}
\tab{5}\spadcommand{cap (complete 4**2,cube)’}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch24}
\begin{paste}{CycleIndicatorsXmpPageFull24}{CycleIndicatorsXmpPageEmpty24}
\pastebutton{CycleIndicatorsXmpPageFull24}{\hidepaste}
\tab{5}\spadcommand{
cap(complete 2**3*complete 1**2,wreath(elementary 4,elementary 2))}
\indentrel{3}\begin{verbatim}

(23) 7
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Type: Fraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty24}
\begin{paste}{CycleIndicatorsXmpPageEmpty24}{CycleIndicatorsXmpPagePatch24}
\pastebutton{CycleIndicatorsXmpPageEmpty24}{\showpaste}
\tab{5}\spadcommand{

cap(complete 2**3*complete 1**2,wreath(elementary 4,elementary 2))}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch25}
\begin{paste}{CycleIndicatorsXmpPageFull25}{CycleIndicatorsXmpPageEmpty25}
\pastebutton{CycleIndicatorsXmpPageFull25}{\hidepaste}
\tab{5}\spadcommand{
cap(complete 2**3*complete 1**2,wreath(elementary 4,complete 2))}
\indentrel{3}\begin{verbatim}

(24) 17

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty25}
\begin{paste}{CycleIndicatorsXmpPageEmpty25}{CycleIndicatorsXmpPagePatch25}
\pastebutton{CycleIndicatorsXmpPageEmpty25}{\showpaste}
\tab{5}\spadcommand{

cap(complete 2*x3*complete 1**2,wreath(elementary 4,complete 2))}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch26}
\begin{paste}{CycleIndicatorsXmpPageFull26}{CycleIndicatorsXmpPageEmpty26}
\pastebutton{CycleIndicatorsXmpPageFull26}{\hidepaste}
\tab{5}\spadcommand{
cap(complete 2**3*complete 1**2,wreath(complete 4,elementary 2))}
\indentrel{3}\begin{verbatim}

(25) 10

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty26}
\begin{paste}{CycleIndicatorsXmpPageEmpty26}{CycleIndicatorsXmpPagePatch26}
\pastebutton{CycleIndicatorsXmpPageEmpty26}{\showpastel}
\tab{5}\spadcommand{

cap(complete 2*x3*complete 1**2,wreath(complete 4,elementary 2))}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch27}
\begin{paste}{CycleIndicatorsXmpPageFull27}{CycleIndicatorsXmpPageEmpty27}
\pastebutton{CycleIndicatorsXmpPageFull27}{\hidepaste}
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\tab{5}\spadcommand{
cap(complete 2%*3*complete 1%*2,wreath(complete 4,complete 2))}
\indentrel{3}\begin{verbatim}
(26) 23
Type: Fraction Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty27}
\begin{paste}{CycleIndicatorsXmpPageEmpty27}{CycleIndicatorsXmpPagePatch27}
\pastebutton{CycleIndicatorsXmpPageEmpty27}{\showpaste}
\tab{5}\spadcommand{

cap(complete 2**3*complete 1**2,wreath(complete 4,complete 2))}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch28}
\begin{paste}{CycleIndicatorsXmpPageFull28}{CycleIndicatorsXmpPageEmpty28}
\pastebutton{CycleIndicatorsXmpPageFull28}{\hidepaste}

\tab{5}\spadcommand{x: ULS(FRAC INT,’x,0) := ’x\bound{x }}
\indentrel{3}\begin{verbatim}

@7 x

Type: UnivariateLaurentSeries(Fraction Integer,x,0)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty28}
\begin{paste}{CycleIndicatorsXmpPageEmpty28}{CycleIndicatorsXmpPagePatch28}
\pastebutton{CycleIndicatorsXmpPageEmpty28}{\showpaste}
\tab{5}\spadcommand{x: ULS(FRAC INT,’x,0) := ’x\bound{x }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch29}
\begin{paste}{CycleIndicatorsXmpPageFull29}{CycleIndicatorsXmpPageEmpty29}
\pastebutton{CycleIndicatorsXmpPageFull29}{\hidepaste}
\tab{5}\spadcommand{ZeroOrOne: INT -> ULS(FRAC INT, ’x, 0)\bound{zodec }}
\indentrel{3}\begin{verbatim}

Type: Void
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty29}
\begin{paste}{CycleIndicatorsXmpPageEmpty29}{CycleIndicatorsXmpPagePatch29}
\pastebutton{CycleIndicatorsXmpPageEmpty29}{\showpastel}
\tab{5}\spadcommand{ZeroOrOne: INT -> ULS(FRAC INT, ’x, O0)\bound{zodec }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch30}
\begin{paste}{CycleIndicatorsXmpPageFull30}{CycleIndicatorsXmpPageEmpty30}
\pastebutton{CycleIndicatorsXmpPageFull30}{\hidepaste}
\tab{5}\spadcommand{Integers: INT -> ULS(FRAC INT, ’x, O)\bound{idec }}



286 CHAPTER 3. HYPERDOC PAGES

\indentrel{3}\begin{verbatim}

Type: Void
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty30}
\begin{paste}{CycleIndicatorsXmpPageEmpty30}{CycleIndicatorsXmpPagePatch30}
\pastebutton{CycleIndicatorsXmpPageEmpty30}{\showpaste}
\tab{5}\spadcommand{Integers: INT -> ULS(FRAC INT, ’x, 0)\bound{idec }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch31}
\begin{paste}{CycleIndicatorsXmpPageFull31}{CycleIndicatorsXmpPageEmpty31}
\pastebutton{CycleIndicatorsXmpPageFull31}{\hidepaste}
\tab{5}\spadcommand{ZeroOrOne n == 1+x**n\free{x zodec }\bound{zo }}
\indentrel{3}\begin{verbatim}

Type: Void
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty31}
\begin{paste}{CycleIndicatorsXmpPageEmpty31}{CycleIndicatorsXmpPagePatch31}
\pastebutton{CycleIndicatorsXmpPageEmpty31}{\showpaste}
\tab{5}\spadcommand{ZeroOrOne n == 1+x**n\free{x zodec }\bound{zo }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch32}
\begin{paste}{CycleIndicatorsXmpPageFull32}{CycleIndicatorsXmpPageEmpty32}
\pastebutton{CycleIndicatorsXmpPageFull32}{\hidepaste}
\tab{5}\spadcommand{ZeroOrOne 5\free{zo }}
\indentrel{3}\begin{verbatim}
5

(31) 1 +x

Type: UnivariateLaurentSeries(Fraction Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty32}
\begin{paste}{CycleIndicatorsXmpPageEmpty32}{CycleIndicatorsXmpPagePatch32}
\pastebutton{CycleIndicatorsXmpPageEmpty32}{\showpastel}
\tab{5}\spadcommand{ZeroOrOne 5\free{zo }}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch33}
\begin{paste}{CycleIndicatorsXmpPageFull33}{CycleIndicatorsXmpPageEmpty33}
\pastebutton{CycleIndicatorsXmpPageFull33}{\hidepaste}
\tab{5}\spadcommand{Integers n == 1/(1-x**n)\free{x idec }\bound{i }}
\indentrel{3}\begin{verbatim}

Type: Void
\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty33}
\begin{paste}{CycleIndicatorsXmpPageEmpty33}{CycleIndicatorsXmpPagePatch33}
\pastebutton{CycleIndicatorsXmpPageEmpty33}{\showpaste}
\tab{5}\spadcommand{Integers n == 1/(1-x**n)\free{x idec }\bound{i }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch34}
\begin{paste}{CycleIndicatorsXmpPageFull34}{CycleIndicatorsXmpPageEmpty34}
\pastebutton{CycleIndicatorsXmpPageFull34}{\hidepaste}
\tab{5}\spadcommand{Integers 5\free{i }}
\indentrel{3}\begin{verbatim}
5 10 11

(33) 1 +x +x + 0k )

Type: UnivariateLaurentSeries(Fraction Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty34}
\begin{paste}{CycleIndicatorsXmpPageEmpty34}{CycleIndicatorsXmpPagePatch34}
\pastebutton{CycleIndicatorsXmpPageEmpty34}{\showpaste}
\tab{5}\spadcommand{Integers 5\free{i }}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch35}
\begin{paste}{CycleIndicatorsXmpPageFull35}{CycleIndicatorsXmpPageEmpty35}
\pastebutton{CycleIndicatorsXmpPageFull35}{\hidepaste}
\tab{5}\spadcommand{eval (ZeroOrOne, graphs 5)\free{zo }}
\indentrel{3}\begin{verbatim}
(34)
2 3 4 5 6 7 8 9
1+x+2x +4x +6x +6x +6x +4x +2x +x

10 11
X + D(X )
Type: UnivariateLaurentSeries(Fraction Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty35}
\begin{paste}{CycleIndicatorsXmpPageEmpty35}{CycleIndicatorsXmpPagePatch35}
\pastebutton{CycleIndicatorsXmpPageEmpty35}{\showpastel}
\tab{5}\spadcommand{eval (ZeroOrOne, graphs 5)\free{zo }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch36}
\begin{paste}{CycleIndicatorsXmpPageFull36}{CycleIndicatorsXmpPageEmpty36}
\pastebutton{CycleIndicatorsXmpPageFull36}{\hidepaste}
\tab{5}\spadcommand{eval (ZeroOrOne,dihedral 8)\free{zo }}
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\indentrel{3}\begin{verbatim}
2 3 4 5 6 7 8
(35) 1 +x+4x +5bx +8x +5bx +4x +x +x
Type: UnivariateLaurentSeries(Fraction Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty36}
\begin{paste}{CycleIndicatorsXmpPageEmpty36}{CycleIndicatorsXmpPagePatch36}
\pastebutton{CycleIndicatorsXmpPageEmpty36}{\showpaste}
\tab{5}\spadcommand{eval (ZeroOrOne,dihedral 8)\free{zo }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch37}
\begin{paste}{CycleIndicatorsXmpPageFull37}{CycleIndicatorsXmpPageEmpty37}
\pastebutton{CycleIndicatorsXmpPageFull37}{\hidepaste}
\tab{5}\spadcommand{eval (Integers,complete 4)\free{i }}
\indentrel{3}\begin{verbatim}
(36)
2 3 4 5 6 7 8
1+x+2x +3x +5x +6x +9x + 1lx + 1bx

9 10 11
18x + 23x + 0(x )
Type: UnivariateLaurentSeries(Fraction Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty37}
\begin{paste}{CycleIndicatorsXmpPageEmpty37}{CycleIndicatorsXmpPagePatch37}
\pastebutton{CycleIndicatorsXmpPageEmpty37}{\showpaste}
\tab{5}\spadcommand{eval (Integers,complete 4)\free{i }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch38}
\begin{paste}{CycleIndicatorsXmpPageFull38}{CycleIndicatorsXmpPageEmpty38}
\pastebutton{CycleIndicatorsXmpPageFull38}{\hidepaste}
\tab{5}\spadcommand{eval (Integers,elementary 4)\free{i }}
\indentrel{3}\begin{verbatim}
37
6 7 8 9 10 11 12 13
X +x +2x +3x +56x +6x +9x + 1ix

14 15 16 17
16x  + 18x + 23x + 0(x )
Type: UnivariateLaurentSeries(Fraction Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty38}
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\begin{paste}{CycleIndicatorsXmpPageEmpty38}{CycleIndicatorsXmpPagePatch38}
\pastebutton{CycleIndicatorsXmpPageEmpty38}{\showpaste}
\tab{5}\spadcommand{eval (Integers,elementary 4)\free{i }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch39}
\begin{paste}{CycleIndicatorsXmpPageFull39}{CycleIndicatorsXmpPageEmpty39}
\pastebutton{CycleIndicatorsXmpPageFul139}{\hidepaste}
\tab{5}\spadcommand{eval (ZeroOrOne, cube) \free{zo }}
\indentrel{3}\begin{verbatim}
2 3 4 5 6 7 8

(38) 1 +x+3x +3x +7x +3x +3x +x +x

Type: UnivariateLaurentSeries(Fraction Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty39}
\begin{paste}{CycleIndicatorsXmpPageEmpty39}{CycleIndicatorsXmpPagePatch39}
\pastebutton{CycleIndicatorsXmpPageEmpty39}{\showpaste}
\tab{5}\spadcommand{eval (ZeroOrOne, cube) \free{zo }}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch40}
\begin{paste}{CycleIndicatorsXmpPageFull40}{CycleIndicatorsXmpPageEmpty40}
\pastebutton{CycleIndicatorsXmpPageFull40}{\hidepaste}
\tab{5}\spadcommand{eval (Integers,cube) \free{i }}
\indentrel{3}\begin{verbatim}
(39)
2 3 4 5 6 7
1 +x+4x + 7x + 21x + 37x + 8b6x + 161x

8 9 10 11
292x + 490x + 848x + 0(x )
Type: UnivariateLaurentSeries(Fraction Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty40}
\begin{paste}{CycleIndicatorsXmpPageEmpty40}{CycleIndicatorsXmpPagePatch40}
\pastebutton{CycleIndicatorsXmpPageEmpty40}{\showpastel}
\tab{5}\spadcommand{eval (Integers,cube) \free{i }}

\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch41}
\begin{paste}{CycleIndicatorsXmpPageFull41}{CycleIndicatorsXmpPageEmpty41}
\pastebutton{CycleIndicatorsXmpPageFull41}{\hidepaste}
\tab{5}\spadcommand{eval (Integers,graphs 5)\free{i }}
\indentrel{3}\begin{verbatim}
(40)
2 3 4 5 6 7



290 CHAPTER 3. HYPERDOC PAGES

1 +x+3x +7x + 17x + 3bx + 76x + 149x

8 9 10 11
291x + 539x + 974x + 0(x )
Type: UnivariatelLaurentSeries(Fraction Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty41}
\begin{paste}{CycleIndicatorsXmpPageEmpty41}{CycleIndicatorsXmpPagePatch41}
\pastebutton{CycleIndicatorsXmpPageEmpty41}{\showpaste}
\tab{5}\spadcommand{eval (Integers,graphs 5)\free{i }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch42}
\begin{paste}{CycleIndicatorsXmpPageFull42}{CycleIndicatorsXmpPageEmpty42}
\pastebutton{CycleIndicatorsXmpPageFull42}{\hidepaste}
\tab{5}\spadcommand{eval (ZeroOrOne ,graphs 15)\free{zo }}
\indentrel{3}\begin{verbatim}
(41)
2 3 4 5 6 7
1+x+2x +5x + 1lx + 26x + 68x + 177x

8 9 10 11
496x + 1471x + 4583x + 0(x )
Type: UnivariateLaurentSeries(Fraction Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty42}
\begin{paste}{CycleIndicatorsXmpPageEmpty42}{CycleIndicatorsXmpPagePatch42}
\pastebutton{CycleIndicatorsXmpPageEmpty42}{\showpaste}
\tab{5}\spadcommand{eval (ZeroOrOne ,graphs 15)\free{zo }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch43}
\begin{paste}{CycleIndicatorsXmpPageFull43}{CycleIndicatorsXmpPageEmpty43}
\pastebutton{CycleIndicatorsXmpPageFull43}{\hidepaste}
\tab{5}\spadcommand{cap(dihedral 30,complete 7*complete 8*complete 5*complete 10)}
\indentrel{3}\begin{verbatim}

(42) 49958972383320

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty43}
\begin{paste}{CycleIndicatorsXmpPageEmpty43}{CycleIndicatorsXmpPagePatch43}
\pastebutton{CycleIndicatorsXmpPageEmpty43}{\showpaste}
\tab{5}\spadcommand{

cap(dihedral 30,complete 7*complete 8*complete 5*complete 10)}
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\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch44}
\begin{paste}{CycleIndicatorsXmpPageFull44}{CycleIndicatorsXmpPageEmpty44}
\pastebutton{CycleIndicatorsXmpPageFull44}{\hidepaste}
\tab{5}\spadcommand{sf3221:= SFunction [3,2,2,1]\bound{sf3221 }}
\indentrel{3}\begin{verbatim}

(43)
1 1 2 1 2 1
12 12 16 12
+
1 4 1 2 1 22 1 2
24 36 36 24
+
1 3 1 5 1 4 1 32
36 72 192 48
+
1 24 1 6 1 8
96 144 576
Type: SymmetricPolynomial Fraction Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty44}
\begin{paste}{CycleIndicatorsXmpPageEmpty44}{CycleIndicatorsXmpPagePatch44}
\pastebutton{CycleIndicatorsXmpPageEmpty44}{\showpaste}
\tab{5}\spadcommand{sf3221:= SFunction [3,2,2,1]\bound{sf3221 }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch45}
\begin{paste}{CycleIndicatorsXmpPageFull45}{CycleIndicatorsXmpPageEmpty45}
\pastebutton{CycleIndicatorsXmpPageFull45}{\hidepaste}
\tab{5}\spadcommand{cap(s£3221,complete 2**4)\free{sf3221 }}
\indentrel{3}\begin{verbatim}

(44) 3

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty45}
\begin{paste}{CycleIndicatorsXmpPageEmpty45}{CycleIndicatorsXmpPagePatch45}
\pastebutton{CycleIndicatorsXmpPageEmpty45}{\showpaste}
\tab{5}\spadcommand{cap(s£3221,complete 2**4)\free{sf3221 }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch46}
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\begin{paste}{CycleIndicatorsXmpPageFull46}{CycleIndicatorsXmpPageEmpty46}
\pastebutton{CycleIndicatorsXmpPageFull46}{\hidepaste}
\tab{5}\spadcommand{cap (s£3221, powerSum 1**8)\free{sf3221 }}
\indentrel{3}\begin{verbatim}

(45) 70

Type: Fraction Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty46}
\begin{paste}{CycleIndicatorsXmpPageEmpty46}{CycleIndicatorsXmpPagePatch46}
\pastebutton{CycleIndicatorsXmpPageEmpty46}{\showpaste}
\tab{5}\spadcommand{cap (s£3221, powerSum 1**8)\free{sf3221 }}
\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPagePatch47}
\begin{paste}{CycleIndicatorsXmpPageFull47}{CycleIndicatorsXmpPageEmpty47}
\pastebutton{CycleIndicatorsXmpPageFull47}{\hidepaste}
\tab{5}\spadcommand{eval (Integers, sf3221)\free{i sf3221 }}
\indentrel{3}\begin{verbatim}
(46)
9 10 11 12 13 14 15
x +3x +7x +14x + 27x + 47x + 79x

16 17 18 19 20
126x  + 196x  + 294x  + 432x  + 0(x )
Type: UnivariateLaurentSeries(Fraction Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{CycleIndicatorsXmpPageEmpty47}
\begin{paste}{CycleIndicatorsXmpPageEmpty47}{CycleIndicatorsXmpPagePatch47}
\pastebutton{CycleIndicatorsXmpPageEmpty47}{\showpaste}
\tab{5}\spadcommand{eval (Integers, sf3221)\free{i sf3221 }}
\end{paste}\end{patch}

3.20 coverex.ht

3.20.1 Examples Of Axiom Commands

= “Differentiation” (Menuexdiff) on page
= “Integration” (Menuexint) on page
= “Laplace Transforms” (Menuexlap) on page B3
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“Limits” (Menuexlimit) on page B

“Matrices” (Menuexmatrix) on page B13

“2-D Graphics” (Menuexplot2d) on page BZI

“3-D Graphics” (Menuexplot3d) on page B23

“Series” (Menuexseries) on page BZ3

“Summations” (Menuexsum) on page B30
— coverex.ht —

A R

\begin{page}{ExampleCoverPage}{Examples 0Of Axiom Commands}
\beginscroll\table{
{\downlink{Differentiation}{Menuexdiff}}
{\downlink{Integration}{Menuexint}}
{\downlink{Laplace Transforms}{Menuexlapl}}
{\downlink{Limits}{Menuexlimit}}
{\downlink{Matrices}{Menuexmatrix}}
{\downlink{2-D Graphics}{Menuexplot2d}}
{\downlink{3-D Graphics}{Menuexplot3dl}}
{\downlink{Series}{Menuexseries}}
{\downlink{Summations}{Menuexsum}}
Hendscroll\end{page}

3.20.2 Differentiation

“Computing Derivatives” (ExDiffBasic) on page B79
“Derivatives of Functions of Several Variables” (ExDiffSeveralVariables) on page

4

= “Derivatives of Higher Order” (ExDiffHigherOrder) on page
= “Multiple Derivatives I” (ExDiffMultiplel) on page
= “Multiple Derivatives II” (ExDiffMultipleII) on page
= “Derivatives of Functions Involving Formal Integrals” (ExDiffFormallntegral) on
page
— coverex.ht —

\begin{page}{Menuexdiff}{Differentiation}
\beginscroll\beginmenu

\menudownlink{Computing Derivatives}{ExDiffBasic}
\spadpaste{differentiate(sin(x) * exp(x**2),x)}
\menudownlink{Derivatives of Functions of Several Variables}
{ExDiffSeveralVariables}

\spadpaste{differentiate(sin(x) * tan(y)/(x**2 + y*x*2),x)}
\spadpaste{differentiate(sin(x) * tan(y)/(x**2 + y**2),y)}
\menudownlink{Derivatives of Higher Order}{ExDiffHigherOrder}
\spadpaste{differentiate (exp(x**2) ,x,4)}
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\menudownlink{Multiple Derivatives I}{ExDiffMultipleI}
\spadpaste{differentiate(sin(x)/(x**2 + y**2),[x,y])}
\spadpaste{differentiate(sin(x)/(x**2 + y**2),[x,y,y]1)}
\menudownlink{Multiple Derivatives II}{ExDiffMultipleII}
\spadpaste{differentiate(cos(z)/(x**2 + y**3),[x,y,z],[1,2,3])}
\menudownlink{Derivatives of Functions Involving Formal Integrals}
{ExDiffFormallntegral}

\spadpaste{f := integrate(sqrt(l + t**3),t) \bound{f}}
\spadpaste{differentiate(f,t) \free{f}}
\spadpaste{differentiate(f * t**2,t) \free{f}}
\endmenu\endscroll

\end{page}

\begin{patch}{MenuexdiffPatchl}
\begin{paste}{MenuexdiffFulll}{MenuexdiffEmptyl}
\pastebutton{MenuexdiffFulli}{\hidepaste}
\tab{5}\spadcommand{differentiate(sin(x) * exp(x**2),x)}
\indentrel{3}\begin{verbatim}
2 2
X X
(1) 2x %e sin(x) + cos(x)le
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexdiffEmpty1}
\begin{paste}{MenuexdiffEmptyl}{MenuexdiffPatchl}
\pastebutton{MenuexdiffEmpty1}{\showpaste}
\tab{5}\spadcommand{differentiate(sin(x) * exp(x**2),x)}
\end{paste}\end{patch}

\begin{patch}{MenuexdiffPatch2}
\begin{paste}{MenuexdiffFull2}{MenuexdiffEmpty2}
\pastebutton{MenuexdiffFull2}{\hidepaste}
\tab{5}\spadcommand{differentiate(sin(x) * tan(y)/(x**2 + y**2),x)}
\indentrel{3}\begin{verbatim}
2 2
(- 2x sin(x) + (y + x )cos(x))tan(y)
(2)
4 22 4
y +2xy +x
Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexdiffEmpty2}

\begin{paste}{Menuexdif fEmpty2}{MenuexdiffPatch2}
\pastebutton{MenuexdiffEmpty2}{\showpaste}
\tab{5}\spadcommand{differentiate(sin(x) * tan(y)/(x**2 + y**x2),x)}
\end{paste}\end{patch}
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\begin{patch}{MenuexdiffPatch3}
\begin{paste}{MenuexdiffFull3}{MenuexdiffEmpty3}
\pastebutton{MenuexdiffFull3}{\hidepaste}
\tab{5}\spadcommand{differentiate(sin(x) * tan(y)/(x**2 + y**2),y)}
\indentrel{3}\begin{verbatim}
(3)
2 2 2
(y + x )sin(x)tan(y) - 2y sin(x)tan(y)
+
2 2
(y + x )sin(x)

4 22 4
y +2xy +Xx
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexdiffEmpty3}
\begin{paste}{MenuexdiffEmpty3}{MenuexdiffPatch3}
\pastebutton{MenuexdiffEmpty3}{\showpaste}
\tab{5}\spadcommand{differentiate(sin(x) * tan(y)/(x**2 + y**2),y)}
\end{paste}\end{patch}

\begin{patch}{MenuexdiffPatch4}
\begin{paste}{MenuexdiffFull4}{Menuexdif fEmpty4}
\pastebutton{MenuexdiffFull4}{\hidepaste}
\tab{5}\spadcommand{differentiate (exp(x**2) ,x,4)}
\indentrel{3}\begin{verbatim}
2
4 2 X
(4) (16x + 48x + 12)%e
Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexdiffEmpty4}
\begin{paste}{MenuexdiffEmpty4}{MenuexdiffPatch4}
\pastebutton{MenuexdiffEmpty4}{\showpaste}
\tab{5}\spadcommand{differentiate (exp(x**2),x,4)}
\end{paste}\end{patch}

\begin{patch}{MenuexdiffPatch5}
\begin{paste}{MenuexdiffFull5}{Menuexdif fEmpty5}
\pastebutton{MenuexdiffFull5}{\hidepaste}
\tab{5}\spadcommand{differentiate(sin(x)/(x**2 + y**2),[x,y]1)}
\indentrel{3}\begin{verbatim}
3 2
8x y sin(x) + (- 2y - 2x y)cos(x)
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(8
6 24 4 2 6
y +3xy +3xy +Xx
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexdiffEmpty5}
\begin{paste}{MenuexdiffEmpty5}{MenuexdiffPatchb}
\pastebutton{MenuexdiffEmpty5}{\showpaste}
\tab{5}\spadcommand{differentiate(sin(x)/(x**2 + y**2),[x,y])}
\end{paste}\end{patch}

\begin{patch}{MenuexdiffPatch6}
\begin{paste}{MenuexdiffFull6}{MenuexdiffEmpty6}
\pastebutton{MenuexdiffFull6}{\hidepaste}
\tab{5}\spadcommand{differentiate(sin(x)/(x**2 + y*x2),[x,y,y1)}
\indentrel{3}\begin{verbatim}

(8

2 3 4 22 4
(- 40x y + 8x )sin(x) + (6y + 4x y - 2x )cos(x)

8 26 4 4 6 2 8
y +4xy +6xy +4xy +x
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexdiffEmpty6}
\begin{paste}{MenuexdiffEmpty6}{MenuexdiffPatch6}
\pastebutton{MenuexdiffEmpty6}{\showpaste}
\tab{5}\spadcommand{differentiate(sin(x)/(x**2 + y*x2),[x,y,y1)}
\end{paste}\end{patch}

\begin{patch}{MenuexdiffPatch7}
\begin{paste}{MenuexdiffFull7}{MenuexdiffEmpty7}
\pastebutton{MenuexdiffFull7}{\hidepaste}
\tab{56}\spadcommand{differentiate(cos(z)/(x**2 + y*x*3),[x,y,z],[1,2,3])}
\indentrel{3}\begin{verbatim}
4 3
(- 84x y + 24x y)sin(z)
(7
12 29 46 6 3 8
y +4xy +6xy +4xy +x
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexdiffEmpty7}
\begin{paste}{MenuexdiffEmpty7}{MenuexdiffPatch7}
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\pastebutton{MenuexdiffEmpty7}{\showpaste}
\tab{5}\spadcommand{differentiate(cos(z)/(x**2 + y**3),[x,y,z],[1,2,3])}
\end{paste}\end{patch}

\begin{patch}{MenuexdiffPatch8}
\begin{paste}{MenuexdiffFull8}{MenuexdiffEmpty8}
\pastebutton{MenuexdiffFull8}{\hidepaste}
\tab{5}\spadcommand{f := integrate(sqrt(l + t*x3),t)\bound{f }}
\indentrel{3}\begin{verbatim}

t

(8

Type: Union(Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexdiffEmpty8}
\begin{paste}{MenuexdiffEmpty8}{MenuexdiffPatch8}
\pastebutton{Menuexdif fEmpty8}{\showpaste}
\tab{5}\spadcommand{f := integrate(sqrt(1l + t**3),t)\bound{f }}
\end{paste}\end{patch}

\begin{patch}{MenuexdiffPatch9}
\begin{paste}{MenuexdiffFull9}{MenuexdiffEmpty9}
\pastebutton{MenuexdiffFull9}{\hidepaste}
\tab{5}\spadcommand{differentiate(f,t)\free{f }}
\indentrel{3}\begin{verbatim}

9 A\
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexdiffEmpty9}
\begin{paste}{MenuexdiffEmpty9}{MenuexdiffPatch9}
\pastebutton{Menuexdif fEmpty9}{\showpaste}
\tab{5}\spadcommand{differentiate(f,t)\free{f }}
\end{paste}\end{patch}

\begin{patch}{MenuexdiffPatch10}
\begin{paste}{MenuexdiffFull10}{MenuexdiffEmpty10}
\pastebutton{MenuexdiffFull10}{\hidepaste}
\tab{5}\spadcommand{differentiate(f * t**2,t)\free{f }}
\indentrel{3}\begin{verbatim}

t

(10) 2t
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Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexdiffEmpty10}
\begin{paste}{MenuexdiffEmpty10}{MenuexdiffPatch10}
\pastebutton{MenuexdiffEmpty10}{\showpaste}
\tab{6}\spadcommand{differentiate(f * t*x2,t)\free{f }}
\end{paste}\end{patch}

3.20.3 Integration

= “Integral of a Rational Function” (ExIntRationalFunction) BZ30 on page

= “Integral of a Rational Function with a Real Parameter” (ExIntRationalWithRealParam-

eter) on page

= “Integral of a Rational Function with a Complex Parameter” (ExIntRationalWithCom-

plexParameter) B33 on page

= “Two Similar Integrands Producing Very Different Results” (ExIntTwoSimilarIntegrands)

B304 on page

= “An Integral Which Does Not Exist” (ExIntNoSolution) B30 on page 00

= “A Trigonometric Function of a Quadratic” (ExIntTrig) B30 on page AT

= “Integrating a Function with a Hidden Algebraic Relation” (ExIntAlgebraicRelation)

23072 on page H2

= “Details for integrating a function with a Hidden Algebraic Relation” (ExIntAlgebraicRe-

lationExplain) B30 on page A3

= “An Integral Involving a Root of a Transcendental Function” (ExIntRadicalOfTranscen-

dental) B339 on page B4

= “An Integral of a Non-elementary Function” (ExIntNonElementary) B3010 on page B0
— coverex.ht —

\begin{page}{Menuexint}{Integration}

\beginscroll\beginmenu

\menudownlink{Integral of a Rational Function}{ExIntRationalFunction}
\spadpaste{integrate ((x**2+2xx+1) / ((x+1) **6+1) ,x) }
\spadpaste{integrate (1/(x**3+x+1) ,x) \bound{i}}
\spadpaste{definingPolynomial (tower (\%) .2::EXPR INT) \free{il}}
\menudownlink{Integral of a Rational Function with a Real Parameter}
{ExIntRationalWithRealParameter}

\spadpaste{integrate(1/(x**2 + a),x)}

\menudownlink{Integral of a Rational Function with a Complex Parameter}
{ExIntRationalWithComplexParameter}
\spadpaste{complexIntegrate(1/(x**2 + a),x)}

\menudownlink{Two Similar Integrands Producing Very Different Results}
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{ExIntTwoSimilarIntegrands}

\spadpaste{integrate (x**3 / (a+b*x)**(1/3),x)}

\spadpaste{integrate(l / (x**3 * (a+b*x)**(1/3)),x)}

\menudownlink{An Integral Which Does Not Exist}{ExIntNoSolution}
\spadpaste{integrate(log(l + sqrt(a*x + b)) / x,x)}

\menudownlink{A Trigonometric Function of a Quadratic}{ExIntTrig}
\spadpaste{integrate ((sinh(1+sqrt (x+b))+2*sqrt(x+b))/

(sqrt (x+b) * (x+cosh(1+sqrt (x+b)))) ,x)}

\menudownlink{Integrating a Function with a Hidden Algebraic Relation}
{ExIntAlgebraicRelation}

\spadpaste{integrate(tan(atan(x)/3),x)}

\menudownlink

{Details for integrating a function with a Hidden Algebraic Relation}
{ExIntAlgebraicRelationExplain}

\menudownlink{An Integral Involving a Root of a Transcendental Function}
{ExIntRadicalOfTranscendental}

\spadpaste{integrate((x + 1) / (x * (x + log x)**(3/2)),x)}
\menudownlink{An Integral of a Non-elementary Function}{ExIntNonElementary}
\spadpaste{integrate (exp(-x**2) * erf(x) /

(erf (x)**3 - erf(x)**2 - erf(x) + 1),x)}

\endmenu\endscroll

\end{page}

\begin{patch}{MenuexintPatchl}
\begin{paste}{MenuexintFulll}{MenuexintEmpty1}
\pastebutton{MenuexintFulli}{\hidepaste}
\tab{5}\spadcommand{integrate ((x**2+2*x+1) / ((x+1) **6+1) ,x) }
\indentrel{3}\begin{verbatim}
3 2
atan(x + 3x + 3x + 1)
(¢D)
3
Type: Union(Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexintEmpty1l}
\begin{paste}{MenuexintEmptyi}{MenuexintPatchi}
\pastebutton{MenuexintEmptyl}{\showpaste}
\tab{5}\spadcommand{integrate ((x**2+2*x+1) / ((x+1) **6+1) ,x)}
\end{paste}\end{patch}

\begin{patch}{MenuexintPatch2}
\begin{paste}{MenuexintFull2}{MenuexintEmpty2}
\pastebutton{MenuexintFull2}{\hidepaste}
\tab{5}\spadcommand{integrate (1/ (x**3+x+1) ,x) \bound{i }}
\indentrel{3}\begin{verbatim}

(2)
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(
\
*
log
(62%%CE0 + 31)
\
+
- 31%4CE0 + 18x - 4
+
(-
\
*
log
(- 62%%CE0 - 31)
\
+
2
62%%CEO0 - 31%/4CEO + 18x - 4
+
2
2/ %CE0 log(- 62%%CEO0 + 31%%CEO + 9x + 4)
/
2
Type: Union(Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexintEmpty2}
\begin{paste}{MenuexintEmpty2}{MenuexintPatch2}
\pastebutton{MenuexintEmpty2}{\showpaste}
\tab{5}\spadcommand{integrate (1/ (x**3+x+1) ,x) \bound{i }}
\end{paste}\end{patch}

\begin{patch}{MenuexintPatch3}
\begin{paste}{MenuexintFull3}{MenuexintEmpty3}
\pastebutton{MenuexintFull3}{\hidepaste}
\tab{5}\spadcommand{definingPolynomial (tower (\%) .2: :EXPR INT)\free{i }}
\indentrel{3}\begin{verbatim}
3
31%%CE0 - 3%%4CEO0 - 1
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(3)
31
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexintEmpty3}
\begin{paste}{MenuexintEmpty3}{MenuexintPatch3}
\pastebutton{MenuexintEmpty3}{\showpaste}
\tab{5}\spadcommand{definingPolynomial (tower (\%) .2: :EXPR INT)\free{i }}
\end{paste}\end{patch}

\begin{patch}{MenuexintPatch4}
\begin{paste}{MenuexintFull4}{MenuexintEmpty4}
\pastebutton{MenuexintFull4}{\hidepaste}
\tab{5}\spadcommand{integrate(1/(x**2 + a),x)}
\indentrel{3}\begin{verbatim}

2
x - a)\
log(
2 atan(
x +a a
@ I
2\
Type: Union(List Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexintEmpty4}
\begin{paste}{MenuexintEmpty4}{MenuexintPatch4}
\pastebutton{MenuexintEmpty4}{\showpaste}
\tab{5}\spadcommand{integrate (1/(x**2 + a),x)}
\end{paste}\end{patch}

\begin{patch}{MenuexintPatch5}
\begin{paste}{MenuexintFull5}{MenuexintEmpty5}
\pastebutton{MenuexintFull5}{\hidepaste}
\tab{5}\spadcommand{complexIntegrate(1/(x**2 + a),x)}
\indentrel{3}\begin{verbatim}

x\
log(
(5)
2\

Type: Expression Integer
\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexintEmpty5}
\begin{paste}{MenuexintEmpty5}{MenuexintPatch5}
\pastebutton{MenuexintEmpty5}{\showpaste}
\tab{5}\spadcommand{complexIntegrate (1/(x**2 + a),x)}
\end{paste}\end{patch}

\begin{patch}{MenuexintPatch6}
\begin{paste}{MenuexintFull6}{MenuexintEmpty6}
\pastebutton{MenuexintFull6}{\hidepaste}
\tab{5}\spadcommand{integrate (x**3 / (a+b*x)**(1/3),x)}
\indentrel{3}\begin{verbatim}

()

33 22 2 33
(120b x - 135a b x + 162a b x - 243a )\

4
440b
Type: Union(Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexintEmpty6}
\begin{paste}{MenuexintEmpty6}{MenuexintPatch6}
\pastebutton{MenuexintEmpty6}{\showpaste}
\tab{5}\spadcommand{integrate (x**3 / (a+b*x)**(1/3),x)}
\end{paste}\end{patch}

\begin{patch}{MenuexintPatch7}
\begin{paste}{MenuexintFull7}{MenuexintEmpty7}
\pastebutton{MenuexintFull7}{\hidepaste}
\tab{5}\spadcommand{integrate(1l / (x**3 * (atb*x)**(1/3)),x)}
\indentrel{3}\begin{verbatim}

<9

2 2
2b x \
log(\

2 2

4b x \

2 2 2\
12b x atan(
3a



3.20. COVEREX.HT 303

(12b x - 9a)\

22
18a x \
Type: Union(Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexintEmpty7}
\begin{paste}{MenuexintEmpty7}{MenuexintPatch7}
\pastebutton{MenuexintEmpty7}{\showpaste}
\tab{5}\spadcommand{integrate(1l / (x**3 * (atb*x)**(1/3)),x)}
\end{paste}\end{patch}

\begin{patch}{MenuexintPatch8}
\begin{paste}{MenuexintFull8}{MenuexintEmpty8}
\pastebutton{MenuexintFull8}{\hidepaste}
\tab{5}\spadcommand{integrate(log(1l + sqrt(a*x + b)) / x,x)}
\indentrel{3}\begin{verbatim}

X

log(\

(8

Type: Union(Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexintEmpty8}
\begin{paste}{MenuexintEmpty8}{MenuexintPatch8}
\pastebutton{MenuexintEmpty8}{\showpaste}
\tab{5}\spadcommand{integrate(log(l + sqrt(a*x + b)) / x,x)}
\end{paste}\end{patch}

\begin{patch}{MenuexintPatch9}

\begin{paste}{MenuexintFull9}{MenuexintEmpty9}

\pastebutton{MenuexintFull9}{\hidepaste}

\tab{5}\spadcommand{

integrate((sinh(1+sqrt (x+b))+2*sqrt (x+b))/_
(sqrt (x+b)* (x+cosh(1+sqrt(x+b)))),x)}

\indentrel{3}\begin{verbatim}

(9)

- 2cosh(\
2log(

sinh(\

- 2\
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Type: Union(Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexintEmpty9}

\begin{paste}{MenuexintEmpty9}{MenuexintPatch9}

\pastebutton{MenuexintEmpty9}{\showpaste}

\tab{5}\spadcommand{

integrate ((sinh(1+sqrt (x+b))+2*sqrt(x+b))/_
(sqrt (x+b) * (x+cosh(1+sqrt(x+b)))) ,x)}

\end{paste}\end{patch}

\begin{patch}{MenuexintPatch10}
\begin{paste}{MenuexintFull10}{MenuexintEmpty10}
\pastebutton{MenuexintFull10}{\hidepaste}
\tab{5}\spadcommand{integrate(tan(atan(x)/3),x)}
\indentrel{3}\begin{verbatim}

(10)
atan(x) 2 atan(x) 2
8log(3tan(
3 3
+
atan(x)
18x tan(
3
/
18
Type: Union(Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexintEmpty10}
\begin{paste}{MenuexintEmpty10}{MenuexintPatch10}
\pastebutton{MenuexintEmpty10}{\showpaste}
\tab{5}\spadcommand{integrate (tan(atan(x)/3) ,x)}
\end{paste}\end{patch}

\begin{patch}{MenuexintPatchi1}
\begin{paste}{MenuexintFullill}{MenuexintEmpty11}
\pastebutton{MenuexintFulli1}{\hidepaste}
\tab{5}\spadcommand{integrate((x + 1) / (x * (x + log x)**(3/2)),x)}
\indentrel{3}\begin{verbatim}

2\
11 -
log(x) + x
Type: Union(Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{MenuexintEmpty11}
\begin{paste}{MenuexintEmptyl1}{MenuexintPatchi1}
\pastebutton{MenuexintEmptyl1}{\showpaste}
\tab{5}\spadcommand{integrate((x + 1) / (x * (x + log x)**(3/2)),x)}
\end{paste}\end{patch}

\begin{patch}{MenuexintPatch12}

\begin{paste}{MenuexintFulli2}{MenuexintEmpty12}

\pastebutton{MenuexintFull12}{\hidepaste}

\tab{5}\spadcommand{integrate (exp(-x**2) * erf(x) / (erf(x)**3 - erf(x)**2 - erf(x) + 1),x)}
\indentrel{3}\begin{verbatim}

(erf(x) - 1\

erf(x) + 1
(12)
8erf(x) - 8
Type: Union(Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexintEmpty12}
\begin{paste}{MenuexintEmpty12}{MenuexintPatch12}
\pastebutton{MenuexintEmpty12}{\showpastel}
\tab{5}\spadcommand{integrate (exp(-x**2) * erf(x) /

(erf (x)**3 - erf(x)**2 - erf(x) + 1),x)}
\end{paste}\end{patch}

3.20.4 Laplace Transforms

“Laplace transform with a single pole” (ExLapSimplePole) on page
“Laplace transform of a trigonometric function” (ExLapTrigTrigh) on page
“Laplace transform requiring a definite integration” (ExLapDefInt) on page
“Laplace transform of exponentials” (ExLapExpExp) on page
“Laplace transform of an exponential integral” (ExLapSpeciall) on page
“Laplace transform of special functions” (ExLapSpecial2) on page

— coverex.ht —

S

\begin{page}{Menuexlap}{Laplace Transforms}

\beginscroll\beginmenu

\menudownlink

\spadpaste{laplace(t**4 * exp(-a*t) / factorial(4), t, s)}
\menudownlink{Laplace transform of a trigonometric function}
{ExLapTrigTrigh}

\spadpaste{laplace(sin(a*t) * cosh(axt) - cos(a*t) * sinh(a*t), t, s)}
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\menudownlink{Laplace transform requiring a definite integration}
{ExLapDefInt}

\spadpaste{laplace(2/t * (1 - cos(a*t)), t, s)}
\menudownlink{Laplace transform of exponentials}{ExLapExpExp}
\spadpaste{laplace((exp(a*t) - exp(b*t))/t, t, s)}
\menudownlink{Laplace transform of an exponential integrall}{ExLapSpeciall}
\spadpaste{laplace(exp(a*t+b)*Ei(c*t), t, s)}

\menudownlink{Laplace transform of special functions}{ExLapSpecial2}
\spadpaste{laplace(a*Ci(b*t) + c*Si(d*t), t, s)}

\endmenu\endscroll

\end{page}

\begin{patch}{MenuexlapPatchl}
\begin{paste}{MenuexlapFulll}{MenuexlapEmpty1}
\pastebutton{MenuexlapFullil}{\hidepaste}
\tab{5}\spadcommand{laplace(t**4 * exp(-a*t) / factorial(4), t, s)}
\indentrel{3}\begin{verbatim}
1
D)
5 4 23 32 4 5
s +bas +10as + 10as + 5as + a
Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlapEmpty1}
\begin{paste}{MenuexlapEmptyl}{MenuexlapPatchl}
\pastebutton{MenuexlapEmpty1}{\showpaste}
\tab{5}\spadcommand{laplace(t**4 * exp(-a*t) / factorial(4), t, s)}
\end{paste}\end{patch}

\begin{patch}{MenuexlapPatch2}

\begin{paste}{MenuexlapFull2}{MenuexlapEmpty2}
\pastebutton{MenuexlapFull2}{\hidepaste}

\tab{5}\spadcommand{laplace(sin(a*t) * cosh(a*t) - cos(a*t) * sinh(a*t), t, s)}
\indentrel{3}\begin{verbatim}

3
4a
(2)
4 4
s + 4a
Type: Expression Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlapEmpty2}

\begin{paste}{MenuexlapEmpty2}{MenuexlapPatch2}
\pastebutton{MenuexlapEmpty2}{\showpaste}

\tab{5}\spadcommand{laplace(sin(a*t) * cosh(a*t) - cos(a*t) * sinh(a*t), t, s)}
\end{paste}\end{patch}



3.20. COVEREX.HT

\begin{patch}{MenuexlapPatch3}
\begin{paste}{MenuexlapFull3}{MenuexlapEmpty3}
\pastebutton{MenuexlapFull3}{\hidepaste}
\tab{5}\spadcommand{laplace(2/t * (1 - cos(a*t)), t, s)}
\indentrel{3}\begin{verbatim}
2 2
(3) log(s + a ) - 2log(s)
Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlapEmpty3}
\begin{paste}{MenuexlapEmpty3}{MenuexlapPatch3}
\pastebutton{MenuexlapEmpty3}{\showpaste}
\tab{5}\spadcommand{laplace(2/t * (1 - cos(axt)), t, s)}
\end{paste}\end{patch}

\begin{patch}{MenuexlapPatch4}
\begin{paste}{MenuexlapFull4}{MenuexlapEmpty4}
\pastebutton{MenuexlapFull4}{\hidepaste}

\tab{5}\spadcommand{laplace((exp(a*t) - exp(b*t))/t, t, s)}

\indentrel{3}\begin{verbatim}
(4) - log(s - a) + log(s - b)
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlapEmpty4}
\begin{paste}{MenuexlapEmpty4}{MenuexlapPatch4}
\pastebutton{MenuexlapEmpty4}{\showpaste}

\tab{5}\spadcommand{laplace((exp(a*t) - exp(b*t))/t, t, s)}

\end{paste}\end{patch}

\begin{patch}{MenuexlapPatch5}
\begin{paste}{MenuexlapFull5}{MenuexlapEmpty5}
\pastebutton{MenuexlapFull5}{\hidepaste}
\tab{5}\spadcommand{laplace (exp (axt+b)*Ei(c*t), t, s)}
\indentrel{3}\begin{verbatim}
b s+c-a
he log(

(5)
Type: Expression Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlapEmpty5}
\begin{paste}{MenuexlapEmpty5}{MenuexlapPatch5}
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\pastebutton{MenuexlapEmpty5}{\showpaste}
\tab{5}\spadcommand{laplace (exp (a*t+b)*Ei(c*t), t, s)}
\end{paste}\end{patch}

\begin{patch}{MenuexlapPatch6}
\begin{paste}{MenuexlapFull6}{MenuexlapEmpty6}
\pastebutton{MenuexlapFull6}{\hidepaste}
\tab{5}\spadcommand{laplace (a*Ci(b*t) + c*Si(d*t), t, s)}
\indentrel{3}\begin{verbatim}

2 2

s +b d

a log(
2 s

b
(6)
2s
Type: Expression Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlapEmpty6}
\begin{paste}{MenuexlapEmpty6}{MenuexlapPatch6}
\pastebutton{MenuexlapEmpty6}{\showpaste}
\tab{5}\spadcommand{laplace(a*Ci(b*t) + c*xSi(d*t), t, s)}
\end{paste}\end{patch}

3.20.5 Limits

“Computing Limits” (ExLimitBasic) BZ3T1 on page B3
“Limits of Functions with Parameters” (ExLimitParameter) B31°2 on page B8
“One-sided Limits” (ExLimitOneSided) B3T3 on page HII7
“Two-sided Limits” (ExLimitTwoSided) B3I on page AU
“Limits at Infinity” (ExLimitInfinite) B3T3 on page Z10
“Real Limits vs. Complex Limits” (ExLimitRealComplex) B3I on page BI1
“Complex Limits at Infinity” (ExLimitComplexInfinite) BZ31-4 on page BT2
— coverex.ht —

S

\begin{page}{Menuexlimit}{Limits}

\beginscroll\beginmenu

\menudownlink{Computing Limits}{ExLimitBasic}

\spadpaste{limit ((x**2 - 3*x + 2)/(x**2 - 1),x = 1)}
\menudownlink{Limits of Functions with Parameters}{ExLimitParameter}
\spadpaste{limit (sinh(a*x)/tan(b*x),x = 0)}

\menudownlink{One-sided Limits}{ExLimitOneSided}
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\spadpaste{limit(x * log(x),x = O0,"right")}

\spadpaste{limit(x * log(x),x = 0)}

\menudownlink{Two-sided Limits}{ExLimitTwoSided}

\spadpaste{limit (sqrt(y**2)/y,y = 0)}

\spadpaste{limit(sqrt(1 - cos(t))/t,t = 0)}

\menudownlink{Limits at Infinity}{ExLimitInfinite}
\spadpaste{limit (sqrt (3*x**2 + 1)/(5%x),x = \JplusInfinity)}
\spadpaste{limit(sqrt (3*x**2 + 1)/(56*x),x = \/minusInfinity)}
\menudownlink{Real Limits vs. Complex Limits}{ExLimitRealComplex}
\spadpaste{limit(z * sin(1/z),z = 0)}

\spadpaste{complexLimit(z * sin(1/z),z = 0)}
\menudownlink{Complex Limits at Infinity}{ExLimitComplexInfinite}
\spadpaste{complexLimit((2 + z)/(1 - 2z),z = \Jinfinity)}
\spadpaste{limit(sin(x)/x,x = \/plusInfinity)}
\spadpaste{complexLimit(sin(x)/x,x = \)infinity)}
\endmenu\endscroll

\end{page}

\begin{patch}{MenuexlimitPatchl}
\begin{paste}{MenuexlimitFulll}{MenuexlimitEmpty1}
\pastebutton{MenuexlimitFulli}{\hidepaste}
\tab{5}\spadcommand{limit ((x**2 - 3*x + 2)/(x**2 - 1),x = 1)}
\indentrel{3}\begin{verbatim}

1

1 -

2
Type: Union(OrderedCompletion Fraction Polynomial Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlimitEmpty1}
\begin{paste}{MenuexlimitEmptyl}{MenuexlimitPatchi}
\pastebutton{MenuexlimitEmpty1}{\showpaste}
\tab{5}\spadcommand{limit ((x**2 - 3*x + 2)/(x**2 - 1),x = 1)}
\end{paste}\end{patch}

\begin{patch}{MenuexlimitPatch2}
\begin{paste}{MenuexlimitFull2}{MenuexlimitEmpty2}
\pastebutton{MenuexlimitFull2}{\hidepaste}
\tab{5}\spadcommand{limit (sinh(a*x)/tan(b*x),x = 0)}
\indentrel{3}\begin{verbatim}

a

(2)
b
Type: Union(OrderedCompletion Expression Integer,...)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlimitEmpty2}
\begin{paste}{MenuexlimitEmpty2}{MenuexlimitPatch2}
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\pastebutton{MenuexlimitEmpty2}{\showpaste}
\tab{5}\spadcommand{limit (sinh(a*x)/tan(b*x),x = 0)}
\end{paste}\end{patch}

\begin{patch}{MenuexlimitPatch3}
\begin{paste}{MenuexlimitFull3}{MenuexlimitEmpty3}
\pastebutton{MenuexlimitFull3}{\hidepaste}
\tab{5}\spadcommand{limit(x * log(x),x = 0,"right")}
\indentrel{3}\begin{verbatim}
3 o

Type: Union(OrderedCompletion Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlimitEmpty3}
\begin{paste}{MenuexlimitEmpty3}{MenuexlimitPatch3}
\pastebutton{MenuexlimitEmpty3}{\showpaste}
\tab{5}\spadcommand{limit(x * log(x),x = O0,"right")}
\end{paste}\end{patch}

\begin{patch}{MenuexlimitPatch4}
\begin{paste}{MenuexlimitFull4}{MenuexlimitEmpty4}
\pastebutton{MenuexlimitFull4}{\hidepaste}
\tab{5}\spadcommand{limit(x * log(x),x = 0)}
\indentrel{3}\begin{verbatim}
(4) [leftHandLimit= "failed",rightHandLimit= 0]
Type: Union(Record(leftHandLimit: Union(OrderedCompletion Expression Integer,"failed"),rightHand
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlimitEmpty4}
\begin{paste}{MenuexlimitEmpty4}{MenuexlimitPatch4}
\pastebutton{MenuexlimitEmpty4}{\showpaste}
\tab{5}\spadcommand{limit(x * log(x),x = 0)}
\end{paste}\end{patch}

\begin{patch}{MenuexlimitPatch5}
\begin{paste}{MenuexlimitFull5}{MenuexlimitEmpty5}
\pastebutton{MenuexlimitFull5}{\hidepaste}
\tab{5}\spadcommand{limit (sqrt (y**2)/y,y = 0)}
\indentrel{3}\begin{verbatim}
(5) [leftHandLimit= - 1,rightHandLimit= 1]
Type: Union(Record(leftHandLimit: Union(OrderedCompletion Expression Integer,"failed"),rightHand
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlimitEmpty5}
\begin{paste}{MenuexlimitEmpty5}{MenuexlimitPatch5}
\pastebutton{MenuexlimitEmpty5}{\showpaste}
\tab{5}\spadcommand{limit (sqrt (y**2)/y,y = 0)}
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\end{paste}\end{patch}

\begin{patch}{MenuexlimitPatch6}
\begin{paste}{MenuexlimitFull6}{MenuexlimitEmpty6}
\pastebutton{MenuexlimitFull6}{\hidepaste}
\tab{5}\spadcommand{limit (sqrt(1 - cos(t))/t,t = 0)}
\indentrel{3}\begin{verbatim}
1 1
(6) [leftHandLimit= -

\
Type: Union(Record(leftHandLimit: Union(OrderedCompletion Expression Integer,"failed"),rightHandLimit: Unio:
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlimitEmpty6}
\begin{paste}{MenuexlimitEmpty6}{MenuexlimitPatch6}
\pastebutton{MenuexlimitEmpty6}{\showpaste}
\tab{5}\spadcommand{limit (sqrt(1 - cos(t))/t,t = OO}
\end{paste}\end{patch}

\begin{patch}{MenuexlimitPatch7}
\begin{paste}{MenuexlimitFull7}{MenuexlimitEmpty7}
\pastebutton{MenuexlimitFull7}{\hidepaste}
\tab{5}\spadcommand{limit (sqrt (3*x**2 + 1)/(5%x),x = \/plusInfinity)}
\indentrel{3}\begin{verbatim}

\
€0}
5
Type: Union(OrderedCompletion Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlimitEmpty7}
\begin{paste}{MenuexlimitEmpty7}{MenuexlimitPatch7}
\pastebutton{MenuexlimitEmpty7}{\showpaste}
\tab{5}\spadcommand{limit (sqrt (3*x**2 + 1)/(5*x),x = \/plusInfinity)}
\end{paste}\end{patch}

\begin{patch}{MenuexlimitPatch8}
\begin{paste}{MenuexlimitFull8}{MenuexlimitEmpty8}
\pastebutton{MenuexlimitFull8}{\hidepaste}
\tab{5}\spadcommand{limit (sqrt (3*x**2 + 1)/(5*x),x = \)minusInfinity)}
\indentrel{3}\begin{verbatim}

\
@ -
5
Type: Union(OrderedCompletion Expression Integer,...)
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\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlimitEmpty8}
\begin{paste}{MenuexlimitEmpty8}{MenuexlimitPatch8}
\pastebutton{MenuexlimitEmpty8}{\showpaste}
\tab{5}\spadcommand{limit (sqrt (3*x**2 + 1)/(5%x),x = \/minusInfinity)}
\end{paste}\end{patch}

\begin{patch}{MenuexlimitPatch9}
\begin{paste}{MenuexlimitFull9}{MenuexlimitEmpty9}
\pastebutton{MenuexlimitFull9}{\hidepaste}
\tab{5}\spadcommand{limit(z * sin(1/z),z = 0)}
\indentrel{3}\begin{verbatim}
9 o

Type: Union(OrderedCompletion Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlimitEmpty9}
\begin{paste}{MenuexlimitEmpty9}{MenuexlimitPatch9}
\pastebutton{MenuexlimitEmpty9}{\showpaste}
\tab{5}\spadcommand{limit(z * sin(1/z),z = 0)}
\end{paste}\end{patch}

\begin{patch}{MenuexlimitPatch10}
\begin{paste}{MenuexlimitFull10}{MenuexlimitEmpty10}
\pastebutton{MenuexlimitFull10}{\hidepaste}
\tab{5}\spadcommand{complexLimit(z * sin(1/z),z = 0)}
\indentrel{3}\begin{verbatim}

(10) "failed"

Type: Union("failed",...)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlimitEmpty10}
\begin{paste}{MenuexlimitEmpty10}{MenuexlimitPatch10}
\pastebutton{MenuexlimitEmpty10}{\showpaste}
\tab{5}\spadcommand{complexLimit(z * sin(1/z),z = 0)}
\end{paste}\end{patch}

\begin{patch}{MenuexlimitPatchl1}
\begin{paste}{MenuexlimitFulll1}{MenuexlimitEmpty11}
\pastebutton{MenuexlimitFulll1}{\hidepaste}
\tab{5}\spadcommand{complexLimit((2 + z)/(1 - z),z = \/infinity)}
\indentrel{3}\begin{verbatim}

1 -1
Type: OnePointCompletion Fraction Polynomial Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}



3.20. COVEREX.HT 313

\begin{patch}{MenuexlimitEmpty11}
\begin{paste}{MenuexlimitEmptyl1}{MenuexlimitPatch11}
\pastebutton{MenuexlimitEmpty11}{\showpaste}
\tab{5}\spadcommand{complexLimit ((2 + z)/(1 - z),z = \)infinity)}
\end{paste}\end{patch}

\begin{patch}{MenuexlimitPatchi2}
\begin{paste}{MenuexlimitFull12}{MenuexlimitEmpty12}
\pastebutton{MenuexlimitFull12}{\hidepaste}
\tab{5}\spadcommand{limit (sin(x)/x,x = \/plusInfinity)}
\indentrel{3}\begin{verbatim}
(12) o

Type: Union(OrderedCompletion Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlimitEmpty12}
\begin{paste}{MenuexlimitEmpty12}{MenuexlimitPatch12}
\pastebutton{MenuexlimitEmpty12}{\showpastel}
\tab{5}\spadcommand{limit (sin(x)/x,x = \%plusInfinity)}
\end{paste}\end{patch}

\begin{patch}{MenuexlimitPatch13}
\begin{paste}{MenuexlimitFulli13}{MenuexlimitEmpty13}
\pastebutton{MenuexlimitFulli13}{\hidepaste}
\tab{5}\spadcommand{complexLimit (sin(x)/x,x = \/infinity)}
\indentrel{3}\begin{verbatim}

(13) "failed"

Type: Union("failed",...)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexlimitEmpty13}
\begin{paste}{MenuexlimitEmpty13}{MenuexlimitPatch13}
\pastebutton{MenuexlimitEmpty13}{\showpaste}
\tab{5}\spadcommand{complexLimit (sin(x)/x,x = \)infinity)}
\end{paste}\end{patch}

3.20.6 Matrices

= “Basic Arithmetic Operations on Matrices” (ExMatrixBasicFunction) B33Z1 on page E14
= “Constructing new Matrices” (ExConstructMatrix) B=322 on page ET7
= “Trace of a Matrix” (ExTraceMatrix) Bz323 on page B2ZT
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= “Determinant of a Matrix” (ExDeterminantMatrix) B324 on page EZI
= “Inverse of a Matrix” (ExInverseMatrix) BZ32Z3 on page BZ2
= “Rank of a Matrix” (ExRankMatrix) B:3Z8 on page BZ3

— coverex.ht —

\begin{page}{Menuexmatrix}{Matrices}

\beginscroll\beginmenu

\menudownlink{Basic Arithmetic Operations on Matrices}
{ExMatrixBasicFunction}

\spadpaste{ml := matrix({\tt{}1,-2,1],[4,2,-4}) \bound{mi}}
\spadpaste{m2 := matrix({\tt{}1,0,2],[20,30,10],[0,200,100}) \bound{m2}}
\spadpaste{m3 := matrix({\tt{}1,2,31,[2,4,6}) \bound{m3}}

\spadpaste{ml + m3 \free{m1} \free{m3}}

\spadpaste{100 * ml \free{m1}}

\spadpaste{ml * m2 \free{ml1} \free{m2}}

\spadpaste{-m1 + m3 * m2 \free{ml} \free{m2} \free{m3}}

\spadpaste{m3 *vector([1,0,1]) \free{m3}}

\menudownlink{Constructing new Matrices}{ExConstructMatrix}
\spadpaste{diagonalMatrix([1,2,3,2,11)}

\spadpaste{subMatrix(matrix ({\tt{}0,1,2,3,4],[5,6,7,8,91,[10,11,12,13,14}),
1,3,2,4)}

\spadpaste{horizConcat (matrix({\tt{}1,2,3],[6,7,8}),

matrix ({\tt{}11,12,13],[55,77,88})) }
\spadpaste{vertConcat (matrix ({\tt{}1,2,31,[6,7,8}),
matrix({\tt{}11,12,13],[55,77,88})) }
\spadpaste{b:=matrix({\tt{}0,1,2,3,4],[5,6,7,8,9]1,[10,11,12,13,14}) \bound{b}}
\spadpaste{setsubMatrix!(b,1,1,transpose(subMatrix(b,1,3,1,3)))\free{b}}
\menudownlink{Trace of a Matrix}{ExTraceMatrix}

\spadpaste{trace(

matrix ({\tt{}1,x,x**2,x**3], [1,y,y**2,y**3] , \nwnewline

[1,z,z**2,z%%x3], [1,u,u**2,u**3}) )}

\menudownlink{Determinant of a Matrix}{ExDeterminantMatrix}

\spadpaste{

determinant (matrix({\tt{}1,2,3,4],[2,3,2,5],[3,4,5,6],[4,1,6,7}))}
\menudownlink{Inverse of a Matrix}{ExInverseMatrix}
\spadpaste{inverse (matrix ({\tt{}1,2,1],[-2,3,4],[-1,5,6})) }
\menudownlink{Rank of a Matrix}{ExRankMatrix}

\spadpaste{rank (matrix({\tt{}0,4,11,[5,3,-7],[-5,5,91))}
\endmenu\endscroll

\end{page}

\begin{patch}{MenuexmatrixPatchil}
\begin{paste}{MenuexmatrixFulll}{MenuexmatrixEmpty1}
\pastebutton{MenuexmatrixFulli}{\hidepaste}

\tab{5}\spadcommand{ml := matrix({\tt{}1,-2,1],[4,2,-4})\bound{ml }}
\indentrel{3}\begin{verbatim}

€N

Type: Matrix Integer
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\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmptyl}
\begin{paste}{MenuexmatrixEmptyl}{MenuexmatrixPatchl}
\pastebutton{MenuexmatrixEmpty1}{\showpaste}

\tab{5}\spadcommand{ml := matrix({\tt{}1,-2,1],[4,2,-4})\bound{ml }}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch2}
\begin{paste}{MenuexmatrixFull2}{MenuexmatrixEmpty2}
\pastebutton{MenuexmatrixFull2}{\hidepaste}

\tab{5}\spadcommand{m2 := matrix({\tt{}1,0,2],[20,30,10],[0,200,100})\bound{m2 }}
\indentrel{3}\begin{verbatim}

(2)

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty2}
\begin{paste}{MenuexmatrixEmpty2}{MenuexmatrixPatch2}
\pastebutton{MenuexmatrixEmpty2}{\showpaste}

\tab{5}\spadcommand{m2 := matrix({\tt{}1,0,2],[20,30,10],[0,200,100})\bound{m2 }}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch3}
\begin{paste}{MenuexmatrixFull3}{MenuexmatrixEmpty3}
\pastebutton{MenuexmatrixFull3}{\hidepaste}

\tab{5}\spadcommand{m3 := matrix({\tt{}1,2,3],[2,4,6})\bound{m3 }}
\indentrel{3}\begin{verbatim}

(3

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty3}
\begin{paste}{MenuexmatrixEmpty3}{MenuexmatrixPatch3}
\pastebutton{MenuexmatrixEmpty3}{\showpaste}
\tab{5}\spadcommand{m3 := matrix({\tt{}1,2,3],[2,4,6})\bound{m3 }}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch4}
\begin{paste}{MenuexmatrixFull4}{MenuexmatrixEmpty4}
\pastebutton{MenuexmatrixFull4}{\hidepaste}
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\tab{5}\spadcommand{ml + m3\free{m1l }\free{m3 }}
\indentrel{3}\begin{verbatim}

(4)

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty4}
\begin{paste}{MenuexmatrixEmpty4}{MenuexmatrixPatch4}
\pastebutton{MenuexmatrixEmpty4}{\showpaste}
\tab{5}\spadcommand{ml + m3\free{m1l }\free{m3 }}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch5}
\begin{paste}{MenuexmatrixFull5}{MenuexmatrixEmpty5}
\pastebutton{MenuexmatrixFull5}{\hidepaste}
\tab{5}\spadcommand{100 * mi\free{ml }}
\indentrel{3}\begin{verbatim}

(%)

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty5}
\begin{paste}{MenuexmatrixEmpty5}{MenuexmatrixPatchb}
\pastebutton{MenuexmatrixEmpty5}{\showpaste}
\tab{5}\spadcommand{100 * mi\free{ml }}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch6}
\begin{paste}{MenuexmatrixFull6}{MenuexmatrixEmpty6}
\pastebutton{MenuexmatrixFull6}{\hidepaste}
\tab{5}\spadcommand{ml * m2\free{m1l }\free{m2 }}
\indentrel{3}\begin{verbatim}

(8

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty6}
\begin{paste}{MenuexmatrixEmpty6}{MenuexmatrixPatch6}
\pastebutton{MenuexmatrixEmpty6}{\showpaste}
\tab{5}\spadcommand{ml * m2\free{ml }\free{m2 }}
\end{paste}\end{patch}
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\begin{patch}{MenuexmatrixPatch7}
\begin{paste}{MenuexmatrixFull7}{MenuexmatrixEmpty7}
\pastebutton{MenuexmatrixFull7}{\hidepaste}
\tab{5}\spadcommand{-m1 + m3 * m2\free{ml }\free{m2 }\free{m3 1}}
\indentrel{3}\begin{verbatim}

¢p]

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty7}
\begin{paste}{MenuexmatrixEmpty7}{MenuexmatrixPatch7}
\pastebutton{MenuexmatrixEmpty7}{\showpaste}
\tab{5}\spadcommand{-m1 + m3 * m2\free{ml }\free{m2 }\free{m3 }}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch8}
\begin{paste}{MenuexmatrixFull8}{MenuexmatrixEmpty8}
\pastebutton{MenuexmatrixFull8}{\hidepaste}
\tab{5}\spadcommand{m3 *vector([1,0,1])\free{m3 }}
\indentrel{3}\begin{verbatim}

(8) [4,8]

Type: Vector Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty8}
\begin{paste}{MenuexmatrixEmpty8}{MenuexmatrixPatch8}
\pastebutton{MenuexmatrixEmpty8}{\showpaste}
\tab{5}\spadcommand{m3 *vector([1,0,1])\free{m3 }}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch9}
\begin{paste}{MenuexmatrixFull9}{MenuexmatrixEmpty9}
\pastebutton{MenuexmatrixFull9}{\hidepaste}
\tab{5}\spadcommand{diagonalMatrix([1,2,3,2,1]1)}
\indentrel{3}\begin{verbatim}

(9

Type: Matrix Integer
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\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty9}
\begin{paste}{MenuexmatrixEmpty9}{MenuexmatrixPatch9}
\pastebutton{MenuexmatrixEmpty9}{\showpaste}
\tab{5}\spadcommand{diagonalMatrix([1,2,3,2,1])}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch10}

\begin{paste}{MenuexmatrixFulli10}{MenuexmatrixEmpty10}
\pastebutton{MenuexmatrixFull10}{\hidepaste}

\tab{5}\spadcommand{subMatrix (matrix({\tt{}0,1,2,3,4],[5,6,7,8,91,[10,11,12,13,14}), 1,3,2,4)}
\indentrel{3}\begin{verbatim}

(10)

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty10}

\begin{paste}{MenuexmatrixEmpty10}{MenuexmatrixPatch10}
\pastebutton{MenuexmatrixEmpty10}{\showpaste}

\tab{5}\spadcommand{subMatrix (matrix({\tt{}0,1,2,3,4]1,[5,6,7,8,9]1,[10,11,12,13,14}), 1,3,2,4)}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatchi1l}

\begin{paste}{MenuexmatrixFullll}{MenuexmatrixEmpty11}
\pastebutton{MenuexmatrixFulll1}{\hidepaste}
\tab{5}\spadcommand{horizConcat (matrix ({\tt{}1,2,3]1,[6,7,8}) ,matrix({\tt{}11,12,13],[65,77,88}))
\indentrel{3}\begin{verbatim}

(11)

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty11}

\begin{paste}{MenuexmatrixEmptyl1}{MenuexmatrixPatch11}
\pastebutton{MenuexmatrixEmpty11}{\showpaste}
\tab{5}\spadcommand{horizConcat (matrix ({\tt{}1,2,3],[6,7,8}) ,matrix({\tt{}11,12,13],[65,77,88}))
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch12}
\begin{paste}{MenuexmatrixFulli2}{MenuexmatrixEmpty12}
\pastebutton{MenuexmatrixFulli2}{\hidepaste}
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\tab{5}\spadcommand{vertConcat (matrix ({\tt{}1,2,3],[6,7,8}) ,matrix({\tt{}11,12,13],[55,77,88}))}
\indentrel{3}\begin{verbatim}

(12)

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty12}

\begin{paste}{MenuexmatrixEmpty12}{MenuexmatrixPatch12}
\pastebutton{MenuexmatrixEmpty12}{\showpaste}
\tab{5}\spadcommand{vertConcat (matrix ({\tt{}1,2,3]1,[6,7,8}) ,matrix({\tt{}11,12,13], [55,77,88}))}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch13}
\begin{paste}{MenuexmatrixFulli3}{MenuexmatrixEmpty13}
\pastebutton{MenuexmatrixFull13}{\hidepaste}

\tab{5}\spadcommand{b:=matrix ({\tt{}0,1,2,3,4]1,[5,6,7,8,9]1,[10,11,12,13,14}) \bound{b }}
\indentrel{3}\begin{verbatim}

(13)

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty13}
\begin{paste}{MenuexmatrixEmpty13}{MenuexmatrixPatch13}
\pastebutton{MenuexmatrixEmpty13}{\showpaste}

\tab{5}\spadcommand{b:=matrix ({\tt{}0,1,2,3,4],[5,6,7,8,9]1,[10,11,12,13,14}) \bound{b }}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch14}
\begin{paste}{MenuexmatrixFulli4}{MenuexmatrixEmpty14}
\pastebutton{MenuexmatrixFullil4}{\hidepaste}
\tab{5}\spadcommand{setsubMatrix!(b,1,1,transpose(subMatrix(b,1,3,1,3)))\free{b }}
\indentrel{3}\begin{verbatim}

(14)

Type: Matrix Integer
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\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty14}
\begin{paste}{MenuexmatrixEmptyl4}{MenuexmatrixPatch14}
\pastebutton{MenuexmatrixEmpty14}{\showpaste}

\tab{5}\spadcommand{setsubMatrix! (b,1,1,transpose(subMatrix(b,1,3,1,3)))\free{b }}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatchl5}
\begin{paste}{MenuexmatrixFulli5}{MenuexmatrixEmpty15}
\pastebutton{MenuexmatrixFulli5}{\hidepaste}
\tab{5}\spadcommand{trace( matrix({\tt{}1,x,x**2,x**3], [1,y,y**2,y**3],[1,z,z*%*2,z**3], [1,u,u**2
\indentrel{3}\begin{verbatim}
2 3
(15) z +y+u +1
Type: Polynomial Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty15}

\begin{paste}{MenuexmatrixEmpty15}{MenuexmatrixPatchl5}
\pastebutton{MenuexmatrixEmpty15}{\showpaste}

\tab{5}\spadcommand{trace( matrix({\tt{}1,x,x**2,x**3], [1,y,y**2,y**3], [1,z,z**2,z**3], [1,u,u**2
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch16}
\begin{paste}{MenuexmatrixFulll6}{MenuexmatrixEmpty16}
\pastebutton{MenuexmatrixFullil6}{\hidepaste}
\tab{5}\spadcommand{determinant (matrix ({\tt{}1,2,3,4]1,[2,3,2,5],[3,4,5,6],[4,1,6,7}))%}
\indentrel{3}\begin{verbatim}

(16) - 48

Type: Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty16}
\begin{paste}{MenuexmatrixEmpty16}{MenuexmatrixPatch16}
\pastebutton{MenuexmatrixEmpty16}{\showpaste}

\tab{5}\spadcommand{determinant (matrix({\tt{}1,2,3,4],[2,3,2,5],[3,4,5,6]1,[4,1,6,7}))}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch17}
\begin{paste}{MenuexmatrixFulll7}{MenuexmatrixEmpty17}
\pastebutton{MenuexmatrixFullil7}{\hidepaste}
\tab{5}\spadcommand{inverse (matrix ({\tt{}1,2,1]1,[-2,3,4],[-1,5,6}))}
\indentrel{3}\begin{verbatim}
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17)

Type: Union(Matrix Fraction Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty17}
\begin{paste}{MenuexmatrixEmpty17}{MenuexmatrixPatchl7}
\pastebutton{MenuexmatrixEmpty17}{\showpaste}
\tab{5}\spadcommand{inverse (matrix ({\tt{}1,2,1],[-2,3,4],[-1,5,6}))}
\end{paste}\end{patch}

\begin{patch}{MenuexmatrixPatch18}
\begin{paste}{MenuexmatrixFull18}{MenuexmatrixEmpty18}
\pastebutton{MenuexmatrixFull18}{\hidepaste}
\tab{5}\spadcommand{rank (matrix ({\tt{}0,4,1]1,(5,3,-71,[-5,5,9}))}
\indentrel{3}\begin{verbatim}
(18) 2

Type: Positivelnteger
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexmatrixEmpty18}
\begin{paste}{MenuexmatrixEmpty18}{MenuexmatrixPatch18}
\pastebutton{MenuexmatrixEmpty18}{\showpaste}
\tab{5}\spadcommand{rank (matrix ({\tt{}0,4,11,[5,3,-7]1,[-5,5,9}))}
\end{paste}\end{patch}

3.20.7 2-D Graphics

“Plotting Functions of One Variable” (ExPlot2DFunctions) B340 on page B34

“Plotting Parametric Curves” (ExPlot2DParametric) B342 on page B34

“Plotting Using Polar Coordinates” (ExPlot2DPolar) B334-3 on page

“Plotting Plane Algebraic Curves” (ExPlot2DAlgebraic) B324 on page
— coverex.ht —

P44l

\begin{page}{Menuexplot2d}{2-D Graphics}

\beginscroll\beginmenu

\menudownlink{Plotting Functions of One Variable}{ExPlot2DFunctions}
\graphpaste{draw(sin(tan(x)) - tan(sin(x)),x = 0..6)}
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\menudownlink{Plotting Parametric Curves}{ExPlot2DParametric}
\graphpaste{draw(curve(9 * sin(3*t/4),8 * sin(t)),t = -4*\¥%pi..4*\V%pi)}
\menudownlink{Plotting Using Polar Coordinates}{ExPlot2DPolar}
\graphpaste{draw(sin(4*t/7),t = 0..14%\Ypi,coordinates == polar)}
\menudownlink{Plotting Plane Algebraic Curves}{ExPlot2DAlgebraic}
\graphpaste{draw(y**2 + y - (x**3 - x) = 0, x, y, range == [-2..2,-2..1])}
\endmenu\endscroll

\end{page}

\begin{patch}{Menuexplot2dPatchl}

\begin{paste}{Menuexplot2dFull1}{Menuexplot2dEmpty1}

\pastebutton{Menuexplot2dFulli}{\hidepaste}

\tab{5}\spadgraph{draw(sin(tan(x)) - tan(sin(x)),x = 0..6)}
\center{\unixcommand{\inputimage{\env{AXIOM}/doc/viewports/menuexplot2dl.view/image}}{viewalone\
\end{paste}\end{patch}

\begin{patch}{Menuexplot2dEmpty1}
\begin{paste}{Menuexplot2dEmptyl}{Menuexplot2dPatchl}
\pastebutton{Menuexplot2dEmpty1}{\showpaste}
\tab{5}\spadgraph{draw(sin(tan(x)) - tan(sin(x)),x = 0..6)}
\end{paste}\end{patch}

\begin{patch}{Menuexplot2dPatch2}

\begin{paste}{Menuexplot2dFull2}{Menuexplot2dEmpty2}

\pastebutton{Menuexplot2dFull2}{\hidepaste}

\tab{5}\spadgraph{draw(curve(9 * sin(3%t/4),8 * sin(t)),t = -4*\Vpi..4*\)pi)}
\center{\unixcommand{\inputimage{\env{AXIOM}/doc/viewports/menuexplot2d2.view/image}}{viewalone\
\end{paste}\end{patch}

\begin{patch}{Menuexplot2dEmpty2}
\begin{paste}{Menuexplot2dEmpty2}{Menuexplot2dPatch2}
\pastebutton{Menuexplot2dEmpty2}{\showpaste}

\tab{5}\spadgraph{draw(curve(9 * sin(3*t/4),8 * sin(t)),t = -4*\/pi..4*\/pi)}
\end{paste}\end{patch}

\begin{patch}{Menuexplot2dPatch3}

\begin{paste}{Menuexplot2dFull3}{Menuexplot2dEmpty3}

\pastebutton{Menuexplot2dFull3}{\hidepaste}

\tab{5}\spadgraph{draw(sin(4*t/7),t = 0..14%*\}pi,coordinates == polar)}
\center{\unixcommand{\inputimage{\env{AXIOM}/doc/viewports/menuexplot2d3.view/image}}{viewalone\
\end{paste}\end{patch}

\begin{patch}{Menuexplot2dEmpty3}
\begin{paste}{Menuexplot2dEmpty3}{Menuexplot2dPatch3}
\pastebutton{Menuexplot2dEmpty3}{\showpaste}
\tab{5}\spadgraph{draw(sin(4*t/7),t = 0..14%\Ypi,coordinates == polar)}
\end{paste}\end{patch}

\begin{patch}{Menuexplot2dPatch4}
\begin{paste}{Menuexplot2dFull4}{Menuexplot2dEmpty4}
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\pastebutton{Menuexplot2dFull4}{\hidepaste}

\tab{5}\spadgraph{draw(y**2 + y - (x**¥3 - x) = 0, x, y, range == [-2..2,-2..1])}
\center{\unixcommand{\inputimage{\env{AXIOM}/doc/viewports/menuexplot2d4.view/image}}{viewalone\space{1} \e:
\end{paste}\end{patch}

\begin{patch}{Menuexplot2dEmpty4}
\begin{paste}{Menuexplot2dEmpty4}{Menuexplot2dPatch4}
\pastebutton{Menuexplot2dEmpty4}{\showpaste}

\tab{5}\spadgraph{draw(y**2 + y - (x*#*3 - x) = 0, x, y, range == [-2..2,-2..1])}
\end{paste}\end{patch}

3.20.8 3-D Graphics

= “Plotting Functions of Two Variables” (ExPlot3DFunctions) BZ351 on page

= “Plotting Parametric Surfaces” (ExPlot3DParametricSurface) BZ352 on page @20

= “Plotting Parametric Curves” (ExPlot3DParametricCurve) B3353 on page BT
— coverex.ht —

\begin{page}{Menuexplot3d}{3-D Graphics}

\beginscroll\beginmenu

\menudownlink{Plotting Functions of Two Variables}{ExPlot3DFunctions}
\graphpaste{draw(cos(x*y) ,x = -3..3,y = -3..3)}
\menudownlink{Plotting Parametric Surfaces}{ExPlot3DParametricSurface}
\graphpaste{draw(surface(5*sin(u)*cos(v) ,4*sin(u)*sin(v),3*cos(u)),
u=0..\%pi,v=0..2%\%pi)}
\graphpaste{draw(surface(u*cos(v) ,u*xsin(v) ,u),u=0..4,v=0..2*\}pi)}
\menudownlink{Plotting Parametric Curves}{ExPlot3DParametricCurve}
\graphpaste{draw(curve(cos(t),sin(t),t),t=0..6)}
\graphpaste{draw(curve (t,t**2,t**3) ,t=-3..3)}

\endmenu\endscroll

\end{page}

\begin{patch}{Menuexplot3dPatchl}

\begin{paste}{Menuexplot3dFulli}{Menuexplot3dEmpty1l}

\pastebutton{Menuexplot3dFulli}{\hidepaste}

\tab{5}\spadgraph{draw(cos(x*y) ,x = -3..3,y = -3..3)}
\center{\unixcommand{\inputimage{\env{AXIOM}/doc/viewports/menuexplot3dl.view/image}}{viewalone\space{1} \e:
\end{paste}\end{patch}

\begin{patch}{Menuexplot3dEmptyl}
\begin{paste}{Menuexplot3dEmpty1}{Menuexplot3dPatchi}
\pastebutton{Menuexplot3dEmpty1}{\showpaste}
\tab{5}\spadgraph{draw(cos (x*y) ,x = -3..3,y = -3..3)}
\end{paste}\end{patch}
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\begin{patch}{Menuexplot3dPatch2}

\begin{paste}{Menuexplot3dFull2}{Menuexplot3dEmpty2}

\pastebutton{Menuexplot3dFull2}{\hidepaste}
\tab{5}\spadgraph{draw(surface (5*sin(u)*cos(v) ,4*sin(u) *sin(v) ,3*cos(u)) ,u=0..\%pi,v=0..2%\}pi)}
\center{\unixcommand{\inputimage{\env{AXIOM}/doc/viewports/menuexplot3d2.view/image}}{viewalone\
\end{paste}\end{patch}

\begin{patch}{Menuexplot3dEmpty2}

\begin{paste}{Menuexplot3dEmpty2}{Menuexplot3dPatch2}
\pastebutton{Menuexplot3dEmpty2}{\showpaste}
\tab{5}\spadgraph{draw(surface (5*sin(u)*cos(v) ,4*sin(u)*sin(v),3*cos(u)),u=0..\%pi,v=0..2*\)pi)}
\end{paste}\end{patch}

\begin{patch}{Menuexplot3dPatch3}

\begin{paste}{Menuexplot3dFull3}{Menuexplot3dEmpty3}

\pastebutton{Menuexplot3dFull3}{\hidepaste}
\tab{5}\spadgraph{draw(surface (u*cos(v) ,uxsin(v) ,u) ,u=0..4,v=0..2*\%pi)}
\center{\unixcommand{\inputimage{\env{AXIOM}/doc/viewports/menuexplot3d3.view/image}}{viewalone)
\end{paste}\end{patch}

\begin{patch}{Menuexplot3dEmpty3}
\begin{paste}{Menuexplot3dEmpty3}{Menuexplot3dPatch3}
\pastebutton{Menuexplot3dEmpty3}{\showpaste}
\tab{5}\spadgraph{draw(surface (uxcos(v) ,uxsin(v),u) ,u=0..4,v=0..2*\%pi)}
\end{paste}\end{patch}

\begin{patch}{Menuexplot3dPatch4}

\begin{paste}{Menuexplot3dFull4}{Menuexplot3dEmpty4}

\pastebutton{Menuexplot3dFull4}{\hidepaste}
\tab{5}\spadgraph{draw(curve(cos(t),sin(t),t),t=0..6)}
\center{\unixcommand{\inputimage{\env{AXIOM}/doc/viewports/menuexplot3d4.view/image}}{viewalone\
\end{paste}\end{patch}

\begin{patch}{Menuexplot3dEmpty4}
\begin{paste}{Menuexplot3dEmpty4}{Menuexplot3dPatchd}
\pastebutton{Menuexplot3dEmpty4}{\showpaste}
\tab{5}\spadgraph{draw(curve(cos(t),sin(t),t),t=0..6)}
\end{paste}\end{patch}

\begin{patch}{Menuexplot3dPatchb5}

\begin{paste}{Menuexplot3dFull5}{Menuexplot3dEmpty5}

\pastebutton{Menuexplot3dFull5}{\hidepaste}

\tab{5}\spadgraph{draw(curve (t,t**2,t**3) ,t=-3..3)}
\center{\unixcommand{\inputimage{\env{AXIOM}/doc/viewports/menuexplot3d5.view/image}}{viewalone)\
\end{paste}\end{patch}

\begin{patch}{Menuexplot3dEmpty5}
\begin{paste}{Menuexplot3dEmpty5}{Menuexplot3dPatchb}
\pastebutton{Menuexplot3dEmpty5}{\showpaste}
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\tab{5}\spadgraph{draw(curve (t,t**2,t**3) ,t=-3..3)}
\end{paste}\end{patch}

3.20.9 Series

“Converting Expressions to Series” (ExSeriesConvert) BZ371 on page B43

“Manipulating Power Series” (ExSeriesManipulate) B372 on page BZ7

“Functions on Power Series” (ExSeriesFunctions) B373 on page 29

“Substituting Numerical Values in Power Series” (ExSeriesSubstitution) B=374 on page 50

44l

— coverex.ht —

\begin{page}{Menuexseries}{Series}

\beginscroll\beginmenu

\menudownlink{Converting Expressions to Series}{ExSeriesConvert}
\spadpaste{series(sin(a*x),x = 0)}
\spadpaste{series(sin(a*x),a = \/%pi/4)}
\menudownlink{Manipulating Power Series}{ExSeriesManipulate}
\spadpaste{f := series(1/(1-x),x = 0) \bound{f}}
\spadpaste{f ** 2 \free{fl}}

\menudownlink{Functions on Power Series}{ExSeriesFunctions}
\spadpaste{f := series(1/(1-x),x = 0) \bound{f1l}}
\spadpaste{g := log(f) \free{fi} \bound{g}}
\spadpaste{exp(g) \free{g}}

\menudownlink{Substituting Numerical Values in Power Series}
{ExSeriesSubstitution}

\spadpaste{f := taylor(exp(x)) \bound{f2}}
\spadpaste{eval(f,1.0) \free{f2}}

\endmenu\endscroll

\end{page}

\begin{patch}{MenuexseriesPatchl}
\begin{paste}{MenuexseriesFulll}{MenuexseriesEmpty1}
\pastebutton{MenuexseriesFulll}{\hidepaste}
\tab{5}\spadcommand{series(sin(a*x),x = 0)}
\indentrel{3}\begin{verbatim}

(1)
3 5 7 9
a 3 a 5 a 7 a 9
ax -
6 120 5040 362880
+
11

a 11 12
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39916800
Type: UnivariatePuiseuxSeries(Expression Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexseriesEmptyl}
\begin{paste}{MenuexseriesEmptyl}{MenuexseriesPatchl}
\pastebutton{MenuexseriesEmpty1}{\showpaste}
\tab{5}\spadcommand{series(sin(a*x),x = 0)}
\end{paste}\end{patch}

\begin{patch}{MenuexseriesPatch2}
\begin{paste}{MenuexseriesFull2}{MenuexseriesEmpty2}
\pastebutton{MenuexseriesFull2}{\hidepaste}
\tab{5}\spadcommand{series(sin(a*x),a = \/pi/4)}
\indentrel{3}\begin{verbatim}

(2)
%pi x %pi x %pi
sin(
4 4 4
+
2 Ypi x 3 Ypi x
x sin(
4 %pi 2 4 %pi 3
2 4 6 4
+
4 %pi x 5 %pi x
x sin(
4 %pi 4 4 %pi 5
24 4 120 4
+
6 %pi x 7 %pi x
x sin(
4 %pi 6 4 %pi 7
720 4 5040 4
+
8 %pi x 9 %pi x
x sin(
4 %pi 8 4 %pi 9
40320 4 362880 4
+
10 %pi x
x sin(

4 %pi 10 %pi 11
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3628800 4 4
Type: UnivariatePuiseuxSeries(Expression Integer,a,pi/4)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexseriesEmpty2}
\begin{paste}{MenuexseriesEmpty2}{MenuexseriesPatch2}
\pastebutton{MenuexseriesEmpty2}{\showpaste}
\tab{5}\spadcommand{series(sin(a*x),a = \/pi/4)}
\end{paste}\end{patch}

\begin{patch}{MenuexseriesPatch3}
\begin{paste}{MenuexseriesFull3}{MenuexseriesEmpty3}
\pastebutton{MenuexseriesFull3}{\hidepaste}
\tab{5}\spadcommand{f := series(1/(1-x),x = 0)\bound{f 1}}
\indentrel{3}\begin{verbatim}
(3)
2 3 4 5 6 7 8 9 10
1+x+x +x +x +x +x +x +x +x +X

11
0(x )
Type: UnivariatePuiseuxSeries(Expression Integer,x,o)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexseriesEmpty3}
\begin{paste}{MenuexseriesEmpty3}{MenuexseriesPatch3}
\pastebutton{MenuexseriesEmpty3}{\showpaste}
\tab{5}\spadcommand{f := series(1/(1-x),x = 0)\bound{f 1}}
\end{paste}\end{patch}

\begin{patch}{MenuexseriesPatch4}
\begin{paste}{MenuexseriesFull4}{MenuexseriesEmpty4}
\pastebutton{MenuexseriesFull4}{\hidepaste}
\tab{5}\spadcommand{f ** 2\free{f }}
\indentrel{3}\begin{verbatim}
(4)
2 3 4 5 6 7 8
1 +2x +3x +4x +5x +6x +7x + 8x + 9%

9 10 11
10x + 11x + 0(x )
Type: UnivariatePuiseuxSeries(Expression Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexseriesEmpty4}
\begin{paste}{MenuexseriesEmpty4}{MenuexseriesPatch4}
\pastebutton{MenuexseriesEmpty4}{\showpaste}
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\tab{5}\spadcommand{f ** 2\free{f 1}}
\end{paste}\end{patch}

\begin{patch}{MenuexseriesPatch5}
\begin{paste}{MenuexseriesFull5}{MenuexseriesEmpty5}
\pastebutton{MenuexseriesFull5}{\hidepaste}
\tab{5}\spadcommand{f := series(1/(1-x),x = 0)\bound{f1l }}
\indentrel{3}\begin{verbatim}
(5
2 3 4 5 6 7 8 9 10
l1+x+x +x +x +x +x +x +x +x +x

11
0(x )
Type: UnivariatePuiseuxSeries(Expression Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexseriesEmpty5}
\begin{paste}{MenuexseriesEmpty5}{MenuexseriesPatchb}
\pastebutton{MenuexseriesEmpty5}{\showpaste}
\tab{5}\spadcommand{f := series(1/(1-x),x = 0)\bound{f1l }}
\end{paste}\end{patch}

\begin{patch}{MenuexseriesPatch6}
\begin{paste}{MenuexseriesFull6}{MenuexseriesEmpty6}
\pastebutton{MenuexseriesFull6}{\hidepaste}
\tab{5}\spadcommand{g := log(f)\free{fl }\bound{g }}
\indentrel{3}\begin{verbatim}

(6)

1 2 1 3 1 4 1 5 1 6 1 7 1 8

x +
2 3 4 5 6 7 8

+
1 9 1 10 1 11 12
9 10 11
Type: UnivariatePuiseuxSeries(Expression Integer,X,O)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexseriesEmpty6}
\begin{paste}{MenuexseriesEmpty6}{MenuexseriesPatch6}
\pastebutton{MenuexseriesEmpty6}{\showpaste}
\tab{5}\spadcommand{g := log(f)\free{fl }\bound{g }}
\end{paste}\end{patch}

\begin{patch}{MenuexseriesPatch7}
\begin{paste}{MenuexseriesFull7}{MenuexseriesEmpty7}
\pastebutton{MenuexseriesFull7}{\hidepaste}
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\tab{5}\spadcommand{exp(g) \free{g }}
\indentrel{3}\begin{verbatim}
49
2 3 4 5 6 7 8 9 10
1+x+x +x +x +x +x +x +x +x +Xx

11
0(x )
Type: UnivariatePuiseuxSeries(Expression Integer,x,0)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexseriesEmpty7}
\begin{paste}{MenuexseriesEmpty7}{MenuexseriesPatch7}
\pastebutton{MenuexseriesEmpty7}{\showpaste}
\tab{5}\spadcommand{exp(g) \free{g }}
\end{paste}\end{patch}

\begin{patch}{MenuexseriesPatch8}
\begin{paste}{MenuexseriesFull8}{MenuexseriesEmpty8}
\pastebutton{MenuexseriesFull8}{\hidepaste}
\tab{5}\spadcommand{f := taylor(exp(x))\bound{f2 }}
\indentrel{3}\begin{verbatim}

(8)
1 2 1 3 1 4 1 5 1 6
1+x+
2 6 24 120 720
+
17 1 8 1 9 1 10 11
5040 40320 362880 3628800
Type: UnivariateTaylorSeries(Expression Integer,x,0)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexseriesEmpty8}
\begin{paste}{MenuexseriesEmpty8}{MenuexseriesPatch8}
\pastebutton{MenuexseriesEmpty8}{\showpaste}
\tab{5}\spadcommand{f := taylor(exp(x))\bound{f2 }}
\end{paste}\end{patch}

\begin{patch}{MenuexseriesPatch9}
\begin{paste}{MenuexseriesFull9}{MenuexseriesEmpty9}
\pastebutton{MenuexseriesFull9}{\hidepaste}
\tab{5}\spadcommand{eval (f,1.0) \free{f2 }}
\indentrel{3}\begin{verbatim}
(9
[1.0, 2.0, 2.5, 2.6666666666 666666667,
2.7083333333 333333333, 2.7166666666 666666667,
2.7180555555 555555556, 2.7182539682 53968254,
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2.7182787698 412698413, 2.7182815255 731922399, ...]
Type: Stream Expression Float
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexseriesEmpty9}
\begin{paste}{MenuexseriesEmpty9}{MenuexseriesPatch9}
\pastebutton{MenuexseriesEmpty9}{\showpaste}
\tab{5}\spadcommand{eval(f,1.0)\free{f2 }}
\end{paste}\end{patch}

3.20.10 Summations

= “notitle” (ExSumListEntriesI) B338 on page B52

= “notitle” (ExSumListEntriesII) on page AA3

= ‘“notitle” (ExSumApproximateE) B383 on page
= “notitle” (ExSumClosedForm) on page AhH

= “notitle” (ExSumCubes) on page

= “notitle” (ExSumPolynomial) on page

= “notitle” (ExSumGeneralFunction) B33871 on page
= “notitle” (ExSumlInfinite) BZ38H on page

— coverex.ht —

\begin{page}{Menuexsum}{Summations}

\beginscroll\beginmenu

\menudownlink{Summing the Entries of a List I}{ExSumListEntriesI}
\spadpaste{[i for i in 1..15]}

\spadpaste{reduce(+,[i for i in 1..15])}

\menudownlink{Summing the Entries of a List II}{ExSumListEntriesII}
\spadpaste{[n**2 for n in 5..20]}

\spadpaste{reduce(+, [n**2 for n in 5..20])}
\menudownlink{Approximating e}{ExSumApproximateE}
\spadpaste{reduce(+, [1.0/factorial(n) for n in 0..20])}
\menudownlink{Closed Form Summations}{ExSumClosedForm}
\spadpaste{s := sum(k**2,k = a..b) \bound{s}}
\spadpaste{eval(s, [a,b], [1,25]) \free{sl}}
\spadpaste{reduce(+, [i**2 for i in 1..25])}

\menudownlink{Sums of Cubes}{ExSumCubes}

\spadpaste{sum(k**3,k = 1..n)}

\spadpaste{sum(k,k = 1..n) *x 2}

\menudownlink{Sums of Polynomials}{ExSumPolynomial}
\spadpaste{sum(3*k**2/(c**2 + 1) + 12¥k/d,k = (3*a)..(4*b))}
\menudownlink{Sums of General Functions}{ExSumGeneralFunction}
\spadpaste{sum(k * x*xk,k = 1..n)}
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\menudownlink{Infinite Sums}{ExSumInfinite}

\spadpaste{limit( sum(1/(k * (k + 2)),k = 1..n) ,n = \/plusInfinity)}

\endmenu\endscroll
\end{page}

\begin{patch}{MenuexsumPatch1l}
\begin{paste}{MenuexsumFulli}{MenuexsumEmpty1}
\pastebutton{MenuexsumFulli}{\hidepaste}
\tab{5}\spadcommand{[i for i in 1..15]}
\indentrel{3}\begin{verbatim}

(1) [I1,2,3,4,5,6,7,8,9,10,11,12,13,14,15]

Type: List Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexsumEmpty1}
\begin{paste}{MenuexsumEmptyi}{MenuexsumPatchi}
\pastebutton{MenuexsumEmpty1}{\showpaste}
\tab{5}\spadcommand{[i for i in 1..15]}
\end{paste}\end{patch}

\begin{patch}{MenuexsumPatch2}
\begin{paste}{MenuexsumFull2}{MenuexsumEmpty2}
\pastebutton{MenuexsumFull2}{\hidepaste}
\tab{5}\spadcommand{reduce(+, [i for i in 1..15]1)}
\indentrel{3}\begin{verbatim}

(2) 120

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexsumEmpty2}
\begin{paste}{MenuexsumEmpty2}{MenuexsumPatch2}
\pastebutton{MenuexsumEmpty2}{\showpaste}
\tab{5}\spadcommand{reduce(+,[1i for i in 1..15])}
\end{paste}\end{patch}

\begin{patch}{MenuexsumPatch3}
\begin{paste}{MenuexsumFull3}{MenuexsumEmpty3}
\pastebutton{MenuexsumFull3}{\hidepaste}
\tab{5}\spadcommand{ [n**2 for n in 5..20]3}
\indentrel{3}\begin{verbatim}

(3)

[25, 36, 49, 64, 81, 100, 121, 144, 169, 196, 225,

256, 289, 324, 361, 400]

Type: List Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexsumEmpty3}

331
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\begin{paste}{MenuexsumEmpty3}{MenuexsumPatch3}
\pastebutton{MenuexsumEmpty3}{\showpaste}
\tab{5}\spadcommand{ [n**2 for n in 5..20]}
\end{paste}\end{patch}

\begin{patch}{MenuexsumPatch4}
\begin{paste}{MenuexsumFull4}{MenuexsumEmpty4}
\pastebutton{MenuexsumFull4}{\hidepaste}
\tab{5}\spadcommand{reduce (+, [n**2 for n in 5..20]1)}
\indentrel{3}\begin{verbatim}

(4) 2840

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexsumEmpty4}
\begin{paste}{MenuexsumEmpty4}{MenuexsumPatch4}
\pastebutton{MenuexsumEmpty4}{\showpaste}
\tab{5}\spadcommand{reduce (+, [n**2 for n in 5..20]1)}
\end{paste}\end{patch}

\begin{patch}{MenuexsumPatch5}
\begin{paste}{MenuexsumFull5}{MenuexsumEmpty5}
\pastebutton{MenuexsumFull5}{\hidepaste}
\tab{5}\spadcommand{reduce(+, [1.0/factorial(n) for n in 0..20])}
\indentrel{3}\begin{verbatim}

(56) 2.7182818284 590452354

Type: Float

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexsumEmpty5}
\begin{paste}{MenuexsumEmpty5}{MenuexsumPatch5}
\pastebutton{MenuexsumEmpty5}{\showpaste}
\tab{5}\spadcommand{reduce(+, [1.0/factorial(n) for n in 0..20])}
\end{paste}\end{patch}

\begin{patch}{MenuexsumPatch6}
\begin{paste}{MenuexsumFull6}{MenuexsumEmpty6}
\pastebutton{MenuexsumFull6}{\hidepastel}
\tab{5}\spadcommand{s := sum(k**2,k = a..b)\bound{s }}
\indentrel{3}\begin{verbatim}
3 2 3 2
2b +3b +b-2a +3a - a
(©))
6
Type: Fraction Polynomial Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{MenuexsumEmpty6}
\begin{paste}{MenuexsumEmpty6}{MenuexsumPatch6}
\pastebutton{MenuexsumEmpty6}{\showpaste}
\tab{5}\spadcommand{s := sum(k**2,k = a..b)\bound{s }}
\end{paste}\end{patch}

\begin{patch}{MenuexsumPatch7}
\begin{paste}{MenuexsumFull7}{MenuexsumEmpty7}
\pastebutton{MenuexsumFull7}{\hidepaste}
\tab{5}\spadcommand{eval(s, [a,b], [1,25]) \free{s }}
\indentrel{3}\begin{verbatim}

(7) 5525

Type: Fraction Polynomial Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexsumEmpty7}
\begin{paste}{MenuexsumEmpty7}{MenuexsumPatch7}
\pastebutton{MenuexsumEmpty7}{\showpaste}
\tab{5}\spadcommand{eval (s, [a,b], [1,25])\free{s }}
\end{paste}\end{patch}

\begin{patch}{MenuexsumPatch8}
\begin{paste}{MenuexsumFull8}{MenuexsumEmpty8}
\pastebutton{MenuexsumFull8}{\hidepaste}
\tab{5}\spadcommand{reduce (+, [i**2 for i in 1..25])}
\indentrel{3}\begin{verbatim}

(8) 5525

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexsumEmpty8}
\begin{paste}{MenuexsumEmpty8}{MenuexsumPatch8}
\pastebutton{MenuexsumEmpty8}{\showpaste}
\tab{5}\spadcommand{reduce (+, [i**2 for i in 1..25])}
\end{paste}\end{patch}

\begin{patch}{MenuexsumPatch9}
\begin{paste}{MenuexsumFull9}{MenuexsumEmpty9}
\pastebutton{MenuexsumFull9}{\hidepaste}
\tab{5}\spadcommand{sum(k**3,k = 1..n)}
\indentrel{3}\begin{verbatim}
4 3 2
n +2n +n
(9)
4
Type: Fraction Polynomial Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{MenuexsumEmpty9}
\begin{paste}{MenuexsumEmpty9}{MenuexsumPatch9}
\pastebutton{MenuexsumEmpty9}{\showpaste}
\tab{5}\spadcommand{sum(k**3,k = 1..n)}
\end{paste}\end{patch}

\begin{patch}{MenuexsumPatch10}
\begin{paste}{MenuexsumFull10}{MenuexsumEmpty10}
\pastebutton{MenuexsumFull10}{\hidepaste}
\tab{5}\spadcommand{sum(k,k = 1..n) ** 2}
\indentrel{3}\begin{verbatim}
4 3 2
n +2n +n
(10)
4
Type: Fraction Polynomial Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexsumEmpty10}
\begin{paste}{MenuexsumEmpty10}{MenuexsumPatch10}
\pastebutton{MenuexsumEmpty10}{\showpaste}
\tab{5}\spadcommand{sum(k,k = 1..n) ** 2}
\end{paste}\end{patch}

\begin{patch}{MenuexsumPatch11}
\begin{paste}{MenuexsumFullll}{MenuexsumEmpty11}
\pastebutton{MenuexsumFulli1}{\hidepaste}

\tab{5}\spadcommand{sum (3*xk**2/(c*x*2 + 1) + 12xk/d,k = (3*a)..(4*b))}
\indentrel{3}\begin{verbatim}

(11)
3 2 3 2
(128b + 48b + 4b - 54a + 27a - 3a)d
+
2 2 2 2 2
(192b + 48b - 108a + 36a)c + 192b + 48b - 108a
+
36a
/
2
(2c + 2)d
Type: Union(Fraction Polynomial Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexsumEmpty11}
\begin{paste}{MenuexsumEmptyl1i}{MenuexsumPatchl1}
\pastebutton{MenuexsumEmpty11}{\showpaste}

\tab{5}\spadcommand{sum (3*xk**2/(c**2 + 1) + 12xk/d,k = (3*a)..(4%b))}
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\end{paste}\end{patch}

\begin{patch}{MenuexsumPatch12}
\begin{paste}{MenuexsumFulli12}{MenuexsumEmpty12}
\pastebutton{MenuexsumFull12}{\hidepaste}
\tab{5}\spadcommand{sum(k * x**k,k = 1..n)}
\indentrel{3}\begin{verbatim}

2 n

(nx +(-n-1Dx)x +x
(12)

x - 2x +1
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexsumEmpty12}
\begin{paste}{MenuexsumEmpty12}{MenuexsumPatch12}
\pastebutton{MenuexsumEmpty12}{\showpaste}
\tab{5}\spadcommand{sum(k * x**k,k = 1..n)}
\end{paste}\end{patch}

\begin{patch}{MenuexsumPatch13}
\begin{paste}{MenuexsumFull13}{MenuexsumEmpty13}
\pastebutton{MenuexsumFull13}{\hidepaste}

\tab{5}\spadcommand{limit( sum(1/(k * (k + 2)),k = 1..n) ,n = \/plusInfinity)}

\indentrel{3}\begin{verbatim}
3
(13)
4

Type: Union(OrderedCompletion Fraction Polynomial Integer,...

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{MenuexsumEmpty13}
\begin{paste}{MenuexsumEmpty13}{MenuexsumPatch13}
\pastebutton{MenuexsumEmpty13}{\showpaste}

\tab{5}\spadcommand{limit( sum(1/(k * (k + 2)),k = 1..n) ,n = \/plusInfinity)}

\end{paste}\end{patch}
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3.21 decimal.ht

3.21.1 Decimal Expansion

& HyperDoc =)m)x]

Decimal Expansion

All rationals have repeating decimal expansions.
Operations to access the individual digite of a decimal
expansion can be obtained by converting the value to
RadixExpansion(10) . More examples of expansions are
available in “BinaryExpansion' , “HexadecimalExpansion' ,
and "RadixExpansion'. Issue the system command ) show
DecimalExpansion to display the full list of operations
defined by DecimalExpansion.

The operationdecimal is used to create this expansionof
type DecimalExpansion.

r :=decimal (22/7)

Arithmetic is exact.

r +decimal (6/7)

The period of the expansion can be shortor long ...
[decimal (1/1) for i in 350..354}

r very long.

: decimal (1/2043)

“Axiom Number Types” (NumberPage) BZ761 on page [MIA
“Integer” (IntegerXmpPage) BZ on page
“BinaryExpansion” (BinaryExpansionXmpPage) B=81 on page 51
“HexadecimalExpansion” (HexExpansionXmpPage) B3I on page 677
“RadixExpansion” (RadixExpansionXmpPage) BSG1 on page [T23

— decimal.ht —

R )

\begin{page}{DecimalExpansionXmpPage}{Decimal Expansion}

\beginscroll

All rationals have repeating decimal expansions.

Operations to access the individual digits of a decimal expansion can
be obtained by converting the value to \spadtype{RadixExpansion(10)}.
More examples of expansions are available in
\downlink{‘BinaryExpansion’}{BinaryExpansionXmpPage}
\ignore{BinaryExpansion},
\downlink{‘HexadecimalExpansion’}{HexExpansionXmpPage}
\ignore{HexadecimalExpansion}, and
\downlink{‘RadixExpansion’}{RadixExpansionXmpPagel}\ignore{RadixExpansion}.
\showBlurb{DecimalExpansion}

\xtc{

The operation \spadfunFrom{decimal}{DecimalExpansion} is used to create



3.21. DECIMAL.HT 337

this expansion of type \spadtype{DecimalExpansion}.

H

\spadpaste{r := decimal(22/7) \bound{r}}

}

\xtcq

Arithmetic is exact.

H

\spadpaste{r + decimal(6/7) \free{rl}}

}

\xtc{

The period of the expansion can be short or long \ldots
H

\spadpaste{[decimal(1/i) for i in 350..354] }

}

\xtc{

or very long.

H

\spadpaste{decimal (1/2049) }

}

\xtc{

These numbers are bona fide algebraic objects.

H

\spadpaste{p := decimal(1/4)*x**2 + decimal(2/3)*x + decimal(4/9)
\bound{p}}

}

\xtc{

H

\spadpaste{q := differentiate(p, x) \free{p}\bound{q}}
}

\xtc{

H

\spadpaste{g := gcd(p, q) \free{p g} \bound{g}}
}

\endscroll

\autobuttons

\end{page}

\begin{patch}{DecimalExpansionXmpPagePatchl}
\begin{paste}{DecimalExpansionXmpPageFulll}{DecimalExpansionXmpPageEmpty1l}
\pastebutton{DecimalExpansionXmpPageFulll}{\hidepaste}
\tab{5}\spadcommand{r := decimal(22/7)\bound{r }}
\indentrel{3}\begin{verbatim}

(1) 3.142857

Type: DecimalExpansion

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DecimalExpansionXmpPageEmpty1}
\begin{paste}{DecimalExpansionXmpPageEmptyl}{DecimalExpansionXmpPagePatchl}
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\pastebutton{DecimalExpansionXmpPageEmptyl}{\showpaste}
\tab{5}\spadcommand{r := decimal(22/7)\bound{r }}
\end{paste}\end{patch}

\begin{patch}{DecimalExpansionXmpPagePatch2}
\begin{paste}{DecimalExpansionXmpPageFull2}{DecimalExpansionXmpPageEmpty2}
\pastebutton{DecimalExpansionXmpPageFull2}{\hidepaste}
\tab{6}\spadcommand{r + decimal(6/7)\free{r }}
\indentrel{3}\begin{verbatim}

(2) 4

Type: DecimalExpansion

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DecimalExpansionXmpPageEmpty2}
\begin{paste}{DecimalExpansionXmpPageEmpty2}{DecimalExpansionXmpPagePatch2}
\pastebutton{DecimalExpansionXmpPageEmpty2}{\showpastel}
\tab{5}\spadcommand{r + decimal(6/7)\free{r }}

\end{paste}\end{patch}

\begin{patch}{DecimalExpansionXmpPagePatch3}
\begin{paste}{DecimalExpansionXmpPageFull3}{DecimalExpansionXmpPageEmpty3}
\pastebutton{DecimalExpansionXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{ [decimal(1/i) for i in 350..354]}
\indentrel{3}\begin{verbatim}

(3

[0.00285714, 0.002849, 0.0028409,

0.00283286118980169971671388101983,

0.0
OVERBAR
02824858757062146892655367231638418079096045197
74011299435
]
Type: List DecimalExpansion
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DecimalExpansionXmpPageEmpty3}
\begin{paste}{DecimalExpansionXmpPageEmpty3}{DecimalExpansionXmpPagePatch3}
\pastebutton{DecimalExpansionXmpPageEmpty3}{\showpastel}
\tab{5}\spadcommand{[decimal(1/i) for i in 350..354]1%}
\end{paste}\end{patch}

\begin{patch}{DecimalExpansionXmpPagePatch4}
\begin{paste}{DecimalExpansionXmpPageFull4}{DecimalExpansionXmpPageEmpty4}
\pastebutton{DecimalExpansionXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{decimal (1/2049)}
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\indentrel{3}\begin{verbatim}
(4)
0.
OVERBAR
0004880429477794045876037091264031234748657881893
60663738408979990239141044411908247925817471937
53050268423621278672523182040019521717911176183
50414836505612493899463152757442654953635919960
95656417764763299170326988775012201073694485114
69009272816007808687164470473401659346022449975
59785261102977061981454367984382625671059053196
6813079551
Type: DecimalExpansion
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DecimalExpansionXmpPageEmpty4}
\begin{paste}{DecimalExpansionXmpPageEmpty4}{DecimalExpansionXmpPagePatch4}
\pastebutton{DecimalExpansionXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{decimal (1/2049)}

\end{paste}\end{patch}

\begin{patch}{DecimalExpansionXmpPagePatch5}
\begin{paste}{DecimalExpansionXmpPageFull5}{DecimalExpansionXmpPageEmpty5}
\pastebutton{DecimalExpansionXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{p := decimal(1/4)*x**2 + decimal(2/3)*x + decimal(4/9)\bound{p }}
\indentrel{3}\begin{verbatim}
2 - -
(6) 0.26x + 0.6x + 0.4
Type: Polynomial DecimalExpansion

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DecimalExpansionXmpPageEmpty5}
\begin{paste}{DecimalExpansionXmpPageEmpty5}{DecimalExpansionXmpPagePatch5}
\pastebutton{DecimalExpansionXmpPageEmpty5}{\showpaste}

\tab{5}\spadcommand{p := decimal(1/4)*x**2 + decimal(2/3)*x + decimal(4/9)\bound{p }}
\end{paste}\end{patch}

\begin{patch}{DecimalExpansionXmpPagePatch6}
\begin{paste}{DecimalExpansionXmpPageFull6}{DecimalExpansionXmpPageEmpty6}
\pastebutton{DecimalExpansionXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{q := differentiate(p, x)\free{p }\bound{q }}
\indentrel{3}\begin{verbatim}

(6) 0.5x + 0.6
Type: Polynomial DecimalExpansion
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{DecimalExpansionXmpPageEmpty6}
\begin{paste}{DecimalExpansionXmpPageEmpty6}{DecimalExpansionXmpPagePatch6}
\pastebutton{DecimalExpansionXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{q := differentiate(p, x)\free{p }\bound{q }}
\end{paste}\end{patch}

\begin{patch}{DecimalExpansionXmpPagePatch7}
\begin{paste}{DecimalExpansionXmpPageFull7}{DecimalExpansionXmpPageEmpty73}
\pastebutton{DecimalExpansionXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{g := gcd(p, q)\free{p q }\bound{g }}
\indentrel{3}\begin{verbatim}

(7 x+ 1.3

Type: Polynomial DecimalExpansion

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DecimalExpansionXmpPageEmpty7}
\begin{paste}{DecimalExpansionXmpPageEmpty7}{DecimalExpansionXmpPagePatch7}
\pastebutton{DecimalExpansionXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{g := gcd(p, q)\free{p q }\bound{g }}
\end{paste}\end{patch}

3.22 derham.ht

3.22.1 DeRhamComplex

— derham.ht —

\begin{page}{DeRhamComplexXmpPage}{DeRhamComplex}
\beginscroll

The domain constructor \spadtype{DeRhamComplex} creates the

class of differential forms of arbitrary degree over a coefficient ring.
The De Rham complex constructor takes two arguments: a ring,
\spad{coefRing,} and a list of coordinate variables.

\xtc{

This is the ring of coefficients.

H

\spadpaste{coefRing := Integer \bound{coefRing}}
}

\xtc{

These are the coordinate variables.
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H

\spadpaste{lv : List Symbol := [x,y,z] \bound{lv}}

}

\xtc{

This is the De Rham complex of Euclidean three-space using
coordinates \spad{x, y} and \spad{z.}

H

\spadpaste{der := DERHAM(coefRing,lv) \free{coefRing}\free{lv}
\bound{der}}

}

This complex allows us to describe differential forms having
expressions of integers as coefficients.

These coefficients can involve any number of variables, for example,
\spad{f(x,t,r,y,u,z).}

As we’ve chosen to work with ordinary

Euclidean three-space, expressions involving these forms

are treated as functions of

\spad{x, y} and \spad{z} with the additional arguments

\spad{t, r} and \spad{u} regarded as symbolic constants.

\xtc{

Here are some examples of coefficients.

H

\spadpaste{R := Expression coefRing \free{coefRing}\bound{R}}

}

\xtc{

H

\spadpaste{f : R :
}

\xtc{

H

\spadpaste{g : R :
}

\xtc{

H

\spadpaste{h : R :=x*y*z-2xx**3xy*z**2 \free{R}\bound{hl}}

}

\xtc{

We now define

the multiplicative basis elements for the exterior algebra over \spad{R}.
H

\spadpaste{dx : der :
}

\xtc{

H

\spadpaste{dy : der :
}

\xtc{

H

\spadpaste{dz : der :

xxk 2k yxz—-Bkxk*k3*ky**2*z**5 \free{R}\bound{£f}}

zx*2%y*cos (2) -T*sin (x**3xy**2) *z*x2 \free{R}\bound{g}}

generator (1) \free{der}\bound{dx}}

generator (2) \free{der}\bound{dy}}

generator (3) \free{der}\bound{dz}}
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Y

\xtc{

This is an alternative way to give the above assignments.
H

\spadpaste{[dx,dy,dz] := [generator(i)\$der for i in 1..3] \free{der}
\bound{dxyz}}

}

\xtec{

Now we define some one-forms.

H

\spadpaste{alpha : der := f*dx + gxdy + h*dz \bound{alpha}
\free{der f g h dxyz}}

}

\xtc{

H

\spadpaste{beta : der := cos(tan(x*y*z)+x*y*z)*dx + x*xdy
\bound{beta}\free{der f g h dxyz}}

}

\xtc{

A well-known theorem states that the composition of
\spadfunFrom{exteriorDifferential}{DeRhamComplex}

with itself is the zero map for continuous forms.

Let’s verify this theorem for \spad{alpha}.

H

\spadpaste{exteriorDifferential alpha; \free{alpha}\bound{ed}}
}

\xtc{

We suppressed the lengthy output of the last expression, but nevertheless, the
composition is zero.

H

\spadpaste{exteriorDifferential \J, \free{ed}}

}

\xtc{

Now we check that \spadfunFrom{exteriorDifferential}{DeRhamComplex}

is a ‘‘graded derivation’’ \spad{D,} that is, \spad{D} satisfies:
\begin{verbatim}

D(axb) = D(a)*b + (-1)**degree(a)*a*D(b)

\end{verbatim}

H

\spadpaste{gamma := alpha * beta \bound{gamma}\free{alpha}\free{beta}}
}

\xtc{

We try this for the one-forms \spad{alpha} and \spad{betal}.

H

\spadpaste{exteriorDifferential (gamma) -

(exteriorDifferential (alpha)*beta - alpha * exteriorDifferential(beta))
\free{alpha beta gamma}}

}

\xtc{
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Now we define some ‘‘basic operators’’ (see
\downlink{‘Operator’}{0OperatorXmpPage}\ignore{Operator}) .
H

\spadpaste{a : BOP :
}

\xtc{

H

\spadpaste{b : BOP :
}

\xtc{

H

\spadpaste{c : BOP :
}

\xtc{

We also define

some indeterminate one- and two-forms using these operators.

H

\spadpaste{sigma := a(x,y,z) * dx + b(x,y,z) * dy + c(x,y,z) * dz
\bound{sigma}\free{ao bo co dxyz}}

}

\xtc{

H

\spadpaste{theta := a(x,y,z) * dx * dy + b(x,y,z) * dx *

dz + c(x,y,z) * dy * dz \bound{theta}\free{ao bo co dxyz}}

}

operator(’a) \bound{aol}}

operator (’b) \bound{bo}}

operator(’c) \bound{col}}

\xtc{

This allows us to get formal definitions for the ‘‘gradient’’ \ldots
H

\spadpaste{totalDifferential(a(x,y,z))\$der \free{ao der}}
}

\xtc{

the ‘‘curl’’ \ldots

H

\spadpaste{exteriorDifferential sigma \free{sigmal}}

}

\xtc{

and the ‘‘divergence.’’

H

\spadpaste{exteriorDifferential theta \free{thetal}}

}

\xtcd

Note that the De Rham complex is an algebra with unity.

This element \spad{1} is the basis for elements for zero-forms, that is,
functions in our space.

H

\spadpaste{one : der := 1 \bound{one}\free{der}}

}
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\xtcq

To convert a function to a function lying in the De Rham complex,

multiply the function by ‘‘one.’’

H

\spadpaste{gl : der := a([x,t,y,u,v,z,e]) * one \free{der one ao}\bound{gi}}
¥

\xtcq

A current limitation of Axiom forces you to write

functions with more than four arguments using square brackets in this way.

H

\spadpaste{hl : der := a([x,y,x,t,x,z,y,r,u,x]) * one
\free{der one ao}\bound{hi}}

}

\xtcq{

Now note how the system keeps track of where your coordinate functions
are located in expressions.

H

\spadpaste{exteriorDifferential gl \free{gll}}

¥

\xtc{

H

\spadpaste{exteriorDifferential hl \free{h1}}

¥

\xtc{

In this example of Euclidean three-space, the basis for the De Rham complex
consists of the eight forms: \spad{1}, \spad{dx}, \spad{dy}, \spad{dz},
\spad{dx*dy}, \spad{dx*dz}, \spad{dy*dz}, and \spad{dx*dy*dz}.

H

\spadpaste{coefficient (gamma, dx*dy) \free{gamma dxyz}}

}

\xtc{

H

\spadpaste{coefficient (gamma, one) \free{gamma onel}}

}

\xtc{

H

\spadpaste{coefficient(gl,one) \free{gl onel}}

}

\endscroll

\autobuttons

\end{page}

\begin{patch}{DeRhamComplexXmpPagePatchl}
\begin{paste}{DeRhamComplexXmpPageFulll}{DeRhamComplexXmpPageEmpty1}
\pastebutton{DeRhamComplexXmpPageFulli}{\hidepaste}
\tab{5}\spadcommand{coefRing := Integer\bound{coefRing }}
\indentrel{3}\begin{verbatim}

(1) Integer
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Type: Domain
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty1}
\begin{paste}{DeRhamComplexXmpPageEmptyl}{DeRhamComplexXmpPagePatchl}
\pastebutton{DeRhamComplexXmpPageEmpty1l}{\showpaste}
\tab{5}\spadcommand{coefRing := Integer\bound{coefRing }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch2}
\begin{paste}{DeRhamComplexXmpPageFull2}{DeRhamComplexXmpPageEmpty2}
\pastebutton{DeRhamComplexXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{lv : List Symbol := [x,y,z]\bound{lv }}
\indentrel{3}\begin{verbatim}

2 [x,y,z]

Type: List Symbol

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty2}
\begin{paste}{DeRhamComplexXmpPageEmpty2}{DeRhamComplexXmpPagePatch2}
\pastebutton{DeRhamComplexXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{lv : List Symbol := [x,y,z]\bound{lv }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch3}
\begin{paste}{DeRhamComplexXmpPageFull3}{DeRhamComplexXmpPageEmpty3}
\pastebutton{DeRhamComplexXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{der := DERHAM(coefRing,lv)\free{coefRing }\free{lv }\bound{der }}
\indentrel{3}\begin{verbatim}

(3) DeRhamComplex(Integer, [x,y,z])

Type: Domain

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty3}
\begin{paste}{DeRhamComplexXmpPageEmpty3}{DeRhamComplexXmpPagePatch3}
\pastebutton{DeRhamComplexXmpPageEmpty3}{\showpaste}

\tab{5}\spadcommand{der := DERHAM(coefRing,lv)\free{coefRing }\free{lv }\bound{der }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch4}
\begin{paste}{DeRhamComplexXmpPageFull4}{DeRhamComplexXmpPageEmpty4}
\pastebutton{DeRhamComplexXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{R := Expression coefRing\free{coefRing }\bound{R }}
\indentrel{3}\begin{verbatim}

(4) Expression Integer

Type: Domain

\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty4}
\begin{paste}{DeRhamComplexXmpPageEmpty4}{DeRhamComplexXmpPagePatch4}
\pastebutton{DeRhamComplexXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{R := Expression coefRing\free{coefRing }\bound{R }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatchb5}
\begin{paste}{DeRhamComplexXmpPageFull5}{DeRhamComplexXmpPageEmpty5}
\pastebutton{DeRhamComplexXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{f : R := x**2xy*z-bkxx**3*ky**2*xzx*5\free{R }\bound{f }}
\indentrel{3}\begin{verbatim}
325 2
(5) -5xyz +xyz
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty5}
\begin{paste}{DeRhamComplexXmpPageEmpty5}{DeRhamComplexXmpPagePatch5}
\pastebutton{DeRhamComplexXmpPageEmpty5}{\showpaste}

\tab{5}\spadcommand{f : R := x**2*y*z-5*x**3*y**x2xz*x5\free{R }\bound{f }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch6}
\begin{paste}{DeRhamComplexXmpPageFull6}{DeRhamComplexXmpPageEmpty6}
\pastebutton{DeRhamComplexXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{g : R := z**2ky*cos(z)-T*sin(x**3*y**2)*z**2\free{R }\bound{g }}
\indentrel{3}\begin{verbatim}

2 32 2

(6) - 7z sin(x y ) +y z cos(z)
Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty6}
\begin{paste}{DeRhamComplexXmpPageEmpty6}{DeRhamComplexXmpPagePatch6}
\pastebutton{DeRhamComplexXmpPageEmpty6}{\showpaste}

\tab{5}\spadcommand{g : R := z**2*y*cos(z)-T*sin(x**3*y**2)*xz**2\free{R }\bound{g }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch7}
\begin{paste}{DeRhamComplexXmpPageFull7}{DeRhamComplexXmpPageEmpty7}
\pastebutton{DeRhamComplexXmpPageFull7}{\hidepaste}
\tab{6}\spadcommand{h : R :=x*y*z-2*x**3xyxz**2\free{R }\bound{h }}
\indentrel{3}\begin{verbatim}
3 2
(7) -2xyz +xyz
Type: Expression Integer
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\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty7}
\begin{paste}{DeRhamComplexXmpPageEmpty7}{DeRhamComplexXmpPagePatch7}
\pastebutton{DeRhamComplexXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{h : R :=x*y*z-2*x*x3*y*z**2\free{R }\bound{h }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch8}
\begin{paste}{DeRhamComplexXmpPageFull8}{DeRhamComplexXmpPageEmpty8}
\pastebutton{DeRhamComplexXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{dx : der := generator(1l)\free{der }\bound{dx }}
\indentrel{3}\begin{verbatim}

(8) dx

Type: DeRhamComplex(Integer, [x,y,z])

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty8}
\begin{paste}{DeRhamComplexXmpPageEmpty8}{DeRhamComplexXmpPagePatch8}
\pastebutton{DeRhamComplexXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{dx : der := generator(l)\free{der }\bound{dx }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch9}
\begin{paste}{DeRhamComplexXmpPageFull9}{DeRhamComplexXmpPageEmpty9}
\pastebutton{DeRhamComplexXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{dy : der := generator(2)\free{der }\bound{dy 1}}
\indentrel{3}\begin{verbatim}

(9) dy

Type: DeRhamComplex(Integer, [x,y,z])

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty9}
\begin{paste}{DeRhamComplexXmpPageEmpty9}{DeRhamComplexXmpPagePatch9}
\pastebutton{DeRhamComplexXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{dy : der := generator(2)\free{der }\bound{dy 1}}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch10}
\begin{paste}{DeRhamComplexXmpPageFull10}{DeRhamComplexXmpPageEmpty10}
\pastebutton{DeRhamComplexXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{dz : der := generator(3)\free{der }\bound{dz }}
\indentrel{3}\begin{verbatim}

(10) dz

Type: DeRhamComplex(Integer, [x,y,z])

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{DeRhamComplexXmpPageEmpty10}
\begin{paste}{DeRhamComplexXmpPageEmpty10}{DeRhamComplexXmpPagePatch10}
\pastebutton{DeRhamComplexXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{dz : der := generator(3)\free{der }\bound{dz }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch11}
\begin{paste}{DeRhamComplexXmpPageFulll1}{DeRhamComplexXmpPageEmpty11}
\pastebutton{DeRhamComplexXmpPageFulli1}{\hidepaste}
\tab{5}\spadcommand{[dx,dy,dz] := [generator(i)$der for i in 1..3]\free{der }\bound{dxyz }}
\indentrel{3}\begin{verbatim}

(11) [dx,dy,dz]

Type: List DeRhamComplex(Integer, [x,y,2])

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty11}
\begin{paste}{DeRhamComplexXmpPageEmpty1l1}{DeRhamComplexXmpPagePatchl1}
\pastebutton{DeRhamComplexXmpPageEmpty11}{\showpaste}

\tab{5}\spadcommand{ [dx,dy,dz] := [generator(i)$der for i in 1..3]\free{der }\bound{dxyz }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch12}
\begin{paste}{DeRhamComplexXmpPageFull12}{DeRhamComplexXmpPageEmpty12}
\pastebutton{DeRhamComplexXmpPageFull12}{\hidepaste}
\tab{5}\spadcommand{alpha : der := f*dx + gxdy + h*dz\bound{alpha }\free{der f g h dxyz }}
\indentrel{3}\begin{verbatim}
(12)
3 2
(-2xyz +xy2z)dz
+
2 32 2 325 2
(- 7z sin(x y ) +y z cos(2))dy + (- bxy z + x y 2)dx
Type: DeRhamComplex(Integer, [x,y,z])
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty12}
\begin{paste}{DeRhamComplexXmpPageEmpty12}{DeRhamComplexXmpPagePatch12}
\pastebutton{DeRhamComplexXmpPageEmpty12}{\showpaste}

\tab{5}\spadcommand{alpha : der := f*dx + gxdy + h*dz\bound{alpha }\free{der f g h dxyz }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch13}
\begin{paste}{DeRhamComplexXmpPageFull13}{DeRhamComplexXmpPageEmpty13}
\pastebutton{DeRhamComplexXmpPageFull13}{\hidepaste}
\tab{5}\spadcommand{beta : der := cos(tan(x*y*z)+x*y*z)*dx + x*dy\bound{beta }\free{der f g h dx
\indentrel{3}\begin{verbatim}

(13) x dy + cos(tan(x y z) + x y 2z)dx
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Type: DeRhamComplex(Integer, [x,y,z])
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty13}
\begin{paste}{DeRhamComplexXmpPageEmpty13}{DeRhamComplexXmpPagePatch13}
\pastebutton{DeRhamComplexXmpPageEmpty13}{\showpaste}

\tab{5}\spadcommand{beta : der := cos(tan(x*y*z)+x*y*z)*dx + x*dy\bound{beta }\free{der f g h dxyz }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch14}
\begin{paste}{DeRhamComplexXmpPageFull14}{DeRhamComplexXmpPageEmpty14}
\pastebutton{DeRhamComplexXmpPageFulli4}{\hidepaste}
\tab{5}\spadcommand{exteriorDifferential alpha;\free{alpha }\bound{ed }}
\indentrel{3}\begin{verbatim}

Type: DeRhamComplex(Integer, [x,y,z])
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty14}
\begin{paste}{DeRhamComplexXmpPageEmpty14}{DeRhamComplexXmpPagePatch14}
\pastebutton{DeRhamComplexXmpPageEmpty14}{\showpaste}
\tab{5}\spadcommand{exteriorDifferential alpha;\free{alpha }\bound{ed }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch15}
\begin{paste}{DeRhamComplexXmpPageFull15}{DeRhamComplexXmpPageEmpty15}
\pastebutton{DeRhamComplexXmpPageFulll5}{\hidepaste}
\tab{5}\spadcommand{exteriorDifferential \%\free{ed }}
\indentrel{3}\begin{verbatim}
(18) 0

Type: DeRhamComplex(Integer, [x,y,z])
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty15}
\begin{paste}{DeRhamComplexXmpPageEmpty15}{DeRhamComplexXmpPagePatch15}
\pastebutton{DeRhamComplexXmpPageEmpty15}{\showpaste}
\tab{5}\spadcommand{exteriorDifferential \/\free{ed 1}}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch16}
\begin{paste}{DeRhamComplexXmpPageFull16}{DeRhamComplexXmpPageEmpty16}
\pastebutton{DeRhamComplexXmpPageFull16}{\hidepaste}
\tab{5}\spadcommand{gamma := alpha * beta\bound{gamma }\free{alpha }\free{beta }}
\indentrel{3}\begin{verbatim}

(16)

4 2 2
(2x yz -xyz)dy dz
+
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3 2
(2x yz - xy z)cos(tan(x y z) + x y z)dx dz
+
2 32 2
(7z sin(x y ) - y z cos(z))

cos(tan(x y z) + x y 2)

425 3
-bxyz +xyz2z

dx dy
Type: DeRhamComplex(Integer, [x,y,z])
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty16}
\begin{paste}{DeRhamComplexXmpPageEmpty16}{DeRhamComplexXmpPagePatch16}
\pastebutton{DeRhamComplexXmpPageEmpty16}{\showpaste}

\tab{5}\spadcommand{gamma := alpha * beta\bound{gamma }\free{alpha }\free{beta }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch17}
\begin{paste}{DeRhamComplexXmpPageFull17}{DeRhamComplexXmpPageEmpty17}
\pastebutton{DeRhamComplexXmpPageFulll17}{\hidepaste}
\tab{5}\spadcommand{exteriorDifferential (gamma) - (exteriorDifferential(alpha)*beta - alpha * ex
\indentrel{3}\begin{verbatim}

arn o

Type: DeRhamComplex(Integer, [x,y,z])

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty17}
\begin{paste}{DeRhamComplexXmpPageEmpty17}{DeRhamComplexXmpPagePatchl7}
\pastebutton{DeRhamComplexXmpPageEmpty17}{\showpaste}
\tab{5}\spadcommand{exteriorDifferential (gamma) - (exteriorDifferential(alpha)*beta - alpha * ex
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch18}
\begin{paste}{DeRhamComplexXmpPageFull18}{DeRhamComplexXmpPageEmpty18}
\pastebutton{DeRhamComplexXmpPageFull18}{\hidepaste}
\tab{5}\spadcommand{a : BOP := operator(’a)\bound{ao }}
\indentrel{3}\begin{verbatim}
(18) a

Type: BasicOperator
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty18}
\begin{paste}{DeRhamComplexXmpPageEmpty18}{DeRhamComplexXmpPagePatch18}
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\pastebutton{DeRhamComplexXmpPageEmpty18}{\showpaste}
\tab{5}\spadcommand{a : BOP := operator(’a)\bound{ao }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch19}
\begin{paste}{DeRhamComplexXmpPageFull19}{DeRhamComplexXmpPageEmpty19}
\pastebutton{DeRhamComplexXmpPageFull19}{\hidepaste}
\tab{5}\spadcommand{b : BOP := operator(’b)\bound{bo }}
\indentrel{3}\begin{verbatim}
(19) b

Type: BasicOperator
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty19}
\begin{paste}{DeRhamComplexXmpPageEmpty19}{DeRhamComplexXmpPagePatch19}
\pastebutton{DeRhamComplexXmpPageEmpty19}{\showpaste}
\tab{5}\spadcommand{b : BOP := operator(’b)\bound{bo }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch20}
\begin{paste}{DeRhamComplexXmpPageFull20}{DeRhamComplexXmpPageEmpty20}
\pastebutton{DeRhamComplexXmpPageFull20}{\hidepaste}
\tab{5}\spadcommand{c : BOP := operator(’c)\bound{co }}
\indentrel{3}\begin{verbatim}
(20) ¢

Type: BasicOperator
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty20}
\begin{paste}{DeRhamComplexXmpPageEmpty20}{DeRhamComplexXmpPagePatch20}
\pastebutton{DeRhamComplexXmpPageEmpty20}{\showpaste}
\tab{5}\spadcommand{c : BOP := operator(’c)\bound{co }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch21}
\begin{paste}{DeRhamComplexXmpPageFull21}{DeRhamComplexXmpPageEmpty21}
\pastebutton{DeRhamComplexXmpPageFull21}{\hidepaste}
\tab{5}\spadcommand{sigma := a(x,y,z) * dx + b(x,y,z) * dy + c(x,y,2z) * dz\bound{sigma }\free{ao bo co dxyz
\indentrel{3}\begin{verbatim}

(21) c(x,y,z)dz + b(x,y,2)dy + a(x,y,z)dx

Type: DeRhamComplex(Integer, [x,y,2z])

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty21}
\begin{paste}{DeRhamComplexXmpPageEmpty21}{DeRhamComplexXmpPagePatch21}
\pastebutton{DeRhamComplexXmpPageEmpty21}{\showpaste}

\tab{5}\spadcommand{sigma := a(x,y,z) * dx + b(x,y,z) * dy + c(x,y,z) * dz\bound{sigma }\free{ao bo co dxyz
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\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch22}
\begin{paste}{DeRhamComplexXmpPageFull22}{DeRhamComplexXmpPageEmpty22}
\pastebutton{DeRhamComplexXmpPageFull22}{\hidepaste}
\tab{5}\spadcommand{theta := a(x,y,z) * dx * dy + b(x,y,z) * dx * dz + c(x,y,z) * dy * dz\bound{
\indentrel{3}\begin{verbatim}

(22) c(x,y,z)dy dz + b(x,y,z)dx dz + a(x,y,z)dx dy

Type: DeRhamComplex(Integer, [x,y,z])

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty22}
\begin{paste}{DeRhamComplexXmpPageEmpty22}{DeRhamComplexXmpPagePatch22}
\pastebutton{DeRhamComplexXmpPageEmpty22}{\showpaste}

\tab{5}\spadcommand{theta := a(x,y,z) * dx * dy + b(x,y,z) * dx * dz + c(x,y,z) * dy * dz\bound{
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch23}
\begin{paste}{DeRhamComplexXmpPageFull23}{DeRhamComplexXmpPageEmpty23}
\pastebutton{DeRhamComplexXmpPageFull23}{\hidepaste}
\tab{5}\spadcommand{totalDifferential(a(x,y,z))$der\free{ao der }}
\indentrel{3}\begin{verbatim}

(23) a (x,y,z)dz + a (x,y,z)dy + a (x,y,z)dx

,3 ,2 ,1
Type: DeRhamComplex(Integer, [x,y,z])

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty23}
\begin{paste}{DeRhamComplexXmpPageEmpty23}{DeRhamComplexXmpPagePatch23}
\pastebutton{DeRhamComplexXmpPageEmpty23}{\showpaste}
\tab{5}\spadcommand{totalDifferential(a(x,y,z))$der\free{ao der }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch24}
\begin{paste}{DeRhamComplexXmpPageFull24}{DeRhamComplexXmpPageEmpty24}
\pastebutton{DeRhamComplexXmpPageFull24}{\hidepaste}
\tab{5}\spadcommand{exteriorDifferential sigma\free{sigma }}
\indentrel{3}\begin{verbatim}
(24)
(¢ (x,y,2) - b (x,y,2))dy dz
,2 ,3

(¢ (x,y,2z) - a (x,y,z))dx dz
51 ,3

(b (x,y,z) - a (x,y,z))dx dy
’1 ’2
Type: DeRhamComplex(Integer, [x,y,z])
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\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty24}
\begin{paste}{DeRhamComplexXmpPageEmpty24}{DeRhamComplexXmpPagePatch24}
\pastebutton{DeRhamComplexXmpPageEmpty24}{\showpaste}
\tab{5}\spadcommand{exteriorDifferential sigma\free{sigma }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch25}
\begin{paste}{DeRhamComplexXmpPageFull25}{DeRhamComplexXmpPageEmpty25}
\pastebutton{DeRhamComplexXmpPageFull25}{\hidepaste}
\tab{5}\spadcommand{exteriorDifferential theta\free{theta }}
\indentrel{3}\begin{verbatim}

25) (¢ (x,y,2) - b (x,y,2) +a (x,y,2z))dx dy dz

1 ,2 3
Type: DeRhamComplex(Integer, [x,y,z])

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty25}
\begin{paste}{DeRhamComplexXmpPageEmpty25}{DeRhamComplexXmpPagePatch25}
\pastebutton{DeRhamComplexXmpPageEmpty25}{\showpaste}
\tab{5}\spadcommand{exteriorDifferential theta\free{theta }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch26}
\begin{paste}{DeRhamComplexXmpPageFull26}{DeRhamComplexXmpPageEmpty26}
\pastebutton{DeRhamComplexXmpPageFull26}{\hidepaste}
\tab{5}\spadcommand{one : der := 1\bound{one }\free{der }}
\indentrel{3}\begin{verbatim}

(26) 1

Type: DeRhamComplex(Integer, [x,y,z])

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty26}
\begin{paste}{DeRhamComplexXmpPageEmpty26}{DeRhamComplexXmpPagePatch26}
\pastebutton{DeRhamComplexXmpPageEmpty26}{\showpaste}
\tab{5}\spadcommand{one : der := 1\bound{one }\free{der }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch27}
\begin{paste}{DeRhamComplexXmpPageFull27}{DeRhamComplexXmpPageEmpty27}
\pastebutton{DeRhamComplexXmpPageFull27}{\hidepaste}
\tab{5}\spadcommand{gl : der := a([x,t,y,u,v,z,e]l) * one\free{der one ao }\bound{gl }}
\indentrel{3}\begin{verbatim}

(27) a(x,t,y,u,v,z,e)

Type: DeRhamComplex(Integer, [x,y,2z])

\end{verbatim}
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\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty27}
\begin{paste}{DeRhamComplexXmpPageEmpty27}{DeRhamComplexXmpPagePatch27}
\pastebutton{DeRhamComplexXmpPageEmpty27}{\showpaste}

\tab{5}\spadcommand{gl : der := a([x,t,y,u,v,z,e]l) * one\free{der one ao }\bound{gl }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch28}
\begin{paste}{DeRhamComplexXmpPageFull28}{DeRhamComplexXmpPageEmpty28}
\pastebutton{DeRhamComplexXmpPageFull28}{\hidepaste}
\tab{5}\spadcommand{hl : der := a([x,y,x,t,x,z,y,r,u,x]) * one\free{der one ao }\bound{hl }}
\indentrel{3}\begin{verbatim}

(28) a(x,y,x,t,x,z,y,r,u,x)

Type: DeRhamComplex(Integer, [x,y,z])

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty28}
\begin{paste}{DeRhamComplexXmpPageEmpty28}{DeRhamComplexXmpPagePatch28}
\pastebutton{DeRhamComplexXmpPageEmpty28}{\showpaste}

\tab{5}\spadcommand{hl : der := a([x,y,x,t,x,z,y,r,u,x]) * one\free{der one ao }\bound{hl }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch29}
\begin{paste}{DeRhamComplexXmpPageFull29}{DeRhamComplexXmpPageEmpty29}
\pastebutton{DeRhamComplexXmpPageFull29}{\hidepaste}
\tab{5}\spadcommand{exteriorDifferential gi\free{gl }}
\indentrel{3}\begin{verbatim}
(29)
a (x,t,y,u,v,z,e)dz + a (x,t,y,u,v,z,e)dy
,6 ,»3

a (x,t,y,u,v,z,e)dx
,1
Type: DeRhamComplex(Integer, [x,y,z])
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty29}
\begin{paste}{DeRhamComplexXmpPageEmpty29}{DeRhamComplexXmpPagePatch29}
\pastebutton{DeRhamComplexXmpPageEmpty29}{\showpaste}
\tab{5}\spadcommand{exteriorDifferential gil\free{gl }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch30}
\begin{paste}{DeRhamComplexXmpPageFull30}{DeRhamComplexXmpPageEmpty30}
\pastebutton{DeRhamComplexXmpPageFull30}{\hidepaste}
\tab{5}\spadcommand{exteriorDifferential hi\free{hl }}
\indentrel{3}\begin{verbatim}
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(30)
a (x,y,x,t,x,2,y,r,u,x)dz
,6

a (x,y,x,t,%x,2,y,r,u,x)
7

a (x,y,x,t,%x,2,y,r,u,x)
,2

dy

a (x,y,x,t,x,2,y,r,u,X)
,10

a (x,y,%,t,%,2,y,r,u,Xx)
,5

a (x,y,x,t,x,z,y,r,u,x) +a (x,y,x,t,X,2,y,r,u,x)
,3 1

dx
Type: DeRhamComplex(Integer, [x,y,z])
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty30}
\begin{paste}{DeRhamComplexXmpPageEmpty30}{DeRhamComplexXmpPagePatch30}
\pastebutton{DeRhamComplexXmpPageEmpty30}{\showpaste}
\tab{5}\spadcommand{exteriorDifferential hi\free{hl }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch31}
\begin{paste}{DeRhamComplexXmpPageFull31}{DeRhamComplexXmpPageEmpty31}
\pastebutton{DeRhamComplexXmpPageFull31}{\hidepaste}
\tab{5}\spadcommand{coefficient (gamma, dx*dy)\free{gamma dxyz 1}}
\indentrel{3}\begin{verbatim}
(31)
2 32 2
(7z sin(x y ) - y z cos(z))cos(tan(x y z) + x y 2)
+
425 3
-bxyz +xyz
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty31}
\begin{paste}{DeRhamComplexXmpPageEmpty31}{DeRhamComplexXmpPagePatch31}
\pastebutton{DeRhamComplexXmpPageEmpty31}{\showpaste}
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\tab{5}\spadcommand{coefficient (gamma, dx*dy)\free{gamma dxyz }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch32}
\begin{paste}{DeRhamComplexXmpPageFull32}{DeRhamComplexXmpPageEmpty32}
\pastebutton{DeRhamComplexXmpPageFull32}{\hidepaste}
\tab{5}\spadcommand{coefficient (gamma, one)\free{gamma one }}
\indentrel{3}\begin{verbatim}

(32) 0

Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty32}
\begin{paste}{DeRhamComplexXmpPageEmpty32}{DeRhamComplexXmpPagePatch32}
\pastebutton{DeRhamComplexXmpPageEmpty32}{\showpaste}
\tab{5}\spadcommand{coefficient (gamma, one)\free{gamma one }}
\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPagePatch33}
\begin{paste}{DeRhamComplexXmpPageFull33}{DeRhamComplexXmpPageEmpty33}
\pastebutton{DeRhamComplexXmpPageFull33}{\hidepaste}
\tab{5}\spadcommand{coefficient(gl,one)\free{gl one }}
\indentrel{3}\begin{verbatim}

(33) a(x,t,y,u,v,z,e)

Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DeRhamComplexXmpPageEmpty33}
\begin{paste}{DeRhamComplexXmpPageEmpty33}{DeRhamComplexXmpPagePatch33}
\pastebutton{DeRhamComplexXmpPageEmpty33}{\showpaste}
\tab{5}\spadcommand{coefficient(gl,one)\free{gl one }}
\end{paste}\end{patch}
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3.23 dfloat.ht

3.23.1 DoubleFloat

HyperDoc
DoubleFloat

Axiomprovides two kinds of floating point numbers. The
domain Float {(abbreviation FLOAT) implements a model of
arbitrary precision floating point numbers. The domain
DoubleFloat (abbreviation DFLOAT) iz intended to make
avallable hardware floating point arithmetic in &xiom. The
actual model of floating point DoubleFloat that provides is
system-dependent. For example, on the IBM system 370 Axiom
uges IBMdouble precision which has fourteen hexadecimal
digits of precision or roughly gsixteen decimal digits.
Arbitrary precision floats allow the user to gspecify the
precision at which arithmetic operations are computed.
Although thisg is anattractive facility, it comes atacost.
Arbitrary-precigion floating-point arithmetic typically
takes twenty to two hundred times more time than hardware
floating point.

The usual arithmetic and elementary functions are available
for DoubleFloat. Use )zhow DoubleFloat togeta listof

“Axiom Number Types” (NumberPage) BZ61 on page ITIQ
“Graphics” (ugGraphPage) ?? on page 77
“Numeric Functions” (ugProblemNumericPage) B33 on page
“Float” (FloatXmpPage) BZT1 on page B73

— dfloat.ht —

44

\begin{page}{DoubleFloatXmpPage}{DoubleFloat}

\beginscroll

Axiom provides two kinds of floating point numbers.

The domain \spadtype{Float} (abbreviation \spadtype{FLOAT})
implements a model of arbitrary

precision floating point numbers.

The domain \spadtype{DoubleFloat} (abbreviation \spadtype{DFLOAT})
is intended to make available

hardware floating point arithmetic in Axiom.

The actual model of floating point \spadtype{DoubleFloat} that provides is

system-dependent.
For example, on the IBM system 370 Axiom uses IBM double

precision which has fourteen hexadecimal digits of precision or roughly

sixteen decimal digits.

Arbitrary precision floats allow the user to specify the
precision at which arithmetic operations are computed.
Although this is an attractive facility, it comes at a cost.

357



358 CHAPTER 3. HYPERDOC PAGES

Arbitrary-precision floating-point arithmetic typically takes
twenty to two hundred times more time than hardware floating point.

The usual arithmetic and elementary functions are available for
\spadtype{DoubleFloat}.

Use \spadsys{)show DoubleFloat} to get a list of operations or
the Hyperdoc \Browse{} facility to get more extensive
documentation about \spadtype{DoubleFloat}.

\xtc{

By default, floating point numbers that you enter into Axiom
are of type \spadtype{Float}.

H

\spadpaste{2.71828%}

}

You must therefore tell Axiom that you want to use
\spadtype{DoubleFloat} values and operations.

The following are some conservative guidelines for getting
Axiom to use \spadtype{DoubleFloat}.

\xtc{

To get a value of type \spadtype{DoubleFloat}, use a target with
\spadSyntax{@}, \ldots

H

\spadpaste{2.71828@DoubleFloat}

}

\xtc{

a conversion, \ldots

H

\spadpaste{2.71828 :: DoubleFloat}

}

\xtc{

or an assignment to a declared variable.

It is more efficient if you use a target rather than an explicit or
implicit conversion.

H

\spadpaste{eApprox : DoubleFloat := 2.71828 \bound{eApprox}}

}

\xtc{
You also need to declare functions that work with
\spadtype{DoubleFloat}.
H
\spadpaste{avg : List DoubleFloat -> DoubleFloat \bound{avgDec}}
}
\xtc{
H
\begin{spadsrc} [\bound{avg}\free{avgDec}]
avg 1 ==
empty? 1 => 0 :: DoubleFloat
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reduce(_+,1) / #1
\end{spadsrc}
}
\xtc{
H
\spadpaste{avg [] \free{avg}}
}
\xtcq
H
\spadpaste{avg [3.4,9.7,-6.8] \free{avgl}}
}
\xtc{
Use package-calling for operations from \spadtype{DoubleFloat} unless
the arguments themselves are already of type \spadtype{DoubleFloat}.
H
\spadpaste{cos(3.1415926) \$DoubleFloat}
}
\xtc{
H
\spadpaste{cos(3.1415926 :: DoubleFloat)}
}

By far, the most common usage of \spadtype{DoubleFloat} is for functions
to be graphed.

For more information about Axiom’s numerical and graphical
facilities, see

\downlink{‘ ‘Graphics’’}{ugGraphPage} in Section 7.
\ignore{ugGraph},

\downlink{‘ ‘Numeric Functions’’}{ugProblemNumericPage} in
Section 8.1\ignore{ugProblemNumeric}, and
\downlink{‘Float’}{FloatXmpPage}\ignore{Float}.

\endscroll

\autobuttons

\end{page}

\begin{patch}{DoubleFloatXmpPagePatchi}
\begin{paste}{DoubleFloatXmpPageFulll}{DoubleFloatXmpPageEmpty1l}
\pastebutton{DoubleFloatXmpPageFulll}{\hidepaste}
\tab{5}\spadcommand{2.71828%}
\indentrel{3}\begin{verbatim}

(1) 2.71828

Type: Float

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPageEmpty1}
\begin{paste}{DoubleFloatXmpPageEmptyl}{DoubleFloatXmpPagePatchl}
\pastebutton{DoubleFloatXmpPageEmptyl}{\showpaste}
\tab{5}\spadcommand{2.71828%}

\end{paste}\end{patch}
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\begin{patch}{DoubleFloatXmpPagePatch2}
\begin{paste}{DoubleFloatXmpPageFull2}{DoubleFloatXmpPageEmpty2}
\pastebutton{DoubleFloatXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{2.71828@DoubleFloat}
\indentrel{3}\begin{verbatim}

(2) 2.71828

Type: DoubleFloat

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPageEmpty2}
\begin{paste}{DoubleFloatXmpPageEmpty2}{DoubleFloatXmpPagePatch2}
\pastebutton{DoubleFloatXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{2.71828@DoubleFloat}

\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPagePatch3}
\begin{paste}{DoubleFloatXmpPageFull3}{DoubleFloatXmpPageEmpty3}
\pastebutton{DoubleFloatXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{2.71828 :: DoubleFloat}
\indentrel{3}\begin{verbatim}

(3) 2.71828

Type: DoubleFloat

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPageEmpty3}
\begin{paste}{DoubleFloatXmpPageEmpty3}{DoubleFloatXmpPagePatch3}
\pastebutton{DoubleFloatXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{2.71828 :: DoubleFloat}
\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPagePatch4}
\begin{paste}{DoubleFloatXmpPageFull4}{DoubleFloatXmpPageEmpty4}
\pastebutton{DoubleFloatXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{eApprox : DoubleFloat := 2.71828\bound{eApprox 1}}
\indentrel{3}\begin{verbatim}

(4) 2.71828

Type: DoubleFloat

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPageEmpty4}
\begin{paste}{DoubleFloatXmpPageEmpty4}{DoubleFloatXmpPagePatch4}
\pastebutton{DoubleFloatXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{eApprox : DoubleFloat := 2.71828\bound{eApprox 1}}
\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPagePatch5}
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\begin{paste}{DoubleFloatXmpPageFull5}{DoubleFloatXmpPageEmpty5}
\pastebutton{DoubleFloatXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{avg : List DoubleFloat -> DoubleFloat\bound{avgDec }}
\indentrel{3}\begin{verbatim}

Type: Void
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPageEmpty5}
\begin{paste}{DoubleFloatXmpPageEmpty5}{DoubleFloatXmpPagePatch5}
\pastebutton{DoubleFloatXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{avg : List DoubleFloat -> DoubleFloat\bound{avgDec }}
\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPagePatch6}
\begin{paste}{DoubleFloatXmpPageFull6}{DoubleFloatXmpPageEmpty6}
\pastebutton{DoubleFloatXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{avg 1 ==

empty? 1 => 0 :: DoubleFloat

reduce(_+,1) / \#1
\bound{avg }\free{avgDec 1}}
\indentrel{3}\begin{verbatim}

Type: Void

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPageEmpty6}
\begin{paste}{DoubleFloatXmpPageEmpty6}{DoubleFloatXmpPagePatch6}
\pastebutton{DoubleFloatXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{avg 1 ==

empty? 1 => 0 :: DoubleFloat

reduce(_+,1) / \#1
\bound{avg }\free{avgDec 1}}
\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPagePatch7}
\begin{paste}{DoubleFloatXmpPageFull7}{DoubleFloatXmpPageEmpty7}
\pastebutton{DoubleFloatXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{avg []\free{avg }}
\indentrel{3}\begin{verbatim}

(1) 0.0

Type: DoubleFloat

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPageEmpty7}
\begin{paste}{DoubleFloatXmpPageEmpty7}{DoubleFloatXmpPagePatch7}
\pastebutton{DoubleFloatXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{avg []\free{avg }}

\end{paste}\end{patch}
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\begin{patch}{DoubleFloatXmpPagePatch8}
\begin{paste}{DoubleFloatXmpPageFull8}{DoubleFloatXmpPageEmpty8}
\pastebutton{DoubleFloatXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{avg [3.4,9.7,-6.8]\free{avg }}
\indentrel{3}\begin{verbatim}

8 2.1

Type: DoubleFloat

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPageEmpty8}
\begin{paste}{DoubleFloatXmpPageEmpty8}{DoubleFloatXmpPagePatch8}
\pastebutton{DoubleFloatXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{avg [3.4,9.7,-6.8]\free{avg }}
\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPagePatch9}
\begin{paste}{DoubleFloatXmpPageFull9}{DoubleFloatXmpPageEmpty9}
\pastebutton{DoubleFloatXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{cos(3.1415926) $DoubleFloat}
\indentrel{3}\begin{verbatim}

(9) - 0.999999999999999

Type: DoubleFloat

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPageEmpty9}
\begin{paste}{DoubleFloatXmpPageEmpty9}{DoubleFloatXmpPagePatch9}
\pastebutton{DoubleFloatXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{cos(3.1415926) $DoubleFloat}
\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPagePatch10}
\begin{paste}{DoubleFloatXmpPageFull10}{DoubleFloatXmpPageEmpty10}
\pastebutton{DoubleFloatXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{cos(3.1415926 :: DoubleFloat)}
\indentrel{3}\begin{verbatim}

(10) - 0.999999999999999

Type: DoubleFloat

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DoubleFloatXmpPageEmpty10}
\begin{paste}{DoubleFloatXmpPageEmpty10}{DoubleFloatXmpPagePatch10}
\pastebutton{DoubleFloatXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{cos(3.1415926 :: DoubleFloat)}
\end{paste}\end{patch}
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3.24 dmp.ht

3.24.1 DistributedMultivariatePoly

“notitle” (uglntroVariablesPage) ?? on page 77

“notitle” (ugTypesConvertPage) 7?7 on page 7?7

“notitle” (PolynomialXmpPage) B34 on page

“notitle” (UnivariatePolyXmpPage) BIUI on page

“notitle” (MultivariatePolyXmpPage) BZZ31 on page
— dmp.ht —

LR R

\begin{page}{DistributedMultivariatePolyXmpPage}
{DistributedMultivariatePoly}
\beginscroll

\texht{\hyphenation{
Homo-gen-eous-Dis-tributed-Multi-var-i-ate-Pol-y-nomial

3

\spadtype{DistributedMultivariatePoly} and
\spadtype{HomogeneousDistributedMultivariatePoly}, abbreviated
\spadtype{DMP} and \spadtype{HDMP}, respectively, are very similar to
\spadtype{MultivariatePolynomial} except that they are represented and
displayed in a non-recursive manner.

\xtc{

H

\spadpaste{(d1,d2,d3) : DMP([z,y,x],FRAC INT) \bound{dldec d2dec d3decl}}
}

\xtc{

The constructor

\spadtype{DMP} orders its monomials lexicographically while
\spadtype{HDMP} orders them by total order refined by reverse
lexicographic order.

H

\spadpaste{dl := -4*xz + 4xy*x2xx + 16*x**2 + 1 \bound{di}\free{dldec}}
}

\xtc{

H

\spadpaste{d2 := 2%z*y**2 + 4*x + 1 \bound{d2}\free{d2decl}}

}

\xtc{

H

\spadpaste{d3 := 2xz*x*x2 - 2%y**2 - x \bound{d3}\free{d3dec}}

}
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\xtc{

These constructors are mostly used in \texht{Gr\"{o}bner}{Groebner}
basis calculations.

H

\spadpaste{groebner [d1,d2,d3] \free{dl d2 d3}}

}

\xtc{

H

\spadpaste{(nl1,n2,n3) : HDMP([z,y,x],FRAC INT) \bound{ndec}}
}

\xtcq{

H

\spadpaste{(nl1,n2,n3) := (d1,d2,d3) \free{ndec}\bound{n}\free{dl 42 d3}}
}

\xtcq{

Note that we get a different

\texht{Gr\"{o}bner}{Groebner} basis

when we use the \spadtype{HDMP} polynomials, as expected.

H

\spadpaste{groebner [n1,n2,n3] \free{n}}

}

\spadtype{GeneralDistributedMultivariatePoly} is somewhat

more flexible in the sense that as well as accepting a list of
variables to specify the variable ordering, it also takes a
predicate on exponent vectors to specify the term ordering.

With this polynomial type the user can experiment with the effect
of using completely arbitrary term orderings.

This flexibility is mostly important for algorithms such as
\texht{Gr\"{o}bner}{Groebner} basis calculations which can be very
sensitive to term ordering.

For more information on related topics, see
\downlink{‘‘Polynomials’’}{ugIntroVariablesPage}

in Section 1.9\ignore{ugIntroVariables},
\downlink{‘‘Conversion’’}{ugTypesConvertPage}

in Section 2.7\ignore{ugTypesConvert},
\downlink{‘Polynomial’}{PolynomialXmpPage}\ignore{Polynomiall},
\downlink{‘UnivariatePolynomial’}{UnivariatePolyXmpPage}
\ignore{UnivariatePolynomial}, and
\downlink{‘MultivariatePolynomial’}{MultivariatePolyXmpPage}
\ignore{MultivariatePolynomiall}.

yA

\showBlurb{DistributedMultivariatePoly}

\endscroll

\autobuttons

\end{page}

\begin{patch}{DistributedMultivariatePolynomialXmpPagePatchi}
\begin{paste}{DistributedMultivariatePolynomialXmpPageFulli}{DistributedMultivariatePolynomialXm
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\pastebutton{DistributedMultivariatePolynomialXmpPageFulll}{\hidepaste}
\tab{5}\spadcommand{(d1,d2,d3) : DMP([z,y,x],FRAC INT)\bound{dldec d2dec d3dec }}
\indentrel{3}\begin{verbatim}

Type: Void
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPageEmpty1}
\begin{paste}{DistributedMultivariatePolynomialXmpPageEmptyl}{DistributedMultivariatePolynomialXmpPagePatch
\pastebutton{DistributedMultivariatePolynomialXmpPageEmpty1}{\showpaste}

\tab{5}\spadcommand{(d1,d2,d3) : DMP([z,y,x],FRAC INT)\bound{dldec d2dec d3dec }}

\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPagePatch2}
\begin{paste}{DistributedMultivariatePolynomialXmpPageFull2}{DistributedMultivariatePolynomialXmpPageEmpty2
\pastebutton{DistributedMultivariatePolynomialXmpPageFull2}{\hidepaste}

\tab{5}\spadcommand{dl := -4*xz + 4xy**2xx + 16%x**2 + 1\bound{dl }\free{dldec }}
\indentrel{3}\begin{verbatim}
2 2

(2) -4z + 4y x + 16x + 1
Type: DistributedMultivariatePolynomial([z,y,x],Fraction Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPageEmpty2}
\begin{paste}{DistributedMultivariatePolynomialXmpPageEmpty2}{DistributedMultivariatePolynomialXmpPagePatch
\pastebutton{DistributedMultivariatePolynomialXmpPageEmpty2}{\showpaste}

\tab{5}\spadcommand{dl := -4z + 4*y**2*x + 16*%x**2 + 1\bound{dl }\free{dldec }}

\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPagePatch3}
\begin{paste}{DistributedMultivariatePolynomialXmpPageFull3}{DistributedMultivariatePolynomialXmpPageEmpty3
\pastebutton{DistributedMultivariatePolynomialXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{d2 := 2*z*y**2 + 4xx + 1\bound{d2 }\free{d2dec }}
\indentrel{3}\begin{verbatim}
2
(3) 2zy +4x +1
Type: DistributedMultivariatePolynomial([z,y,x],Fraction Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPageEmpty3}
\begin{paste}{DistributedMultivariatePolynomialXmpPageEmpty3}{DistributedMultivariatePolynomialXmpPagePatch.
\pastebutton{DistributedMultivariatePolynomialXmpPageEmpty3}{\showpaste}

\tab{5}\spadcommand{d2 := 2*z*yx*2 + 4*x + 1\bound{d2 }\free{d2dec }}

\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPagePatch4}
\begin{paste}{DistributedMultivariatePolynomialXmpPageFull4}{DistributedMultivariatePolynomialXmpPageEmpty4
\pastebutton{DistributedMultivariatePolynomialXmpPageFull4}{\hidepaste}
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\tab{5}\spadcommand{d3 := 2*z*x**2 - 2xy**2 - x\bound{d3 }\free{d3dec }}
\indentrel{3}\begin{verbatim}
2 2
(4) 2zx -2y -x
Type: DistributedMultivariatePolynomial([z,y,x],Fraction Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPageEmpty4}
\begin{paste}{DistributedMultivariatePolynomialXmpPageEmpty4}{DistributedMultivariatePolynomialX
\pastebutton{DistributedMultivariatePolynomialXmpPageEmpty4}{\showpaste}

\tab{5}\spadcommand{d3 := 2*z*x**2 - 2xy**2 - x\bound{d3 }\free{d3dec }}

\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPagePatch5}
\begin{paste}{DistributedMultivariatePolynomialXmpPageFull5}{DistributedMultivariatePolynomialXm
\pastebutton{DistributedMultivariatePolynomialXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{groebner [d1,d2,d3]\free{dl d2 d3 }}

\indentrel{3}\begin{verbatim}

(5
[
1568 6 1264 5 6 4 182 3 2047 2
z -
2745 305 305 549 610
+
103 2857
2745 10980
2 112 6 84 5 1264 4 13 3 84 2
y +
2745 305 305 549 305
+
1772 2
2745 2745
7 29 6 17 4 11 3 1 2 15 1
x +
4 16 8 32 16 4
Type: List DistributedMultivariatePolynomial([z,y,x],Fraction Integer)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPageEmpty5}
\begin{paste}{DistributedMultivariatePolynomialXmpPageEmpty5}{DistributedMultivariatePolynomialX
\pastebutton{DistributedMultivariatePolynomialXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{groebner [d1,d2,d3]\free{dl d2 43 }}

\end{paste}\end{patch}
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\begin{patch}{DistributedMultivariatePolynomialXmpPagePatch6}
\begin{paste}{DistributedMultivariatePolynomialXmpPageFull6}{DistributedMultivariatePolynomialXmpPageEmpty6
\pastebutton{DistributedMultivariatePolynomialXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{(n1,n2,n3) : HDMP([z,y,x],FRAC INT)\bound{ndec }}
\indentrel{3}\begin{verbatim}
Type: Void
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPageEmpty6}
\begin{paste}{DistributedMultivariatePolynomialXmpPageEmpty6}{DistributedMultivariatePolynomialXmpPagePatch
\pastebutton{DistributedMultivariatePolynomialXmpPageEmpty6}{\showpaste}

\tab{5}\spadcommand{(n1,n2,n3) : HDMP([z,y,x],FRAC INT)\bound{ndec }}

\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPagePatch7}
\begin{paste}{DistributedMultivariatePolynomialXmpPageFull7}{DistributedMultivariatePolynomialXmpPageEmpty7
\pastebutton{DistributedMultivariatePolynomialXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{(n1,n2,n3) := (d1,d2,d3)\free{ndec }\bound{n }\free{dl d2 d3 }}
\indentrel{3}\begin{verbatim}
2 2

(1) 2zx -2y -x
Type: HomogeneousDistributedMultivariatePolynomial([z,y,x],Fraction Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPageEmpty7}
\begin{paste}{DistributedMultivariatePolynomialXmpPageEmpty7}{DistributedMultivariatePolynomialXmpPagePatch
\pastebutton{DistributedMultivariatePolynomialXmpPageEmpty7}{\showpaste}

\tab{5}\spadcommand{(n1,n2,n3) := (d1,d2,d3)\free{ndec }\bound{n }\free{dl 42 d3 }}

\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPagePatch8}
\begin{paste}{DistributedMultivariatePolynomialXmpPageFull8}{DistributedMultivariatePolynomialXmpPageEmpty8
\pastebutton{DistributedMultivariatePolynomialXmpPageFull8}{\hidepaste}

\tab{5}\spadcommand{groebner [n1,n2,n3]\free{n }}

\indentrel{3}\begin{verbatim}

(8
4 3 3 2 1 1
[y +2x -
2 2 8
4 29 3 1 2 7 9 1 2 1
x +
4 8 4 16 4 2
2 2 1 2 2 1
yx+4x -z +
4 2
2 2 2 1 3
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4 2
Type: List HomogeneousDistributedMultivariatePolynomial([z,y,x],Fraction Integer)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{DistributedMultivariatePolynomialXmpPageEmpty8}
\begin{paste}{DistributedMultivariatePolynomialXmpPageEmpty8}{DistributedMultivariatePolynomialX
\pastebutton{DistributedMultivariatePolynomialXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{groebner [n1,n2,n3]\free{n }}

\end{paste}\end{patch}

3.25 eq.ht

3.25.1 Equation

— eq.ht —

\begin{page}{EquationXmpPage}{Equation}
\beginscroll

The \spadtype{Equation} domain provides equations as mathematical objects.
These are used, for example, as the input to various
\spadfunFrom{solve}{TransSolvePackage} operations.

\xtc{

Equations are created using the equals symbol, \spadopFrom{=}{Equation}.
H

\spadpaste{eql := 3*x + 4xy = 5 \bound{eql}}

}

\xtc{

H

\spadpaste{eq2 := 2xx + 2*y = 3 \bound{eq2}}

}

\xtc{

The left- and right-hand sides of an equation are accessible using

the operations \spadfunFrom{lhs}{Equation} and \spadfunFrom{rhs}{Equation}.
H

\spadpaste{lhs eql \free{eql}}

}

\xtc{

H

\spadpaste{rhs eql \free{eqll}}

}
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\xtc{

Arithmetic operations are supported

and operate on both sides of the equation.

H

\spadpaste{eql + eq2 \free{eql eq2}}

}

\xtc{

H

\spadpaste{eql * eq2 \free{eql eq2}}

}

\xtc{

H

\spadpaste{2*eq2 - eql \free{eql eq2}}

}

\xtc{

Equations may be created for any type so the arithmetic operations
will be defined only when they make sense. For example,
exponentiation is not defined for equations involving non-square matrices.
H

\spadpaste{eqli**2 \free{eql}}

}

\xtc{

Note that an equals symbol is also used to {\it test}

for equality of values in certain contexts.

For example, \spad{x+1} and \spad{y} are unequal as polynomials.
H

\spadpaste{if x+1 = y then "equal" else "unequal"}

}

\xtc{

H

\spadpaste{egpol := x+1 = y \bound{eqpol}}

}

\xtc{

If an equation is used where a \spadtype{Boolean} value

is required, then it is evaluated using the equality

test from the operand type.

H

\spadpaste{if eqpol then "equal" else "unequal" \free{eqpoll}}
}

\xtc{

If one wants a \spadtype{Boolean} value rather than an equation,
all one has to do is ask!

H

\spadpaste{eqpol: :Boolean \free{eqpoll}}

}

\endscroll

\autobuttons

\end{page}
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\begin{patch}{EquationXmpPagePatchl}
\begin{paste}{EquationXmpPageFulll}{EquationXmpPageEmpty1}
\pastebutton{EquationXmpPageFulll}{\hidepaste}
\tab{5}\spadcommand{eql := 3*x + 4%y = 5\bound{eql }}
\indentrel{3}\begin{verbatim}

(1) 4y + 3x=5

Type: Equation Polynomial Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EquationXmpPageEmpty1}
\begin{paste}{EquationXmpPageEmptyl}{EquationXmpPagePatchi}
\pastebutton{EquationXmpPageEmpty1}{\showpaste}
\tab{5}\spadcommand{eql := 3*x + 4*xy = 5\bound{eql }}
\end{paste}\end{patch}

\begin{patch}{EquationXmpPagePatch2}
\begin{paste}{EquationXmpPageFull2}{EquationXmpPageEmpty2}
\pastebutton{EquationXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{eq2 := 2*x + 2xy = 3\bound{eq2 }}
\indentrel{3}\begin{verbatim}

(2) 2y + 2x= 3

Type: Equation Polynomial Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EquationXmpPageEmpty2}
\begin{paste}{EquationXmpPageEmpty2}{EquationXmpPagePatch2}
\pastebutton{EquationXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{eq2 := 2*x + 2*y = 3\bound{eq2 }}
\end{paste}\end{patch}

\begin{patch}{EquationXmpPagePatch3}
\begin{paste}{EquationXmpPageFull3}{EquationXmpPageEmpty3}
\pastebutton{EquationXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{lhs eqi\free{eql }}
\indentrel{3}\begin{verbatim}

(3) 4y + 3x

Type: Polynomial Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EquationXmpPageEmpty3}
\begin{paste}{EquationXmpPageEmpty3}{EquationXmpPagePatch3}
\pastebutton{EquationXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{lhs eqi\free{eql }}
\end{paste}\end{patch}

\begin{patch}{EquationXmpPagePatch4}
\begin{paste}{EquationXmpPageFull4}{EquationXmpPageEmpty4}
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\pastebutton{EquationXmpPageFull4}{\hidepaste}
\tab{6}\spadcommand{rhs eqi\free{eql }}
\indentrel{3}\begin{verbatim}
(4) 5
Type: Polynomial Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EquationXmpPageEmpty4}
\begin{paste}{EquationXmpPageEmpty4}{EquationXmpPagePatch4}
\pastebutton{EquationXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{rhs eql\free{eql }}
\end{paste}\end{patch}

\begin{patch}{EquationXmpPagePatch5}
\begin{paste}{EquationXmpPageFull5}{EquationXmpPageEmpty5}
\pastebutton{EquationXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{eql + eq2\free{eql eq2 }}
\indentrel{3}\begin{verbatim}

(5) 6y + 5x= 8

Type: Equation Polynomial Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EquationXmpPageEmpty5}
\begin{paste}{EquationXmpPageEmpty5}{EquationXmpPagePatch5}
\pastebutton{EquationXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{eql + eq2\free{eql eq2 }}
\end{paste}\end{patch}

\begin{patch}{EquationXmpPagePatch6}
\begin{paste}{EquationXmpPageFull6}{EquationXmpPageEmpty6}
\pastebutton{EquationXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{eql * eq2\free{eql eq2 }}
\indentrel{3}\begin{verbatim}
2 2
(6) 8y + 1l4x y + 6x = 15
Type: Equation Polynomial Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EquationXmpPageEmpty6}
\begin{paste}{EquationXmpPageEmpty6}{EquationXmpPagePatch6}
\pastebutton{EquationXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{eql * eq2\free{eql eq2 }}
\end{paste}\end{patch}

\begin{patch}{EquationXmpPagePatch7}
\begin{paste}{EquationXmpPageFull7}{EquationXmpPageEmpty7}
\pastebutton{EquationXmpPageFull7}{\hidepaste}
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\tab{5}\spadcommand{2*eq2 - eql\free{eql eq2 }}
\indentrel{3}\begin{verbatim}
(7 x=1
Type: Equation Polynomial Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EquationXmpPageEmpty7}
\begin{paste}{EquationXmpPageEmpty7}{EquationXmpPagePatch7}
\pastebutton{EquationXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{2*eq2 - eqi\free{eql eq2 }}
\end{paste}\end{patch}

\begin{patch}{EquationXmpPagePatch8}
\begin{paste}{EquationXmpPageFull8}{EquationXmpPageEmpty8}
\pastebutton{EquationXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{eql**2\free{eql }}
\indentrel{3}\begin{verbatim}
2 2
(8) 16y + 24x y + 9x = 25
Type: Equation Polynomial Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EquationXmpPageEmpty8}
\begin{paste}{EquationXmpPageEmpty8}{EquationXmpPagePatch8}
\pastebutton{EquationXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{eql**2\free{eql }}
\end{paste}\end{patch}

\begin{patch}{EquationXmpPagePatch9}
\begin{paste}{EquationXmpPageFull9}{EquationXmpPageEmpty9}
\pastebutton{EquationXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{if x+1 = y then "equal" else "unequal"}
\indentrel{3}\begin{verbatim}

(9) '"unequal"

Type: String

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EquationXmpPageEmpty9}
\begin{paste}{EquationXmpPageEmpty9}{EquationXmpPagePatch9}
\pastebutton{EquationXmpPageEmpty9}{\showpaste}
\tab{5}\spadcommand{if x+1 = y then "equal" else "unequal"}
\end{paste}\end{patch}

\begin{patch}{EquationXmpPagePatch10}
\begin{paste}{EquationXmpPageFull10}{EquationXmpPageEmpty10}
\pastebutton{EquationXmpPageFull10}{\hidepaste}
\tab{5}\spadcommand{egpol := x+1 = y\bound{egpol }}
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\indentrel{3}\begin{verbatim}
(10) x + 1=y
Type: Equation Polynomial Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EquationXmpPageEmpty10}
\begin{paste}{EquationXmpPageEmpty10}{EquationXmpPagePatch10}
\pastebutton{EquationXmpPageEmpty10}{\showpaste}
\tab{5}\spadcommand{eqpol := x+1 = y\bound{eqpol }}
\end{paste}\end{patch}

\begin{patch}{EquationXmpPagePatchi1}
\begin{paste}{EquationXmpPageFulll1}{EquationXmpPageEmpty11}
\pastebutton{EquationXmpPageFulll1}{\hidepaste}
\tab{5}\spadcommand{if eqpol then "equal" else "unequal"\free{eqpol }}
\indentrel{3}\begin{verbatim}

(11) '"unequal"

Type: String

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EquationXmpPageEmpty11}
\begin{paste}{EquationXmpPageEmptyl1}{EquationXmpPagePatchl1}
\pastebutton{EquationXmpPageEmpty11}{\showpaste}
\tab{5}\spadcommand{if eqpol then "equal" else "unequal'\free{eqpol }}
\end{paste}\end{patch}

\begin{patch}{EquationXmpPagePatch12}
\begin{paste}{EquationXmpPageFull12}{EquationXmpPageEmpty12}
\pastebutton{EquationXmpPageFull12}{\hidepaste}
\tab{5}\spadcommand{eqpol: :Boolean\free{eqpol }}
\indentrel{3}\begin{verbatim}

(12) false

Type: Boolean

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EquationXmpPageEmpty12}
\begin{paste}{EquationXmpPageEmpty12}{EquationXmpPagePatch12}
\pastebutton{EquationXmpPageEmpty12}{\showpaste}
\tab{5}\spadcommand{eqpol: :Boolean\free{eqpol }}
\end{paste}\end{patch}
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3.26 eqtbl.ht

3.26.1 EqTable

= “notitle” (TableXmpPage) B2 on page
— eqtbl.ht —

\begin{page}{EqTableXmpPage}{EqTable}
\beginscroll

The \spadtype{EqTable} domain provides tables where the keys are compared
using \spadfunFrom{eq?}{EqTable}.

Keys are considered equal only if they are the same instance of a
structure.

This is useful if the keys are themselves updatable structures.
Otherwise, all operations are the same as for type \spadtype{Table}.

See \downlink{‘Table’}{TableXmpPagel}\ignore{Table}

for general information about tables.

\showBlurb{EqTable}

\xtc{

The operation \spadfunFrom{table}{EqTable} is here used to create a table
where the keys are lists of integers.

H

\spadpaste{e: EqTable(List Integer, Integer) := table() \bound{el}}

}

\xtc{

These two lists are equal according to \spadopFrom{=}{List},

but not according to \spadfunFrom{eq?}{List}.

H
\spadpaste{ll :
}

\xtc{

H
\spadpaste{12 :
}

\xtc{

Because the two lists are not \spadfunFrom{eq?}{List}, separate values
can be stored under each.

H
\spadpaste{e.1l1 :
}

\xtc{

H
\spadpaste{e.12 :
}

\xtc{

H

[1,2,3] \bound{11}}

[1,2,3] \bound{12}}

111 \free{e 11} \bound{ell}}

222 \free{el 12} \bound{e2}}
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\spadpaste{e.l1 \free{e2 11}}
}

\endscroll

\autobuttons

\end{page}

\begin{patch}{EqTableXmpPagePatchl}
\begin{paste}{EqTableXmpPageFull1}{EqTableXmpPageEmpty1}
\pastebutton{EqTableXmpPageFulll}{\hidepaste}
\tab{5}\spadcommand{e: EqTable(List Integer, Integer) := table()\bound{e }}
\indentrel{3}\begin{verbatim}

(1) table()

Type: EqTable(List Integer,Integer)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EqTableXmpPageEmpty1}
\begin{paste}{EqTableXmpPageEmptyl}{EqTableXmpPagePatchil}
\pastebutton{EqTableXmpPageEmpty1}{\showpaste}

\tab{5}\spadcommand{e: EqTable(List Integer, Integer) := table()\bound{e }}
\end{paste}\end{patch}

\begin{patch}{EqTableXmpPagePatch2}
\begin{paste}{EqTableXmpPageFull2}{EqTableXmpPageEmpty2}
\pastebutton{EqTableXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{11 := [1,2,3]\bound{11 }}
\indentrel{3}\begin{verbatim}

) [1,2,3]

Type: List Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EqTableXmpPageEmpty2}
\begin{paste}{EqTableXmpPageEmpty2}{EqTableXmpPagePatch2}
\pastebutton{EqTableXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{11 := [1,2,3]\bound{11 }}
\end{paste}\end{patch}

\begin{patch}{EqTableXmpPagePatch3}
\begin{paste}{EqTableXmpPageFull3}{EqTableXmpPageEmpty3}
\pastebutton{EqTableXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{12 := [1,2,3]\bound{12 }}
\indentrel{3}\begin{verbatim}

(3) [1,2,3]

Type: List Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EqTableXmpPageEmpty3}
\begin{paste}{EqTableXmpPageEmpty3}{EqTableXmpPagePatch3}
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\pastebutton{EqTableXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{12 := [1,2,3]\bound{12 }}
\end{paste}\end{patch}

\begin{patch}{EqTableXmpPagePatch4}
\begin{paste}{EqTableXmpPageFull4}{EqTableXmpPageEmpty4}
\pastebutton{EqTableXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{e.11 := 111\free{e 11 }\bound{el }}
\indentrel{3}\begin{verbatim}
(4) 111

Type: Positivelnteger
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EqTableXmpPageEmpty4}
\begin{paste}{EqTableXmpPageEmpty4}{EqTableXmpPagePatch4}
\pastebutton{EqTableXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{e.11 := 111\free{e 11 }\bound{el }}
\end{paste}\end{patch}

\begin{patch}{EqTableXmpPagePatch5}
\begin{paste}{EqTableXmpPageFull5}{EqTableXmpPageEmpty5}
\pastebutton{EqTableXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{e.12 := 222\free{el 12 }\bound{e2 }}
\indentrel{3}\begin{verbatim}
(5) 222

Type: Positivelnteger
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EqTableXmpPageEmpty5}
\begin{paste}{EqTableXmpPageEmpty5}{EqTableXmpPagePatch5}
\pastebutton{EqTableXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{e.12 := 222\free{el 12 }\bound{e2 }}
\end{paste}\end{patch}

\begin{patch}{EqTableXmpPagePatch6}
\begin{paste}{EqTableXmpPageFull6}{EqTableXmpPageEmpty6}
\pastebutton{EqTableXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{e.1l1\free{e2 11 }}
\indentrel{3}\begin{verbatim}
(6) 111

Type: Positivelnteger
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{EqTableXmpPageEmpty6}
\begin{paste}{EqTableXmpPageEmpty6}{EqTableXmpPagePatch6}
\pastebutton{EqTableXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{e.l1\free{e2 11 }}
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\end{paste}\end{patch}

3.27 evalex.ht

3.27.1 Example of Standard Evaluation

— evalex.ht —

\begin{page}{PrefixEval}{Example of Standard Evaluation}
\beginscroll

We illustrate the general evaluation of {\em op a} for some
prefix operator {\em op} and operand {\em a}

by the example: {\em cos(2)}.

The evaluation steps are as follows:

\vspace{1}\newline

1.\tab{3}{\em a} evaluates to a value of some type.
\newline\tab{3}{\em Example:} {\em 2} evaluates to {\em 2} of type
\spadtype{Integer}

\newline

2.\tab{3}Axiom then chooses a function {\em op} based on the
type of {\em a}.

\newline\tab{3}{\em Example:} The function {\em cos:} \spadtype{Float} {\em ->}

\spadtype{Float} is chosen.

\newline

3.\tab{3}If the argument type of the function is different from that
of {\em a},

then the system coerces

%\downlink{coerces}{Coercion}

the value of {\em a} to the

argument type.

\newline\tab{3}{\em Example:} The integer {\em 2} is coerced to the
float {\em 2.0}.

\newline

4.\tab{3}The function is then applied to the value of {\em al} to
produce the value

for {\em op a}.

\newline\tab{3}{\em Example:} The function {\em cos} is applied to {\em 2.0}.

\vspace{1}\newline
Try it:
\example{cos(2)}
\endscroll
\autobuttons
\end{page}
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\begin{patch}{PrefixEvalPatchil}
\begin{paste}{PrefixEvalFulli}{PrefixEvalEmpty1}
\pastebutton{PrefixEvalFulli}{\hidepaste}
\tab{5}\spadcommand{cos(2)}
\indentrel{3}\begin{verbatim}

(1) cos(2)

Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{PrefixEvalEmpty1}
\begin{paste}{PrefixEvalEmptyl}{PrefixEvalPatchl}
\pastebutton{PrefixEvalEmptyl1}{\showpaste}
\tab{5}\spadcommand{cos(2)}
\end{paste}\end{patch}

3.27.2 Example of Standard Evaluation

— evalex.ht —

\begin{page}{InfixEval}{Example of Standard Evaluation}
\beginscroll

We illustrate the general evaluation of {\em a op b} for some
infix operator {\em op} with operands {\em a} and {\em b}

by the example: {\em 2 + 3.4}.

The evaluation steps are as follows:

\vspace{1}\newline

1.\tab{3}{\em a} and {\em b} are evaluated, each producing

a value and a type.

\newline\tab{3}{\em Example:} {\em 2} evaluates to {\em 2} of type
\spadtype{Integer};

{\em 3.4} evaluates to {\em 3.4} of type \spadtype{Float}.
\vspace{1}\newline

2.\tab{3}Axiom then chooses a function {\em op} based on the

types of {\em a} and {\em b}.

\newline\tab{3}{\em Example:} The function {\em +: (D,D) -> D}

is chosen requiring a common type {\em D} for both arguments to {\em +}.
An operation called {\em resolve} determines the ‘smallest common
type’ \spadtype{Float}.

\vspace{1}\newline

3.\tab{3}If the argument types for the function are different from
those of {\em a} and {\em b},

then the system coerces

%\downlink{coerces}{Coercion}

the values to the argument types.
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\newline\tab{3}{\em Example:} The integer {\em 2} is coerced to the
float {\em 2.0}.

\vspace{1}\newline

4.\tab{3}The function is then applied to the values of {\em a} and {\em b}
to produce the value for {\em a op b}.

\newline\tab{3}{\em Example:} The function {\em +: (D,D) -> D}, where
{\em D} = \spadtype{Float} is applied to {\em 2.0} and {\em 3.4} to
produce {\em 5.4}.

\vspace{1}\newline

Try it:

\example{2 + 3.4}

\endscroll

\autobuttons

\end{page}

\begin{patch}{InfixEvalPatchl}
\begin{paste}{InfixEvalFull1}{InfixEvalEmpty1}
\pastebutton{InfixEvalFulli}{\hidepaste}
\tab{5}\spadcommand{2 + 3.4}
\indentrel{3}\begin{verbatim}

(1) 5.4

Type: Float

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{InfixEvalEmpty1}
\begin{paste}{InfixEvalEmptyl}{InfixEvalPatchi}
\pastebutton{InfixEvalEmptyl}{\showpaste}
\tab{5}\spadcommand{2 + 3.4}
\end{paste}\end{patch}

3.28 exdiff.ht

3.28.1 Computing Derivatives

— exdiff.ht —

\begin{page}{ExDiffBasic}{Computing Derivatives}

\beginscroll

To compute a derivative, you must specify an expression and a variable
of differentiation.

For example, to compute the derivative of {\em sin(x) * exp(x**2)}
with respect to the variable {\em x}, issue the following command:
\spadpaste{differentiate(sin(x) * exp(x**2),x)}



380 CHAPTER 3. HYPERDOC PAGES

\endscroll
\autobuttons
\end{page}

\begin{patch}{ExDiffBasicPatchl}
\begin{paste}{ExDiffBasicFulll}{ExDiffBasicEmpty1}
\pastebutton{ExDiffBasicFulll}{\hidepaste}
\tab{5}\spadcommand{differentiate(sin(x) * exp(x**2),x)}
\indentrel{3}\begin{verbatim}
2 2
X b
(1) 2x %e sin(x) + cos(x)le
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExDiffBasicEmpty1}
\begin{paste}{ExDiffBasicEmptyl}{ExDiffBasicPatchl}
\pastebutton{ExDiffBasicEmptyl}{\showpaste}
\tab{5}\spadcommand{differentiate(sin(x) * exp(x**2),x)}
\end{paste}\end{patch}

3.28.2 Derivatives of Functions of Several Variables

— exdiff.ht —

\begin{page}{ExDiffSeveralVariables}

{Derivatives of Functions of Several Variables}

\beginscroll

Partial derivatives are computed in the same way as derivatives of functions
of one variable: you specify the function and a variable of differentiation.
For example:

\spadpaste{differentiate(sin(x) * tan(y)/(x**2 + y**x2),x)}
\spadpaste{differentiate(sin(x) * tan(y)/(x**2 + y**x2),y)}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExDiffSeveralVariablesPatchl}
\begin{paste}{ExDiffSeveralVariablesFulll1}{ExDiffSeveralVariablesEmpty1}
\pastebutton{ExDiffSeveralVariablesFulll}{\hidepaste}
\tab{56}\spadcommand{differentiate(sin(x) * tan(y)/(x**2 + y**2),x)}
\indentrel{3}\begin{verbatim}
2 2
(- 2x sin(x) + (y + x )cos(x))tan(y)
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(¢D)
4 22 4
y +2xy +x
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExDiffSeveralVariablesEmpty1}
\begin{paste}{ExDiffSeveralVariablesEmptyl}{ExDiffSeveralVariablesPatchl}
\pastebutton{ExDiffSeveralVariablesEmptyl}{\showpaste}
\tab{5}\spadcommand{differentiate(sin(x) * tan(y)/(x**2 + y**2),x)}
\end{paste}\end{patch}

\begin{patch}{ExDiffSeveralVariablesPatch2}
\begin{paste}{ExDiffSeveralVariablesFull2}{ExDiffSeveralVariablesEmpty2}
\pastebutton{ExDiffSeveralVariablesFull2}{\hidepaste}
\tab{5}\spadcommand{differentiate(sin(x) * tan(y)/(x**2 + y**2),y)}
\indentrel{3}\begin{verbatim}

(2)
2 2 2
(y + x )sin(x)tan(y) - 2y sin(x)tan(y)
+
2 2
(y + x )sin(x)
/
4 22 4
y +2xy +Xx
Type: Expression Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExDiffSeveralVariablesEmpty2}
\begin{paste}{ExDiffSeveralVariablesEmpty2}{ExDiffSeveralVariablesPatch2}
\pastebutton{ExDiffSeveralVariablesEmpty2}{\showpaste}
\tab{5}\spadcommand{differentiate(sin(x) * tan(y)/(x**2 + y**2),y)}
\end{paste}\end{patch}

3.28.3 Derivatives of Higher Order

— exdiff.ht —

\begin{page}{ExDiffHigherOrder}{Derivatives of Higher Order}

\beginscroll

To compute a derivative of higher order (e.g. a second or third derivative),
pass the order as the third argument of the function ’differentiate’.
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For example, to compute the fourth derivative of {\em exp(x**2)}, issue the
following command:

\spadpaste{differentiate (exp(x**2),x,4)}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExDiffHigherOrderPatchl}
\begin{paste}{ExDiffHigherOrderFull1}{ExDiffHigherOrderEmpty1}
\pastebutton{ExDiffHigherOrderFulli}{\hidepaste}
\tab{56}\spadcommand{differentiate (exp(x**2),x,4)}
\indentrel{3}\begin{verbatim}
2
4 2 X
(1) (16x + 48x + 12)%e
Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExDiffHigherOrderEmpty1}
\begin{paste}{ExDiffHigherOrderEmpty1}{ExDiffHigherOrderPatchl}
\pastebutton{ExDiffHigherOrderEmpty1}{\showpaste}
\tab{56}\spadcommand{differentiate (exp(x**2),x,4)}
\end{paste}\end{patch}

3.28.4 Multiple Derivatives I

— exdiff.ht —

\begin{page}{ExDiffMultipleI}{Multiple Derivatives I}

\beginscroll

When given a function of several variables, you may take derivatives
repeatedly and with respect to different variables.

The following command differentiates the function

{\em sin(x)/(x**2 + y**2)} first with respect to {\em x} and then with
respect to {\em y}:

\spadpaste{differentiate(sin(x)/(x**2 + y**2),[x,y])}

As you can see, we first specify the function and then a list of

the variables of differentiation.

Variables may appear on the list more than once.

For example, the following command differentiates the same function with
respect to {\em x} and then twice with respect to {\em y}.
\spadpaste{differentiate(sin(x)/(x**2 + y**2), [x,y,y]1)}

\endscroll

\autobuttons
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\end{page}

\begin{patch}{ExDiffMultipleIPatchl}
\begin{paste}{ExDiffMultipleIFull1}{ExDiffMultipleIEmpty1l}
\pastebutton{ExDiffMultipleIFulli}{\hidepaste}
\tab{5}\spadcommand{differentiate(sin(x)/(x**2 + y**2),[x,y])}
\indentrel{3}\begin{verbatim}
3 2
8x y sin(x) + (- 2y - 2x y)cos(x)
(¢D)
6 2 4 4 2 6
y +3xy +3xy +Xx
Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExDiffMultipleIEmpty1}
\begin{paste}{ExDiffMultipleIEmpty1}{ExDiffMultipleIPatchl}
\pastebutton{ExDiffMultipleIEmptyl}{\showpaste}
\tab{5}\spadcommand{differentiate(sin(x)/(x**2 + y**2),[x,y]1)}
\end{paste}\end{patch}

\begin{patch}{ExDiffMultipleIPatch2}
\begin{paste}{ExDiffMultipleIFull2}{ExDiffMultipleIEmpty2}
\pastebutton{ExDiffMultipleIFull2}{\hidepaste}
\tab{5}\spadcommand{differentiate(sin(x)/(x**2 + y**2),[x,y,y1)}
\indentrel{3}\begin{verbatim}

(2)

2 3 4 22 4
(- 40x y + 8x )sin(x) + (6y + 4x y - 2x )cos(x)

8 26 4 4 6 2 8
y +4xy +6xy +4xy +x
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExDiffMultipleIEmpty2}
\begin{paste}{ExDiffMultipleIEmpty2}{ExDiffMultipleIPatch2}
\pastebutton{ExDiffMultipleIEmpty2}{\showpastel}
\tab{5}\spadcommand{differentiate(sin(x)/(x**2 + y**2),[x,y,y]1)}
\end{paste}\end{patch}
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3.28.5 Multiple Derivatives 11

— exdiff.ht —

\begin{page}{ExDiffMultipleII}{Multiple Derivatives II}
\beginscroll

You may also compute multiple derivatives by specifying a list of
variables together with a list of multiplicities.

For example, to differentiate {\em cos(z)/(x**2 + y**3)}

first with respect to {\em x}, then twice with respect to {\em y},
then three times with respect to {\em z},

issue the following command:
\spadpaste{differentiate(cos(z)/(x**2 + y**3),[x,y,z],[1,2,3])}
\endscroll

\autobuttons

\end{page}

\begin{patch}{ExDiffMultipleIIPatchl}
\begin{paste}{ExDiffMultipleIIFulll}{ExDiffMultipleIIEmpty1}
\pastebutton{ExDiffMultipleITIFulli}{\hidepaste}
\tab{5}\spadcommand{differentiate(cos(z)/(x**2 + y**3),[x,y,z],[1,2,3])}
\indentrel{3}\begin{verbatim}
4 3
(- 84x y + 24x y)sin(z)
D)
12 29 46 6 3 8
y +4xy +6xy +4xy + X
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExDiffMultipleIIEmpty1l}
\begin{paste}{ExDiffMultipleIIEmpty1}{ExDiffMultipleIIPatchl}
\pastebutton{ExDiffMultipleIIEmpty1}{\showpaste}
\tab{5}\spadcommand{differentiate(cos(z)/(x**2 + y**3), [x,y,2],[1,2,3])}
\end{paste}\end{patch}

3.28.6 Derivatives of Functions Involving Formal Integrals

— exdiff.ht —

\begin{page}{ExDiffFormalIntegral}
{Derivatives of Functions Involving Formal Integrals}
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\beginscroll

When a function does not have a closed-form antiderivative, Axiom
returns a formal integral.

A typical example is

\spadpaste{f := integrate(sqrt(l + t**3),t) \bound{f}}

This formal integral may be differentiated, either by itself or in any
combination with other functionms:

\spadpaste{differentiate(f,t) \free{f}}
\spadpaste{differentiate(f * t**2,t) \free{f}}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExDiffFormalIntegralPatchi}
\begin{paste}{ExDiffFormalIntegralFull1}{ExDiffFormalIntegralEmpty1}
\pastebutton{ExDiffFormalIntegralFulli}{\hidepaste}
\tab{5}\spadcommand{f := integrate(sqrt(l + t**3),t)\bound{f }}
\indentrel{3}\begin{verbatim}

t

(&)

Type: Union(Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExDiffFormalIntegralEmptyl}
\begin{paste}{ExDiffFormalIntegralEmptyl}{ExDiffFormalIntegralPatchl}
\pastebutton{ExDiffFormalIntegralEmpty1}{\showpaste}
\tab{5}\spadcommand{f := integrate(sqrt(1l + t**3),t)\bound{f }}
\end{paste}\end{patch}

\begin{patch}{ExDiffFormalIntegralPatch2}
\begin{paste}{ExDiffFormalIntegralFull2}{ExDiffFormalIntegralEmpty2}
\pastebutton{ExDiffFormalIntegralFull2}{\hidepaste}
\tab{5}\spadcommand{differentiate(f,t) \free{f }}
\indentrel{3}\begin{verbatim}

2) A\
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExDiffFormalIntegralEmpty2}
\begin{paste}{ExDiffFormalIntegralEmpty2}{ExDiffFormalIntegralPatch2}
\pastebutton{ExDiffFormalIntegralEmpty2}{\showpaste}
\tab{5}\spadcommand{differentiate(f,t) \free{f }}
\end{paste}\end{patch}
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\begin{patch}{ExDiffFormalIntegralPatch3}
\begin{paste}{ExDiffFormalIntegralFull3}{ExDiffFormalIntegralEmpty3}
\pastebutton{ExDiffFormalIntegralFull3}{\hidepaste}
\tab{5}\spadcommand{differentiate(f * t*x2,t)\free{f }}
\indentrel{3}\begin{verbatim}

t

(3) 2t

Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExDiffFormalIntegralEmpty3}
\begin{paste}{ExDiffFormalIntegralEmpty3}{ExDiffFormalIntegralPatch3}
\pastebutton{ExDiffFormalIntegralEmpty3}{\showpaste}
\tab{5}\spadcommand{differentiate(f * t**2,t)\free{f }}
\end{paste}\end{patch}

3.28.7 Exit

— exit.ht —

\begin{page}{ExitXmpPage}{Exit}
\beginscroll

A function that does not return directly to its caller has
\spadtype{Exit} as its return type.
The operation \spadfun{error} is an example of one which does not return
to its caller.
Instead, it causes a return to top-level.
\xtc{
H
\spadpaste{n := O \bound{n}}
}
\xtec{
The function \userfun{gasp} is given return type \spadtype{Exit} since
it is guaranteed never to return a value to its caller.
H
\begin{spadsrc} [\bound{gasp}\free{n}]
gasp(): Exit ==
free n
n:=n+1
error "Oh no!"
\end{spadsrc}
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}
\xtcq
The return type of \userfun{half} is determined by resolving the
types of the two branches of the \spad{if}.
H
\begin{spadsrc}[\bound{half}\free{gasp}]
half(k) ==
if odd? k then gasp()
else k quo 2
\end{spadsrc}
}
\xtc{
Because
\userfun{gasp} has the return type \spadtype{Exit}, the type of
\spad{if} in \userfun{half} is resolved to be \spadtype{Integer}.
H
\spadpaste{half 4 \free{halfl}\bound{appl}}
}
\xtc{
H
\spadpaste{half 3 \free{half appl}\bound{app2}}
}
\xtc{
H
\spadpaste{n \free{app2}}
}

For functions which return no value at all, use \spadtype{Void}.
See \downlink{‘‘User-Defined Functions, Macros and Rules’’}
{ugUserPage} in Section 6\ignore{ugUser} and
\downlink{‘Void’}{VoidXmpPagel}\ignore{Void} for more information.
YA

\showBlurb{Exit}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExitXmpPagePatchi}
\begin{paste}{ExitXmpPageFulll}{ExitXmpPageEmpty1l}
\pastebutton{ExitXmpPageFulll}{\hidepaste}
\tab{5}\spadcommand{n := O\bound{n 1}}
\indentrel{3}\begin{verbatim}

1 o

Type: NonNegativelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExitXmpPageEmpty1}
\begin{paste}{ExitXmpPageEmpty1}{ExitXmpPagePatchl}
\pastebutton{ExitXmpPageEmpty1}{\showpaste}
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\tab{5}\spadcommand{n := O\bound{n }}
\end{paste}\end{patch}

\begin{patch}{ExitXmpPagePatch2}
\begin{paste}{ExitXmpPageFull2}{ExitXmpPageEmpty2}
\pastebutton{ExitXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{gasp(): Exit ==

free n

n:=n+1

error "Oh no!"
\bound{gasp }\free{n }}
\indentrel{3}\begin{verbatim}

Type: Void

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExitXmpPageEmpty2}
\begin{paste}{ExitXmpPageEmpty2}{ExitXmpPagePatch2}
\pastebutton{ExitXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{gasp() : Exit ==

free n

n:=n+1

error "Oh no!"
\bound{gasp }\free{n }}
\end{paste}\end{patch}

\begin{patch}{ExitXmpPagePatch3}
\begin{paste}{ExitXmpPageFull3}{ExitXmpPageEmpty3}
\pastebutton{ExitXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{half (k) ==

if odd? k then gasp()

else k quo 2
\bound{half }\free{gasp }}
\indentrel{3}\begin{verbatim}

Type: Void

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExitXmpPageEmpty3}
\begin{paste}{ExitXmpPageEmpty3}{ExitXmpPagePatch3}
\pastebutton{ExitXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{half (k) ==

if odd? k then gasp()

else k quo 2
\bound{half }\free{gasp }}
\end{paste}\end{patch}

\begin{patch}{ExitXmpPagePatch4}
\begin{paste}{ExitXmpPageFull4}{ExitXmpPageEmpty4}
\pastebutton{ExitXmpPageFull4}{\hidepaste}
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\tab{5}\spadcommand{half 4\free{half }\bound{appl 1}}
\indentrel{3}\begin{verbatim}
4) 2
Type: Positivelnteger
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExitXmpPageEmpty4}
\begin{paste}{ExitXmpPageEmpty4}{ExitXmpPagePatch4}
\pastebutton{ExitXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{half 4\free{half }\bound{appl }}
\end{paste}\end{patch}

\begin{patch}{ExitXmpPagePatchb5}
\begin{paste}{ExitXmpPageFull5}{ExitXmpPageEmpty5}
\pastebutton{ExitXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{half 3\free{half appl }\bound{app2 }}
\indentrel{3}\begin{verbatim}

\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExitXmpPageEmpty5}
\begin{paste}{ExitXmpPageEmpty5}{ExitXmpPagePatch5}
\pastebutton{ExitXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{half 3\free{half appl }\bound{app2 }}
\end{paste}\end{patch}

\begin{patch}{ExitXmpPagePatch6}
\begin{paste}{ExitXmpPageFull6}{ExitXmpPageEmpty6}
\pastebutton{ExitXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{n\free{app2 }}
\indentrel{3}\begin{verbatim}

5 1

Type: NonNegativelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExitXmpPageEmpty6}
\begin{paste}{ExitXmpPageEmpty6}{ExitXmpPagePatch6}
\pastebutton{ExitXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{n\free{app2 }}
\end{paste}\end{patch}
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3.29 exlap.ht

3.29.1 Laplace transform with a single pole

— exlap.ht —

\begin{page}{ExLapSimplePole}{Laplace transform with a single pole}
\beginscroll

The Laplace transform of t"n e~ (a t) has a pole of order nt+l at x = a
and no other pole. We divide by n! to get a monic denominator in the
answer.

\spadpaste{laplace(t**4 * exp(-a*t) / factorial(4), t, s)}

\endscroll

\autobuttons\end{page}

\begin{patch}{ExLapSimplePolePatchl}
\begin{paste}{ExLapSimplePoleFulll}{ExLapSimplePoleEmptyl}
\pastebutton{ExLapSimplePoleFulli}{\hidepaste}
\tab{5}\spadcommand{laplace(t**4 * exp(-a*t) / factorial(4), t, s)}
\indentrel{3}\begin{verbatim}
1
D)
5 4 23 32 4 5
s +bas +10as + 10as + bas + a
Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLapSimplePoleEmpty1l}
\begin{paste}{ExLapSimplePoleEmptyl}{ExLapSimplePolePatchl}
\pastebutton{ExLapSimplePoleEmptyi}{\showpaste}
\tab{5}\spadcommand{laplace(t**4 * exp(-a*t) / factorial(4), t, s)}
\end{paste}\end{patch}

3.29.2 Laplace transform of a trigonometric function

— exlap.ht —

\begin{page}{ExLapTrigTrigh}{Laplace transform of a trigonometric function}
\beginscroll

Rather than looking up into a table, we use the normalizer to rewrite

the trigs and hyperbolic trigs to complex exponentials and

logarithms.
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\spadpaste{laplace(sin(a*t) * cosh(axt) - cos(axt) * sinh(a*t), t, s)}
\endscroll
\autobuttons\end{page}

\begin{patch}{ExLapTrigTrighPatchi}
\begin{paste}{ExLapTrigTrighFull1}{ExLapTrigTrighEmpty1}
\pastebutton{ExLapTrigTrighFulli}{\hidepaste}

\tab{5}\spadcommand{laplace(sin(a*t) * cosh(a*t) - cos(a*t) * sinh(a*t), t, s)}

\indentrel{3}\begin{verbatim}

3
4a
(1)
4 4
s + 4a
Type: Expression Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLapTrigTrighEmpty1l}
\begin{paste}{ExLapTrigTrighEmpty1}{ExLapTrigTrighPatchl}
\pastebutton{ExLapTrigTrighEmptyl}{\showpaste}

\tab{5}\spadcommand{laplace(sin(a*t) * cosh(a*t) - cos(a*t) * sinh(a*t), t, s)}

\end{paste}\end{patch}

3.29.3 Laplace transform requiring a definite integration

— exlap.ht —

\begin{page}{ExLapDefInt}

{Laplace transform requiring a definite integration}

\beginscroll

When powers of t appear in the denominator, computing the laplace
transform requires integrating the result of another laplace
transform between a symbol and infinity. We use the full power of
Axiom’s integrator in such cases.

\spadpaste{laplace(2/t * (1 - cos(a*t)), t, s)}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExLapDefIntPatchl}
\begin{paste}{ExLapDefIntFull1}{ExLapDefIntEmpty1}
\pastebutton{ExLapDefIntFulli}{\hidepaste}
\tab{5}\spadcommand{laplace(2/t * (1 - cos(a*xt)), t, s)}
\indentrel{3}\begin{verbatim}

391
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2 2
(1) log(s + a ) - 2log(s)
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLapDefIntEmptyl}
\begin{paste}{ExLapDefIntEmpty1}{ExLapDefIntPatchl}
\pastebutton{ExLapDefIntEmptyl}{\showpaste}
\tab{5}\spadcommand{laplace(2/t * (1 - cos(a*t)), t, s)}
\end{paste}\end{patch}

3.29.4 Laplace transform of exponentials

— exlap.ht —

\begin{page}{ExLapExpExp}{Laplace transform of exponentials}
\beginscroll

This is another example where it is necessary to

integrate the result of another laplace transform.
\spadpaste{laplace((exp(a*t) - exp(b*t))/t, t, s)}
\endscroll

\autobuttons

\end{page}

\begin{patch}{ExLapExpExpPatch1l}
\begin{paste}{ExLapExpExpFulll}{ExLapExpExpEmptyl}
\pastebutton{ExLapExpExpFull1}{\hidepaste}
\tab{5}\spadcommand{laplace((exp(a*t) - exp(b*t))/t, t, s)}
\indentrel{3}\begin{verbatim}

(1) - log(s - a) + log(s - b)

Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLapExpExpEmpty1}
\begin{paste}{ExLapExpExpEmpty1}{ExLapExpExpPatch1}
\pastebutton{ExLapExpExpEmptyl}{\showpaste}
\tab{5}\spadcommand{laplace((exp(a*t) - exp(b*t))/t, t, s)}
\end{paste}\end{patch}
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3.29.5 Laplace transform of an exponential integral

— exlap.ht —

\begin{page}{ExLapSpeciall}

{Laplace transform of an exponential integral}

We can handle some restricted cases of special functioms,
linear exponential integrals among them.

\beginscroll

\spadpaste{laplace(exp(a*t+b)*Ei(c*t), t, s)}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExLapSpeciallPatchi}
\begin{paste}{ExLapSpeciallFullil}{ExLapSpeciallEmpty1}
\pastebutton{ExLapSpecialiFulli}{\hidepaste}
\tab{5}\spadcommand{laplace (exp (a*t+b)*Ei(c*t), t, s)}
\indentrel{3}\begin{verbatim}
b s+c-a
%e log(

(&)

Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLapSpeciallEmpty1}
\begin{paste}{ExLapSpeciallEmptyl}{ExLapSpecialiPatchl}
\pastebutton{ExLapSpecial1Empty1}{\showpaste}
\tab{5}\spadcommand{laplace (exp (a*t+b) *Ei(c*t), t, s)}
\end{paste}\end{patch}

\begin{patch}{ExLapSpecial2Patchil}
\begin{paste}{ExLapSpecial2Fulll}{ExLapSpecial2Empty1l}
\pastebutton{ExLapSpecial2Fulli}{\hidepaste}
\tab{5}\spadcommand{laplace(a*xCi(b*t) + c*Si(d*t), t, s)}
\indentrel{3}\begin{verbatim}

2 2

s +b d

a log(
2 s

b
(&)
2s
Type: Expression Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{ExLapSpecial2Empty1}
\begin{paste}{ExLapSpecial2Empty1}{ExLapSpecial2Patchl}
\pastebutton{ExLapSpecial2Emptyl}{\showpaste}
\tab{5}\spadcommand{laplace (a*Ci(b*t) + c*Si(d*t), t, s)}
\end{paste}\end{patch}

3.29.6 Laplace transform of special functions

— exlap.ht —

\begin{page}{ExLapSpecial2}{Laplace transform of special functions}
\beginscroll

An example with some interesting special functions.
\spadpaste{laplace(a*Ci(b*t) + c*Si(d*t), t, s)}

\endscroll

\autobuttons\end{page}

3.30 exint.ht

3.30.1 Integral of a Rational Function

— exint.ht —

\begin{page}{ExIntRationalFunction}{Integral of a Rational Function}
\beginscroll

The following fraction has a denominator which factors into

a quadratic and a quartic irreducible polynomial. The usual

partial fraction approach used by most other computer algebra
systems either fails or introduces expensive unneeded algebraic
numbers.

We use a factorization-free algorithm.

\spadpaste{integrate ((x**2+2*xx+1)/((x+1)**6+1) ,x)}

There are cases where algebraic numbers are absolutely necessary.

In that case the answer to the \spadfun{integrate} command will contain
symbols like \spad{\%\%FO} denoting the algebraic numbers used.

To find out what the definitions for these numbers is use the
\spadfun{definingPolynomial} operation on these numbers.
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\spadpaste{integrate(1/(x**3+x+1) ,x) \bound{il}}

For example, if a symbol like \spad{\’%\%FO} appears in the result of this last
integration, then \spad{definingPolynomial \%\%FO} will return the

polynomial that \spad{\%\/%FO0} is a root of. The next command isolates the
algebraic number from the expression and displays its defining polynomial.
\spadpaste{definingPolynomial (tower (\%).2::EXPR INT) \free{il}}

\endscroll
\autobuttons
\end{page}

\begin{patch}{ExIntRationalFunctionPatchi}
\begin{paste}{ExIntRationalFunctionFulll}{ExIntRationalFunctionEmpty1l}
\pastebutton{ExIntRationalFunctionFulli}{\hidepaste}
\tab{5}\spadcommand{integrate ((x**2+2*x+1) / ((x+1) **6+1) ,x) }
\indentrel{3}\begin{verbatim}
3 2
atan(x + 3x + 3x + 1)
(¢D)

3

Type: Union(Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExIntRationalFunctionEmpty1}
\begin{paste}{ExIntRationalFunctionEmpty1}{ExIntRationalFunctionPatchl}
\pastebutton{ExIntRationalFunctionEmptyl}{\showpaste}
\tab{5}\spadcommand{integrate ((x**2+2*x+1)/((x+1)**6+1) ,x) }
\end{paste}\end{patch}

\begin{patch}{ExIntRationalFunctionPatch2}
\begin{paste}{ExIntRationalFunctionFull2}{ExIntRationalFunctionEmpty2}
\pastebutton{ExIntRationalFunctionFull2}{\hidepaste}
\tab{5}\spadcommand{integrate (1/ (x**3+x+1) ,x) \bound{i 1}}
\indentrel{3}\begin{verbatim}

(2)

log

(62%%H0 + 31)
\

- 31%%HO + 18x - 4
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(- 62%%HO0 - 31)
\

- 31%%HO + 18x - 4

2
2%%HO log(- 62%%HO + 31%%HO + 9x + 4)

Type: Union(Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExIntRationalFunctionEmpty2}
\begin{paste}{ExIntRationalFunctionEmpty2}{ExIntRationalFunctionPatch2}
\pastebutton{ExIntRationalFunctionEmpty2}{\showpaste}
\tab{5}\spadcommand{integrate (1/ (x**3+x+1) ,x) \bound{i }}
\end{paste}\end{patch}

\begin{patch}{ExIntRationalFunctionPatch3}
\begin{paste}{ExIntRationalFunctionFull3}{ExIntRationalFunctionEmpty3}
\pastebutton{ExIntRationalFunctionFull3}{\hidepaste}
\tab{5}\spadcommand{definingPolynomial (tower (\%) .2: :EXPR INT)\free{i }}
\indentrel{3}\begin{verbatim}

3

31%%HO - 3%%HO - 1
3
31
Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExIntRationalFunctionEmpty3}
\begin{paste}{ExIntRationalFunctionEmpty3}{ExIntRationalFunctionPatch3}
\pastebutton{ExIntRationalFunctionEmpty3}{\showpastel}
\tab{5}\spadcommand{definingPolynomial (tower (\%) .2: :EXPR INT)\free{i }}
\end{paste}\end{patch}
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3.30.2 Integral of a Rational Function with a Real Parameter

— exint.ht —

\begin{page}{ExIntRationalWithRealParameter}

{Integral of a Rational Function with a Real Parameter}

\beginscroll

When real parameters are present, the form of the integral can depend on
the signs of some expressions. Rather than query the user or make
sign assumptions, Axiom returns all possible answers.
\spadpaste{integrate(1/(x**2 + a),x)}

The integrate command generally assumes that all parameters are real.
\endscroll

\autobuttons

\end{page}

\begin{patch}{ExIntRationalWithRealParameterPatchl}
\begin{paste}{ExIntRationalWithRealParameterFulll}{ExIntRationalWithRealParameterEmpty1l}
\pastebutton{ExIntRationalWithRealParameterFulli}{\hidepaste}
\tab{5}\spadcommand{integrate (1/(x**2 + a),x)}

\indentrel{3}\begin{verbatim}

2
(x - a)\
log(
2 atan(
x +a a
@ I
2\
Type: Union(List Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExIntRationalWithRealParameterEmpty1}
\begin{paste}{ExIntRationalWithRealParameterEmptyl}{ExIntRationalWithRealParameterPatchi}
\pastebutton{ExIntRationalWithRealParameterEmpty1}{\showpaste}
\tab{5}\spadcommand{integrate (1/(x**2 + a),x)}

\end{paste}\end{patch}



398 CHAPTER 3. HYPERDOC PAGES

3.30.3 Integral of a Rational Function with a Complex Parameter

— exint.ht —

\begin{page}{ExIntRationalWithComplexParameter}

{Integral of a Rational Function with a Complex Parameter}
\beginscroll

If the parameter is complex instead of real, then the notion of
sign is undefined and there is a unique answer.

You can request

this answer by prepending the word ‘complex’ to the command name:
\spadpaste{complexIntegrate(1/(x**2 + a),x)}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExIntRationalWithComplexParameterPatchi}
\begin{paste}{ExIntRationalWithComplexParameterFulll}{ExIntRationalWithComplexParameterEmpty1}
\pastebutton{ExIntRationalWithComplexParameterFulli}{\hidepaste}
\tab{5}\spadcommand{complexIntegrate(1/(x**2 + a),x)}

\indentrel{3}\begin{verbatim}

x\
log(

1

2\
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExIntRationalWithComplexParameterEmpty1}
\begin{paste}{ExIntRationalWithComplexParameterEmptyl}{ExIntRationalWithComplexParameterPatchl}
\pastebutton{ExIntRationalWithComplexParameterEmptyl}{\showpaste}

\tab{5}\spadcommand{complexIntegrate(1/(x**2 + a),x)}
\end{paste}\end{patch}

3.30.4 Two Similar Integrands Producing Very Different Results

— exint.ht —

\begin{page}{ExIntTwoSimilarIntegrands}
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{Two Similar Integrands Producing Very Different Results}
\beginscroll

The following two examples illustrate the limitations of table based
approaches. The two integrands are very similar, but the answer to one
of them requires the addition of two new algebraic numbers.

This one is the easy one:

\spadpaste{integrate(x**3 / (a+bxx)**(1/3),x)}

The next one looks very similar

but the answer is much more complicated. Only an algorithmic approach
is guaranteed to find what new constants must be added in order to
find a solution:

\spadpaste{integrate(l / (x**3 * (a+b*x)**(1/3)),x)}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExIntTwoSimilarIntegrandsPatchi}
\begin{paste}{ExIntTwoSimilarIntegrandsFull1}{ExIntTwoSimilarIntegrandsEmpty1}
\pastebutton{ExIntTwoSimilarIntegrandsFullil}{\hidepaste}
\tab{5}\spadcommand{integrate (x**3 / (atb*x)**(1/3),x)}
\indentrel{3}\begin{verbatim}

(¢D)

33 22 2 33
(120b x - 135a b x + 162a b x - 243a )\

4
440b
Type: Union(Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExIntTwoSimilarIntegrandsEmpty1}
\begin{paste}{ExIntTwoSimilarIntegrandsEmpty1}{ExIntTwoSimilarIntegrandsPatchl}
\pastebutton{ExIntTwoSimilarIntegrandsEmptyl}{\showpaste}
\tab{5}\spadcommand{integrate (x*x*3 / (atb*x)**(1/3),x)}

\end{paste}\end{patch}

\begin{patch}{ExIntTwoSimilarIntegrandsPatch2}
\begin{paste}{ExIntTwoSimilarIntegrandsFull2}{ExIntTwoSimilarIntegrandsEmpty2}
\pastebutton{ExIntTwoSimilarIntegrandsFull2}{\hidepaste}
\tab{5}\spadcommand{integrate(1 / (x**3 * (a+bxx)**(1/3)),x)}
\indentrel{3}\begin{verbatim}

(2)

2b x \

log(\
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22
4b x \
¥
22 2\
12b x atan(
3a
¥
(12b x - 9a)\
/
22
18a x \
Type: Union(Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExIntTwoSimilarIntegrandsEmpty2}
\begin{paste}{ExIntTwoSimilarIntegrandsEmpty2}{ExIntTwoSimilarIntegrandsPatch2}
\pastebutton{ExIntTwoSimilarIntegrandsEmpty2}{\showpaste}
\tab{5}\spadcommand{integrate(1l / (x**3 * (atb*x)**(1/3)),x)}
\end{paste}\end{patch}

3.30.5 An Integral Which Does Not Exist

— exint.ht —

\begin{page}{ExIntNoSolution}{An Integral Which Does Not Exist}
\beginscroll

Most computer algebra systems use heuristics or table-driven
approaches to integration. When these systems cannot determine
the answer to an integration problem, they reply "I don’t know".
Axiom uses a complete algorithm for integration.

It will conclusively prove that an integral

cannot be expressed in terms of elementary functions.

When Axiom returns an integral sign, it has proved

that no answer exists as an elementary function.
\spadpaste{integrate(log(l + sqrt(a*x + b)) / x,x)}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExIntNoSolutionPatchil}
\begin{paste}{ExIntNoSolutionFulll1}{ExIntNoSolutionEmpty1l}
\pastebutton{ExIntNoSolutionFulli}{\hidepaste}
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\tab{5}\spadcommand{integrate(log(l + sqrt(a*x + b)) / x,x)}
\indentrel{3}\begin{verbatim}

X
log(\
(1
Type: Union(Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExIntNoSolutionEmpty1}
\begin{paste}{ExIntNoSolutionEmptyl}{ExIntNoSolutionPatchl}
\pastebutton{ExIntNoSolutionEmptyl}{\showpaste}
\tab{5}\spadcommand{integrate(log(l + sqrt(a*x + b)) / x,x)}
\end{paste}\end{patch}

%% This example is broken

#\begin{page}{ExIntChangeOfVariables}{No Change of Variables is Required}
%\beginscroll

%Unlike computer algebra systems which rely on heuristics and
%table-lookup, the algorithmic integration facility

%of Axiom never requires you to make a change of variables

%in order to integrate a function.

%\spadpaste{integrate (sec(x)**(4/5)*csc(x)**(6/5) ,x)}

%\endscroll

%\autobuttons\end{page}

3.30.6 A Trigonometric Function of a Quadratic

— exint.ht —

\begin{page}{ExIntTrig}{A Trigonometric Function of a Quadratic}
\beginscroll

Axiom can handle complicated mixed functions way beyond what you can
find in tables:
\spadpaste{integrate ((sinh(1+sqrt (x+b))+2*sqrt(x+b))/

(sqrt (x+b) * (x+cosh(1+sqrt(x+b)))) ,x)}

Whenever possible, Axiom tries to express the answer using the functions
present in the integrand.

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExIntTrigPatchl}
\begin{pasteH{ExIntTrigFull1}{ExIntTrigEmpty1}
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\pastebutton{ExIntTrigFulll}{\hidepaste}
\tab{5}\spadcommand{integrate ((sinh (1+sqrt (x+b))+2*sqrt (x+b))/(sqrt (x+b)* (x+cosh(1+sqrt (x+b)))),
\indentrel{3}\begin{verbatim}

D)
- 2cosh(\
21og(
sinh(\

+

- 2\

Type: Union(Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExIntTrigEmpty1}

\begin{paste}{ExIntTrigEmpty1}{ExIntTrigPatchl}

\pastebutton{ExIntTrigEmpty1}{\showpaste}
\tab{56}\spadcommand{integrate ((sinh(1+sqrt (x+b))+2*sqrt (x+b))/(sqrt (x+b) * (x+cosh(1+sqrt (x+b)))),
\end{paste}

\end{patch}

3.30.7 Integrating a Function with a Hidden Algebraic Relation

= “notitle” (ExIntAlgebraicRelationExplain) B308 on page A3
— exint.ht —

\begin{page}{ExIntAlgebraicRelation}

{Integrating a Function with a Hidden Algebraic Relation}
\beginscroll

A strong structure checking algorithm in Axiom finds hidden algebraic
relationships between functions.
\spadpaste{integrate(tan(atan(x)/3),x)}

The discovery of this algebraic relationship is necessary
for correctly integrating this function.
\downlink{Details.}{ExIntAlgebraicRelationExplain} \space{1}
\endscroll

\autobuttons

\end{page}

\begin{patch}{ExIntAlgebraicRelationPatchl}
\begin{paste}{ExIntAlgebraicRelationFull1}{ExIntAlgebraicRelationEmpty1}
\pastebutton{ExIntAlgebraicRelationFulli}{\hidepaste}
\tab{5}\spadcommand{integrate (tan(atan(x)/3),x)}
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\indentrel{3}\begin{verbatim}

(¢D)
atan(x) 2 atan(x) 2
8log(3tan(
3 3
+
atan(x)
18x tan(
3
/
18
Type: Union(Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExIntAlgebraicRelationEmpty1l}
\begin{paste}{ExIntAlgebraicRelationEmpty1}{ExIntAlgebraicRelationPatchl}
\pastebutton{ExIntAlgebraicRelationEmpty1}{\showpaste}
\tab{5}\spadcommand{integrate(tan(atan(x)/3),x)}

\end{paste}\end{patch}

3.30.8 Details for integrating a function with a Hidden Algebraic
Relation

— exint.ht —

\begin{page}{ExIntAlgebraicRelationExplain}

{Details for integrating a function with a Hidden Algebraic Relation}
\beginscroll

Steps taken for integration of:

\centerline{{\em f := tan(atan(x)/3)}}

\beginitems

\item

1. Replace {\em f} by an equivalent algebraic function {\em g}
satisfying the algebraic relation:

\centerline{{\em g**3 - 3*x*xg - 3xg + x = 0}}

\item

2. Integrate {\em g} using using this algebraic relation; this produces:
\centerline{{\em (24g**2 - 8)log(3g**2 - 1) + (8lx**2 + 24)g**2 + 72xg - 27x**2 - 16}}
\centerline{{\em /  (54g**2 - 18)1}}

\item

3. Rationalize the denominator, producing:

\centerline{{\em (8log(3g**2-1) - 3g**2 + 18xg + 15)/18}}

\item
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4. Replace {\em g} by the initial {\em f} to produce the final result:
\centerline{{\em (8log(3tan(atan(x/3))**2-1) - 3tan(atan(x/3))**2 -
18xtan(atan(x/3) + 16)/18)}}

\enditems

\endscroll

\autobuttons\end{page}

3.30.9 An Integral Involving a Root of a Transcendental Function

— exint.ht —

\begin{page}{ExIntRadicalOfTranscendental}

{An Integral Involving a Root of a Transcendental Function}
\beginscroll

This is an example of a mixed function where

the algebraic layer is over the transcendental one.
\spadpaste{integrate((x + 1) / (x * (x + log x)**(3/2)),x)}
\endscroll

\autobuttons

\end{page}

\begin{patch}{ExIntRadicalOfTranscendentalPatchi}
\begin{paste}{ExIntRadicalOfTranscendentalFulll}{ExIntRadicalOfTranscendentalEmpty1}
\pastebutton{ExIntRadicalOfTranscendentalFulll}{\hidepaste}
\tab{5}\spadcommand{integrate((x + 1) / (x * (x + log x)**(3/2)),x)}
\indentrel{3}\begin{verbatim}

2\
-
log(x) + x
Type: Union(Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExIntRadicalOfTranscendentalEmpty1l}
\begin{paste}{ExIntRadicalOfTranscendentalEmptyl}{ExIntRadicalOfTranscendentalPatchl}
\pastebutton{ExIntRadicalOfTranscendentalEmpty1}{\showpaste}
\tab{5}\spadcommand{integrate((x + 1) / (x * (x + log x)**(3/2)),x)}
\end{paste}\end{patch}
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3.30.10 An Integral of a Non-elementary Function

— exint.ht —

\begin{page}{ExIntNonElementary}{An Integral of a Non-elementary Function}
\beginscroll

While incomplete for non-elementary functions, Axiom can

handle some of them:

\spadpaste{integrate (exp(-x**2) * erf(x) /

(erf(x)**3 - erf(x)**2 - erf(x) + 1),x)}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExIntNonElementaryPatchil}
\begin{paste}{ExIntNonElementaryFulll}{ExIntNonElementaryEmpty1}
\pastebutton{ExIntNonElementaryFulli}{\hidepaste}

\tab{5}\spadcommand{integrate (exp(-x**2) * erf(x) / (erf(x)**3 - erf(x)**2 - erf(x) + 1),x)}
\indentrel{3}\begin{verbatim}

(erf(x) - 1\

erf(x) + 1
(&)
8erf(x) - 8
Type: Union(Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExIntNonElementaryEmpty1}
\begin{paste}{ExIntNonElementaryEmptyl}{ExIntNonElementaryPatchl}
\pastebutton{ExIntNonElementaryEmpty1}{\showpastel}

\tab{5}\spadcommand{integrate (exp(-x**2) * erf(x) / (erf(x)**3 - erf(x)**2 - erf(x) + 1),x)}
\end{paste}\end{patch}

3.31 exlimit.ht

3.31.1 Computing Limits

= “notitle” (ExLimitTwoSided) B34 on page B0
= “notitle” (ExLimitOneSided) B3T3 on page BIa
— exlimit.ht —

\begin{page}{ExLimitBasic}{Computing Limits}
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\beginscroll

To compute a limit, you must specify a functional expression,

a variable, and a limiting value for that variable.

For example, to compute the limit of (x**2 - 3*x + 2)/(x**2 - 1)
as x approaches 1, issue the following command:
\spadpaste{limit ((x**2 - 3*x + 2)/(x**2 - 1),x = 1)}

% answer := -1/2

Since you have not specified a direction, Axiom will attempt

to compute a two-sided limit. Sometimes the limit when approached from
the left is different from the limit from the right.
\downlink{Example}{ExLimitTwoSided}. In this case, you may

wish to ask for a one-sided limit.

\downlink{How. J}{ExLimitOneSided}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExLimitBasicPatchl}
\begin{paste}{ExLimitBasicFull1}{ExLimitBasicEmpty1}
\pastebutton{ExLimitBasicFulll}{\hidepaste}
\tab{5}\spadcommand{limit ((x**2 - 3*x + 2)/(x**2 - 1),x = 1)}
\indentrel{3}\begin{verbatim}

1

-

2
Type: Union(OrderedCompletion Fraction Polynomial Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLimitBasicEmpty1l}
\begin{paste}{ExLimitBasicEmptyl}{ExLimitBasicPatchl}
\pastebutton{ExLimitBasicEmpty1}{\showpaste}
\tab{5}\spadcommand{limit ((x**2 - 3*x + 2)/(x**2 - 1),x = 1)}
\end{paste}\end{patch}

3.31.2 Limits of Functions with Parameters

— exlimit.ht —

\begin{page}{ExLimitParameter}{Limits of Functions with Parameters}
\beginscroll

You may also take limits of functions with parameters. The limit
will be expressed in terms of those parameters.

Here’s an example:

\spadpaste{limit (sinh(a*x)/tan(b*x),x = 0)}
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% answer := a/b
\endscroll
\autobuttons
\end{page}

\begin{patch}{ExLimitParameterPatchl}
\begin{paste}{ExLimitParameterFulll}{ExLimitParameterEmpty1l}
\pastebutton{ExLimitParameterFulli}{\hidepaste}
\tab{5}\spadcommand{limit (sinh(a*x)/tan(b*x),x = 0)}
\indentrel{3}\begin{verbatim}

a
1
b
Type: Union(OrderedCompletion Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLimitParameterEmpty1}
\begin{paste}{ExLimitParameterEmptyl}{ExLimitParameterPatchl}
\pastebutton{ExLimitParameterEmpty1}{\showpaste}
\tab{5}\spadcommand{limit (sinh(a*x)/tan(b*x),x = 0)}
\end{paste}\end{patch}

3.31.3 One-sided Limits

— exlimit.ht —

\begin{page}{ExLimitOneSided}{One-sided Limits}

\beginscroll

If you have a function which is only defined on one side of a particular value,
you may wish to compute a one-sided limit.

For instance, the function \spad{log(x)} is only defined to the right of zero,
i.e. for \spad{x > 0}.

Thus, when computing limits of functions involving \spad{log(x)}, you probably
will want a ’right-hand’ limit.

Here’s an example:

\spadpaste{limit(x * log(x),x = 0,"right")}

% answer := 0

When you do not specify \spad{right} or \spad{left} as an optional fourth
argument, the function \spadfun{limit} will try to compute a two-sided limit.
In the above case, the limit from the left does not exist, as Axiom

will indicate when you try to take a two-sided limit:

\spadpaste{limit(x * log(x),x = 0)}

% answer := [left = "failed",right = 0]

\endscroll

407
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\autobuttons
\end{page}

\begin{patch}{ExLimitOneSidedPatchl}
\begin{paste}{ExLimitOneSidedFulli}{ExLimitOneSidedEmpty1}
\pastebutton{ExLimitOneSidedFulli}{\hidepaste}
\tab{5}\spadcommand{limit(x * log(x),x = O0,"right")}
\indentrel{3}\begin{verbatim}
(1) o

Type: Union(OrderedCompletion Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLimitOneSidedEmpty1}
\begin{paste}{ExLimitOneSidedEmptyl}{ExLimitOneSidedPatchi}
\pastebutton{ExLimitOneSidedEmpty1}{\showpaste}
\tab{5}\spadcommand{limit(x * log(x),x = 0,"right")}
\end{paste}\end{patch}

\begin{patch}{ExLimitOneSidedPatch2}
\begin{paste}{ExLimitOneSidedFull2}{ExLimitOneSidedEmpty2}
\pastebutton{ExLimitOneSidedFull2}{\hidepaste}
\tab{5}\spadcommand{limit(x * log(x),x = 0)}
\indentrel{3}\begin{verbatim}
(2) [leftHandLimit= "failed",rightHandLimit= 0]
Type: Union(Record(leftHandLimit: Union(OrderedCompletion Expression Integer,"failed"),rightHand
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLimitOneSidedEmpty2}
\begin{paste}{ExLimitOneSidedEmpty2}{ExLimitOneSidedPatch2}
\pastebutton{ExLimitOneSidedEmpty2}{\showpaste}
\tab{5}\spadcommand{limit(x * log(x),x = 0)}
\end{paste}\end{patch}

3.31.4 Two-sided Limits

— exlimit.ht —

\begin{page}{ExLimitTwoSided}{Two-sided Limits}

\beginscroll

A function may be defined on both sides of a particular value, but will
tend to different limits as its variable tends to that value from the
left and from the right.

We can construct an example of this as follows:
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Since { \em sqrt(y**2)} is simply the absolute value of \spad{y},
the function \spad{sqrt(y**2)/y}

is simply the sign (+1 or -1) of the real number \spad{y}.
Therefore, \spad{sqrt(y**2)/y = -1} for \spad{y < 0} and
\spad{sqrt (y**2)/y = +1} for \spad{y > 0}.

Watch what happens when we take the limit at \spad{y = 0}.
\spadpaste{limit (sqrt(y**2)/y,y = 0)}

% answer := [left = -1,right = 1]
The answer returned by Axiom gives both a ’left-hand’ and a ’right-hand’
limit.

Here’s another example, this time using a more complicated function:
\spadpaste{limit(sqrt(1 - cos(t))/t,t = 0)}

% answer := [left = -sqrt(1/2),right = sqrt(1/2)]

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExLimitTwoSidedPatchl}
\begin{paste}{ExLimitTwoSidedFulll}{ExLimitTwoSidedEmpty1}
\pastebutton{ExLimitTwoSidedFulli}{\hidepaste}
\tab{5}\spadcommand{limit (sqrt (y**2)/y,y = 0)}
\indentrel{3}\begin{verbatim}
(1) [leftHandLimit= - 1,rightHandLimit= 1]
Type: Union(Record(leftHandLimit: Union(OrderedCompletion Expression Integer,"failed"),rightHandLimit: Unio:
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLimitTwoSidedEmpty1}
\begin{paste}{ExLimitTwoSidedEmpty1}{ExLimitTwoSidedPatchl}
\pastebutton{ExLimitTwoSidedEmpty1}{\showpaste}
\tab{5}\spadcommand{limit (sqrt(y**2)/y,y = 0)}
\end{paste}\end{patch}

\begin{patch}{ExLimitTwoSidedPatch2}
\begin{paste}{ExLimitTwoSidedFull2}{ExLimitTwoSidedEmpty2}
\pastebutton{ExLimitTwoSidedFull2}{\hidepaste}
\tab{5}\spadcommand{limit (sqrt(1 - cos(t))/t,t = O}
\indentrel{3}\begin{verbatim}
1 1
(2) [leftHandLimit= -

\
Type: Union(Record(leftHandLimit: Union(OrderedCompletion Expression Integer,"failed"),rightHandLimit: Unio:
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLimitTwoSidedEmpty2}
\begin{paste}{ExLimitTwoSidedEmpty2}{ExLimitTwoSidedPatch2}
\pastebutton{ExLimitTwoSidedEmpty2}{\showpastel}
\tab{5}\spadcommand{limit (sqrt(1 - cos(t))/t,t = 0)}
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\end{paste}\end{patch}

3.31.5 Limits at Infinity

— exlimit.ht —

\begin{page}{ExLimitInfinite}{Limits at Infinity}

\beginscroll

You can compute limits at infinity by passing either ’plus infinity’
or ’minus infinity’ as the third argument of the function \spadfun{limit}.
To do this, use the constants \spad{\/plusInfinity} and
\spad{\/minusInfinity}. Here are two examples:
\spadpaste{limit (sqrt (3*x**2 + 1)/(5*x),x = \/plusInfinity)}
\spadpaste{limit (sqrt (3*x**2 + 1)/(5*x),x = \/minusInfinity)}
\endscroll

\autobuttons

\end{page}

\begin{patch}{ExLimitInfinitePatchl}
\begin{paste}{ExLimitInfiniteFull1}{ExLimitInfiniteEmptyl}
\pastebutton{ExLimitInfiniteFulli}{\hidepaste}
\tab{5}\spadcommand{limit (sqrt (3*x**2 + 1)/(5%x),x = \/plusInfinity)}
\indentrel{3}\begin{verbatim}

\
1
5
Type: Union(OrderedCompletion Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLimitInfiniteEmpty1l}
\begin{paste}{ExLimitInfiniteEmpty1}{ExLimitInfinitePatchl}
\pastebutton{ExLimitInfiniteEmptyl}{\showpaste}
\tab{5}\spadcommand{limit (sqrt (3*x**2 + 1)/(5%x),x = \/plusInfinity)}
\end{paste}\end{patch}

\begin{patch}{ExLimitInfinitePatch2}
\begin{paste}{ExLimitInfiniteFull2}{ExLimitInfiniteEmpty2}
\pastebutton{ExLimitInfiniteFull2}{\hidepaste}
\tab{5}\spadcommand{limit (sqrt (3*x**2 + 1)/(5%x),x = \/minusInfinity)}
\indentrel{3}\begin{verbatim}

\
2 -
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5
Type: Union(OrderedCompletion Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLimitInfiniteEmpty2}
\begin{paste}{ExLimitInfiniteEmpty2}{ExLimitInfinitePatch2}
\pastebutton{ExLimitInfiniteEmpty2}{\showpaste}
\tab{5}\spadcommand{limit (sqrt (3*x**2 + 1)/(5%x),x = \/minusInfinity)}
\end{paste}\end{patch}

3.31.6 Real Limits vs. Complex Limits

— exlimit.ht —

\begin{page}{ExLimitRealComplex}{Real Limits vs. Complex Limits}

\beginscroll

When you use the function \spadfun{limitl}, you will be taking the limit of a real
function of a real variable.

For example, you can compute

\spadpaste{limit(z * sin(1/z),z = 0)}

Axiom returns \spad{O} because as a function of a real variable

\spad{sin(1/z)} is always between \spad{-1} and \spad{1}, so \spad{z * sin(1/2)}
tends to \spad{0} as \spad{z} tends to \spad{0}.

However, as a function of a complex variable, \spad{sin(1/z)} is badly

behaved around \spad{0}

(one says that \spad{sin(1/z)} has an ’essential singularity’ at \spad{z = 0}).
When viewed as a function of a complex variable, \spad{z * sin(1/z)}

does not approach any limit as \spad{z} tends to \spad{0} in the complex plane.
Axiom indicates this when we call the function \spadfun{complexLimit}:
\spadpaste{complexLimit(z * sin(1/z),z = 0)}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExLimitRealComplexPatchl}
\begin{paste}{ExLimitRealComplexFulll1}{ExLimitRealComplexEmpty1}
\pastebutton{ExLimitRealComplexFulll}{\hidepaste}
\tab{5}\spadcommand{limit(z * sin(1/z),z = 0)}
\indentrel{3}\begin{verbatim}

1) o
Type: Union(OrderedCompletion Expression Integer,...)
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{ExLimitRealComplexEmpty1}
\begin{paste}{ExLimitRealComplexEmpty1}{ExLimitRealComplexPatchl}
\pastebutton{ExLimitRealComplexEmptyl}{\showpaste}
\tab{5}\spadcommand{limit(z * sin(1/z),z = 0)}
\end{paste}\end{patch}

\begin{patch}{ExLimitRealComplexPatch2}
\begin{paste}{ExLimitRealComplexFull2}{ExLimitRealComplexEmpty2}
\pastebutton{ExLimitRealComplexFull2}{\hidepaste}
\tab{5}\spadcommand{complexLimit(z * sin(1/z),z = 0)}
\indentrel{3}\begin{verbatim}

(2) "failed"

Type: Union("failed",...)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLimitRealComplexEmpty2}
\begin{paste}{ExLimitRealComplexEmpty2}{ExLimitRealComplexPatch2}
\pastebutton{ExLimitRealComplexEmpty2}{\showpaste}
\tab{5}\spadcommand{complexLimit(z * sin(1/z),z = 0)}

\end{paste}

\end{patch}

3.31.7 Complex Limits at Infinity

— exlimit.ht —

\begin{page}{ExLimitComplexInfinite}{Complex Limits at Infinity}
\beginscroll

You may also take complex limits at infinity, i.e. limits of a function of
\spad{z} as \spad{z} approaches infinity on the Riemann sphere.

Use the symbol \spad{\/infinity} to denote ‘complex infinity’.

Also, to compute complex limits rather than real limits, use the
function \spadfun{complexLimit}.

Here is an example:

\spadpaste{complexLimit((2 + 2)/(1 - z),z = \%infinity)}

In many cases, a limit of a real function of a real variable will exist
when the corresponding complex limit does not.

For example:

\spadpaste{limit(sin(x)/x,x = \/plusInfinity)}
\spadpaste{complexLimit(sin(x)/x,x = \/infinity)}

\endscroll

\autobuttons

\end{page}
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\begin{patch}{ExLimitComplexInfinitePatchl}
\begin{paste}{ExLimitComplexInfiniteFull1}{ExLimitComplexInfiniteEmpty1}
\pastebutton{ExLimitComplexInfiniteFulli}{\hidepaste}
\tab{5}\spadcommand{complexLimit((2 + z)/(1 - z),z = \)infinity)}
\indentrel{3}\begin{verbatim}

1) -1
Type: OnePointCompletion Fraction Polynomial Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLimitComplexInfiniteEmpty1}
\begin{paste}{ExLimitComplexInfiniteEmptyl}{ExLimitComplexInfinitePatchl}
\pastebutton{ExLimitComplexInfiniteEmpty1}{\showpaste}
\tab{5}\spadcommand{complexLimit ((2 + z)/(1 - z),z = \/infinity)}
\end{paste}\end{patch}

\begin{patch}{ExLimitComplexInfinitePatch2}
\begin{paste}{ExLimitComplexInfiniteFull2}{ExLimitComplexInfiniteEmpty2}
\pastebutton{ExLimitComplexInfiniteFull2}{\hidepaste}
\tab{5}\spadcommand{limit (sin(x)/x,x = \/plusInfinity)}
\indentrel{3}\begin{verbatim}
2) 0

Type: Union(OrderedCompletion Expression Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLimitComplexInfiniteEmpty2}
\begin{paste}{ExLimitComplexInfiniteEmpty2}{ExLimitComplexInfinitePatch2}
\pastebutton{ExLimitComplexInfiniteEmpty2}{\showpaste}
\tab{5}\spadcommand{limit (sin(x)/x,x = \%plusInfinity)}
\end{paste}\end{patch}

\begin{patch}{ExLimitComplexInfinitePatch3}
\begin{paste}{ExLimitComplexInfiniteFull3}{ExLimitComplexInfiniteEmpty3}
\pastebutton{ExLimitComplexInfiniteFull3}{\hidepaste}
\tab{5}\spadcommand{complexLimit (sin(x)/x,x = \/infinity)}
\indentrel{3}\begin{verbatim}

(3) "failed"

Type: Union("failed",...)

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExLimitComplexInfiniteEmpty3}
\begin{paste}{ExLimitComplexInfiniteEmpty3}{ExLimitComplexInfinitePatch3}
\pastebutton{ExLimitComplexInfiniteEmpty3}{\showpaste}
\tab{5}\spadcommand{complexLimit (sin(x)/x,x = \)infinity)}
\end{paste}\end{patch}
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3.32 exmatrix.ht

3.32.1 Basic Arithmetic Operations on Matrices

— exmatrix.ht —

\begin{page}{ExMatrixBasicFunction}

{Basic Arithmetic Operations on Matrices}

\beginscroll

You can create a matrix using the function \spadfun{matrix}.

The function takes a list of lists of elements of the ring and
produces a matrix whose \spad{i}th row contains the elements of

the \spad{i}th list. For example:

\spadpaste{ml := matrix({\tt{}1,-2,1],[4,2,-4}) \bound{mi}}
\spadpaste{m2 := matrix({\tt{}1,0,2],[20,30,10],[0,200,100}) \bound{m2}}
\spadpaste{m3 := matrix({\tt{}1,2,3],[2,4,6}) \bound{m3}}

Some of the basic arithmetic operations on matrices are:

\spadpaste{ml + m3 \free{m1} \free{m3}}

\spadpaste{100 * ml \free{m1}}

\spadpaste{ml * m2 \free{m1} \free{m2}}

\spadpaste{-m1 + m3 * m2 \free{m1} \free{m2} \free{m3}}

You can also multiply a matrix and a vector provided

that the matrix and vector have compatible dimensions.

\spadpaste{m3 *vector([1,0,1]) \free{m3}}

However, the dimensions of the matrices must be compatible in order for
Axiom to perform an operation - otherwise an error message will occur.
\endscroll

\autobuttons

\end{page}

\begin{patch}{ExMatrixBasicFunctionPatchl}
\begin{paste}{ExMatrixBasicFunctionFulli}{ExMatrixBasicFunctionEmpty1}
\pastebutton{ExMatrixBasicFunctionFulli}{\hidepaste}
\tab{5}\spadcommand{ml := matrix({\tt{}1,-2,1],[4,2,-4})\bound{ml }}
\indentrel{3}\begin{verbatim}

1

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionEmpty1}
\begin{paste}{ExMatrixBasicFunctionEmptyl}{ExMatrixBasicFunctionPatchl}
\pastebutton{ExMatrixBasicFunctionEmpty1}{\showpaste}
\tab{5}\spadcommand{ml := matrix({\tt{}1,-2,1],[4,2,-4})\bound{ml }}
\end{paste}\end{patch}
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\begin{patch}{ExMatrixBasicFunctionPatch2}
\begin{paste}{ExMatrixBasicFunctionFull2}{ExMatrixBasicFunctionEmpty2}
\pastebutton{ExMatrixBasicFunctionFull2}{\hidepaste}

\tab{5}\spadcommand{m2 := matrix({\tt{}1,0,2],[20,30,10],[0,200,100})\bound{m2 }}
\indentrel{3}\begin{verbatim}

(2)

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionEmpty2}
\begin{paste}{ExMatrixBasicFunctionEmpty2}{ExMatrixBasicFunctionPatch2}
\pastebutton{ExMatrixBasicFunctionEmpty2}{\showpaste}

\tab{5}\spadcommand{m2 := matrix({\tt{}1,0,21,[20,30,10],[0,200,100})\bound{m2 }}
\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionPatch3}
\begin{paste}{ExMatrixBasicFunctionFull3}{ExMatrixBasicFunctionEmpty3}
\pastebutton{ExMatrixBasicFunctionFull3}{\hidepaste}
\tab{5}\spadcommand{m3 := matrix({\tt{}1,2,3],[2,4,6})\bound{m3 }}
\indentrel{3}\begin{verbatim}

(3

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionEmpty3}
\begin{paste}{ExMatrixBasicFunctionEmpty3}{ExMatrixBasicFunctionPatch3}
\pastebutton{ExMatrixBasicFunctionEmpty3}{\showpaste}
\tab{5}\spadcommand{m3 := matrix({\tt{}1,2,3],[2,4,6})\bound{m3 }}
\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionPatch4}
\begin{paste}{ExMatrixBasicFunctionFull4}{ExMatrixBasicFunctionEmpty4}
\pastebutton{ExMatrixBasicFunctionFull4}{\hidepaste}
\tab{5}\spadcommand{ml + m3\free{ml }\free{m3 }}
\indentrel{3}\begin{verbatim}

4
Type: Matrix Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}



416 CHAPTER 3. HYPERDOC PAGES

\begin{patch}{ExMatrixBasicFunctionEmpty4}
\begin{paste}{ExMatrixBasicFunctionEmpty4}{ExMatrixBasicFunctionPatch4}
\pastebutton{ExMatrixBasicFunctionEmpty4}{\showpaste}
\tab{5}\spadcommand{ml + m3\free{ml }\free{m3 }}

\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionPatch5}
\begin{paste}{ExMatrixBasicFunctionFull5}{ExMatrixBasicFunctionEmpty5}
\pastebutton{ExMatrixBasicFunctionFull5}{\hidepaste}
\tab{5}\spadcommand{100 * mi\free{ml }}

\indentrel{3}\begin{verbatim}

(8

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionEmpty5}
\begin{paste}{ExMatrixBasicFunctionEmpty5}{ExMatrixBasicFunctionPatch5}
\pastebutton{ExMatrixBasicFunctionEmpty5}{\showpaste}
\tab{5}\spadcommand{100 * mi\free{ml }}

\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionPatch6}
\begin{paste}{ExMatrixBasicFunctionFull6}{ExMatrixBasicFunctionEmpty6}
\pastebutton{ExMatrixBasicFunctionFull6}{\hidepaste}
\tab{5}\spadcommand{ml * m2\free{m1l }\free{m2 }}
\indentrel{3}\begin{verbatim}

()

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionEmpty6}
\begin{paste}{ExMatrixBasicFunctionEmpty6}{ExMatrixBasicFunctionPatch6}
\pastebutton{ExMatrixBasicFunctionEmpty6}{\showpaste}
\tab{5}\spadcommand{ml * m2\free{ml }\free{m2 }}

\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionPatch7}
\begin{paste}{ExMatrixBasicFunctionFull7}{ExMatrixBasicFunctionEmpty7}
\pastebutton{ExMatrixBasicFunctionFull7}{\hidepaste}
\tab{5}\spadcommand{-m1 + m3 * m2\free{ml }\free{m2 }\free{m3 }}
\indentrel{3}\begin{verbatim}

¢
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Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionEmpty73}
\begin{paste}{ExMatrixBasicFunctionEmpty7}{ExMatrixBasicFunctionPatch7}
\pastebutton{ExMatrixBasicFunctionEmpty7}{\showpaste}
\tab{5}\spadcommand{-m1 + m3 * m2\free{ml }\free{m2 }\free{m3 1}}
\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionPatch8}
\begin{paste}{ExMatrixBasicFunctionFull8}{ExMatrixBasicFunctionEmpty8}
\pastebutton{ExMatrixBasicFunctionFull8}{\hidepaste}
\tab{5}\spadcommand{m3 #*vector([1,0,1])\free{m3 }}
\indentrel{3}\begin{verbatim}

(8) [4,8]

Type: Vector Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExMatrixBasicFunctionEmpty8}
\begin{paste}{ExMatrixBasicFunctionEmpty8}{ExMatrixBasicFunctionPatch8}
\pastebutton{ExMatrixBasicFunctionEmpty8}{\showpaste}
\tab{5}\spadcommand{m3 *vector([1,0,1])\free{m3 }}

\end{paste}

\end{patch}

3.32.2 Constructing new Matrices

— exmatrix.ht —

\begin{page}{ExConstructMatrix}{Constructing new Matrices}
\beginscroll
A number of functions exist for constructing new matrices from existing ones.

If you want to create a matrix whose entries are 0O except on the main
diagonal you can use \spadfun{diagonalMatrix}.

This function takes a list of ring elements as an argument and returns a
square matrix which has these elements on the main diagonal.

Consider the following example:

\spadpaste{diagonalMatrix([1,2,3,2,11)}

The function \spadfun{subMatrix}(\spad{al},\spad{i},\spad{j},\spad{k},\spad{1})
constructs a new matrix
consisting of rows \spad{i} through \spad{j} and columns \spad{k} through
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\spad{1} of \spad{a} , inclusive.
\spadpaste{subMatrix(matrix({\tt{}0,1,2,3,4],[5,6,7,8,91,[10,11,12,13,14}),
1,3,2,4)}

The functions \spadfun{horizConcat} and \spadfun{vertConcat}
concatenate matrices

horizontally and vertically, respectively.
\spadpaste{horizConcat (matrix ({\tt{}1,2,3],[6,7,8}),
matrix({\tt{}11,12,13],[55,77,88})) }
\spadpaste{vertConcat (matrix ({\tt{}1,2,3],[6,7,8}),
matrix({\tt{}11,12,13], [65,77,88})) }

The function \spadfunX{setsubMatrix}(\spad{a},\spad{i},\spad{k},\spad{b})
replaces the submatrix of \spad{al}

starting at row \spad{i} and column \spad{k} with the elements of the
matrix i\spad{b}.
\spadpaste{b:=matrix({\tt{}0,1,2,3,4],[5,6,7,8,9],[10,11,12,13,14}) \bound{b}}
\spadpaste{setsubMatrix!(b,1,1,transpose(subMatrix(b,1,3,1,3)))\free{b}}
changes the submatrix of \spad{b} consisting of the first 3 rows and columns
to its transpose.

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExConstructMatrixPatchl}
\begin{paste}{ExConstructMatrixFulll1}{ExConstructMatrixEmpty1}
\pastebutton{ExConstructMatrixFulli}{\hidepaste}
\tab{5}\spadcommand{diagonalMatrix([1,2,3,2,1])}
\indentrel{3}\begin{verbatim}

1

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExConstructMatrixEmpty1l}
\begin{paste}{ExConstructMatrixEmpty1}{ExConstructMatrixPatchl}
\pastebutton{ExConstructMatrixEmptyl}{\showpaste}
\tab{5}\spadcommand{diagonalMatrix([1,2,3,2,1])}
\end{paste}\end{patch}
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\begin{patch}{ExConstructMatrixPatch2}
\begin{paste}{ExConstructMatrixFull2}{ExConstructMatrixEmpty2}
\pastebutton{ExConstructMatrixFull2}{\hidepaste}

\tab{5}\spadcommand{subMatrix (matrix({\tt{}0,1,2,3,4],[5,6,7,8,9],[10,11,12,13,14}), 1,3,2,4)}
\indentrel{3}\begin{verbatim}

(2)

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExConstructMatrixEmpty2}
\begin{paste}{ExConstructMatrixEmpty2}{ExConstructMatrixPatch2}
\pastebutton{ExConstructMatrixEmpty2}{\showpaste}

\tab{5}\spadcommand{subMatrix (matrix({\tt{}0,1,2,3,4]1,[5,6,7,8,9]1,[10,11,12,13,14}), 1,3,2,4)}
\end{paste}\end{patch}

\begin{patch}{ExConstructMatrixPatch3}
\begin{paste}{ExConstructMatrixFull3}{ExConstructMatrixEmpty3}
\pastebutton{ExConstructMatrixFull3}{\hidepaste}
\tab{5}\spadcommand{horizConcat (matrix ({\tt{}1,2,3],[6,7,8}) ,matrix({\tt{}11,12,13],[55,77,88}))}
\indentrel{3}\begin{verbatim}

(3

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExConstructMatrixEmpty3}
\begin{paste}{ExConstructMatrixEmpty3}{ExConstructMatrixPatch3}
\pastebutton{ExConstructMatrixEmpty3}{\showpaste}
\tab{5}\spadcommand{horizConcat (matrix ({\tt{}1,2,3],[6,7,8}) ,matrix({\tt{}11,12,13],[55,77,88}))}
\end{paste}\end{patch}

\begin{patch}{ExConstructMatrixPatch4}
\begin{paste}{ExConstructMatrixFull4}{ExConstructMatrixEmpty4}
\pastebutton{ExConstructMatrixFull4}{\hidepaste}

\tab{5}\spadcommand{vertConcat (matrix({\tt{}1,2,3],[6,7,8}) ,matrix({\tt{}11,12,13],[55,77,88}))}
\indentrel{3}\begin{verbatim}

(4)
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Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExConstructMatrixEmpty4}
\begin{paste}{ExConstructMatrixEmpty4}{ExConstructMatrixPatch4}
\pastebutton{ExConstructMatrixEmpty4}{\showpaste}
\tab{5}\spadcommand{vertConcat (matrix ({\tt{}1,2,31,[6,7,8}) ,matrix({\tt{}11,12,13],[55,77,88}))}
\end{paste}\end{patch}

\begin{patch}{ExConstructMatrixPatchb5}
\begin{paste}{ExConstructMatrixFull5}{ExConstructMatrixEmpty5}
\pastebutton{ExConstructMatrixFull5}{\hidepaste}

\tab{5}\spadcommand{b:=matrix ({\tt{}0,1,2,3,4],[5,6,7,8,9]1,[10,11,12,13,14}) \bound{b }}
\indentrel{3}\begin{verbatim}

(8

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExConstructMatrixEmpty5}
\begin{paste}{ExConstructMatrixEmpty5}{ExConstructMatrixPatch5}
\pastebutton{ExConstructMatrixEmpty5}{\showpaste}

\tab{5}\spadcommand{b:=matrix ({\tt{}0,1,2,3,4],[5,6,7,8,9]1,[10,11,12,13,14}) \bound{b }}
\end{paste}\end{patch}

\begin{patch}{ExConstructMatrixPatch6}
\begin{paste}{ExConstructMatrixFull6}{ExConstructMatrixEmpty6}
\pastebutton{ExConstructMatrixFull6}{\hidepaste}

\tab{5}\spadcommand{setsubMatrix! (b,1,1,transpose(subMatrix(b,1,3,1,3)))\free{b }}
\indentrel{3}\begin{verbatim}

()

Type: Matrix Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExConstructMatrixEmpty6}
\begin{paste}{ExConstructMatrixEmpty6}{ExConstructMatrixPatch6}
\pastebutton{ExConstructMatrixEmpty6}{\showpaste}
\tab{5}\spadcommand{setsubMatrix! (b,1,1,transpose(subMatrix(b,1,3,1,3)))\free{b }}
\end{paste}\end{patch}
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3.32.3 Trace of a Matrix

— exmatrix.ht —

\begin{page}{ExTraceMatrix}{Trace of a Matrix}

\beginscroll

If you have a square matrix, then you can compute its ‘trace’.
The function \spadfun{trace} computes the sum of all elements
on the diagonal of a matrix.

For example ‘trace’ for a four by four Vandermonde matrix.
\spadpaste{trace( matrix({\tt{}1,x,x**2,x**3], [1,y,y**2,y**3],\nwnewline
[1,z,z**2,z*%*3] , [1,u,u**2,u*x*3}) )}

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExTraceMatrixPatchil}
\begin{paste}{ExTraceMatrixFulll}{ExTraceMatrixEmpty1}
\pastebutton{ExTraceMatrixFulli}{\hidepaste}
\tab{5}\spadcommand{trace( matrix({\tt{}1,x,x**2,x*x3], [1,y,y**2,y**3], [1,z,z**2,z**3], [1,u,u**2,u**x3}) )}
\indentrel{3}\begin{verbatim}
2 3
(1) z +y+u +1
Type: Polynomial Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExTraceMatrixEmpty1}

\begin{paste}{ExTraceMatrixEmptyl}{ExTraceMatrixPatchl}

\pastebutton{ExTraceMatrixEmpty1}{\showpaste}

\tab{5}\spadcommand{trace( matrix({\tt{}1,x,x**2,x*x3], [1,y,y**2,y**3], [1,z,z**2,z**3], [1,u,u**2,u*x*3}) )}
\end{paste}\end{patch}

3.32.4 Determinant of a Matrix

— exmatrix.ht —

\begin{page}{ExDeterminantMatrix}{Determinant of a Matrix}
\beginscroll
The function \spadfun{determinant} computes the determinant of a matrix
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over a commutative ring, that is a ring whose multiplication is

commutative.

\spadpaste{determinant (matrix({\tt{}1,2,3,4]1,[2,3,2,5],[3,4,5,61,[4,1,6,7}))}
\endscroll

\autobuttons

\end{page}

\begin{patch}{ExDeterminantMatrixPatchl}
\begin{paste}{ExDeterminantMatrixFulli}{ExDeterminantMatrixEmpty1}
\pastebutton{ExDeterminantMatrixFulll}{\hidepaste}
\tab{56}\spadcommand{determinant (matrix ({\tt{}1,2,3,4]1,[2,3,2,5],[3,4,5,6]1,[4,1,6,71))}
\indentrel{3}\begin{verbatim}

(1) - 48

Type: Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExDeterminantMatrixEmptyl}
\begin{paste}{ExDeterminantMatrixEmptyl}{ExDeterminantMatrixPatchl}
\pastebutton{ExDeterminantMatrixEmpty1l}{\showpaste}
\tab{5}\spadcommand{determinant (matrix ({\tt{}1,2,3,4]1,[2,3,2,5],[3,4,5,6],[4,1,6,7}))%}
\end{paste}

\end{patch}

3.32.5 Inverse of a Matrix

— exmatrix.ht —

\begin{page}{ExInverseMatrix}{Inverse of a Matrix}

\beginscroll

The function \spadfun{inverse} computes the inverse of a square matrix.
\spadpaste{inverse (matrix ({\tt{}1,2,1]1,[-2,3,4],[-1,5,6})) }

(If the inverse doesn’t exist, then Axiom returns ‘failed’.)

\endscroll

\autobuttons

\end{page}

\begin{patch}{ExInverseMatrixPatchl}
\begin{paste}{ExInverseMatrixFulli}{ExInverseMatrixEmpty1}
\pastebutton{ExInverseMatrixFulli}{\hidepaste}
\tab{5}\spadcommand{inverse (matrix ({\tt{}1,2,1],[-2,3,4],[-1,5,6}))}
\indentrel{3}\begin{verbatim}
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(&)

Type: Union(Matrix Fraction Integer,...)
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExInverseMatrixEmpty1}
\begin{paste}{ExInverseMatrixEmptyl}{ExInverseMatrixPatchil}
\pastebutton{ExInverseMatrixEmptyl}{\showpaste}
\tab{5}\spadcommand{inverse (matrix ({\tt{}1,2,1],[-2,3,4],[-1,5,6}))}
\end{paste}\end{patch}

3.32.6 Rank of a Matrix

— exmatrix.ht —

\begin{page}{ExRankMatrix}{Rank of a Matrix}

\beginscroll

The function \spadfun{rank} gives you the rank of a matrix:
\spadpaste{rank (matrix({\tt{}0,4,1],[5,3,-7]1,[-5,5,9}))}
\endscroll

\autobuttons

\end{page}

\begin{patch}{ExRankMatrixPatchl}
\begin{paste}{ExRankMatrixFulll1}{ExRankMatrixEmpty1}
\pastebutton{ExRankMatrixFulli}{\hidepaste}
\tab{5}\spadcommand{rank (matrix ({\tt{}0,4,1],[5,3,-7]1,[-5,5,9}))}
\indentrel{3}\begin{verbatim}

1) 2

Type: Positivelnteger

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExRankMatrixEmpty1}
\begin{paste}{ExRankMatrixEmpty1}{ExRankMatrixPatchl}
\pastebutton{ExRankMatrixEmpty1}{\showpaste}
\tab{5}\spadcommand{rank (matrix ({\tt{}0,4,1],[5,3,-71,[-5,5,91))}
\end{paste}\end{patch}
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3.33 expr.ht

3.33.1 Expression

“notitle” (KernelXmpPage) B551 on page
“notitle” (uglntroCalcDerivPage) ?? on page 7?7
“notitle” (uglntroCalcLimitsPage) ?? on page 7?7
“notitle” (uglntroSeriesPage) 7?7 on page 7?7
“notitle” (ugProblemDEQPage) on page PZIXT
“notitle” (ugProblemIntegrationPage) on page 127
“notitle” (ugUserRulesPage) 7?7 on page 77
— expr.ht —

S

\begin{page}{ExpressionXmpPage}{Expression}
\beginscroll

\axiomType{Expression} is a constructor that creates domains whose
objects can have very general symbolic forms.

Here are some examples:

\xtc{

This is an object of type \axiomType{Expression Integerl}.

H

\spadpaste{sin(x) + 3*cos(x)**2}

}

\xtc{

This is an object of type \axiomType{Expression Float}.

H

\spadpaste{tan(x) - 3.45*x}

}

\xtc{

This object contains symbolic function applications, sums,
products, square roots, and a quotient.

H

\spadpaste{(tan sqrt 7 - sin sqrt 11)**2 / (4 - cos(x - y))}

}

As you can see, \axiomType{Expression} actually takes an argument
domain.

The {\it coefficients} of the terms within the expression belong
to the argument domain.

\axiomType{Integer} and \axiomType{Float}, along with
\axiomType{Complex Integer} and \axiomType{Complex Float}

are the most common coefficient domains.

\xtc{

The choice of whether
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to use a \axiomType{Complex} coefficient domain or not is
important since Axiom can perform some simplifications
on real-valued objects
H
\spadpaste{log(exp x)G@Expression(Integer)}
}
\xtc{

. which are not valid on complex omes.
H
\spadpaste{log(exp x)@Expression(Complex Integer)}
}
\xtc{
Many potential coefficient domains, such as
\axiomType{AlgebraicNumber}, are not usually used because
\axiomType{Expression} can subsume them.
H
\spadpaste{sqrt 3 + sqrt(2 + sqrt(-5)) \bound{algnumi}}
}
\xtc{
H
\spadpaste{\’ :: Expression Integer \free{algnumi}}
}
Note that we sometimes talk about ‘‘an object of type
\axiomType{Expression}.’’ This is not really correct because we
should say, for example, ‘‘an object of type \axiomType{Expression
Integer}’’ or ‘‘an object of type \axiomType{Expression Float}.’’
By a similar abuse of language, when we refer to an ‘‘expression’’
in this section we will mean an object of type
\axiomType{Expression R} for some domain {\bf R}.

The Axiom documentation contains many examples of the use

of \axiomType{Expression}.

For the rest of this section, we’ll give you some pointers to those
examples plus give you some idea of how to manipulate expressions.

It is important for you to know that \axiomType{Expression}
creates domains that have category \axiomType{Field}.

Thus you can invert any non-zero expression and you shouldn’t
expect an operation like \axiomFun{factor} to give you much
information.

You can imagine expressions as being represented as quotients of
‘‘multivariate’’ polynomials where the ‘‘variables’’ are kermels
(see \downlink{‘Kernel’}{KernelXmpPage}\ignore{Kernel}).

A kernel can either be a symbol such as \axiom{x} or a symbolic
function application like \axiom{sin(x + 4)}.

The second example is actually a nested kernel since the argument
to \axiomFun{sin} contains the kernel \axiom{x}.

\xtc{

H

\spadpaste{height mainKernel sin(x + 4)}
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}

Actually, the argument to \axiomFun{sin} is an expression, and so
the structure of \axiomType{Expression} is recursive.
\downlink{‘Kernel’}{KernelXmpPage}\ignore{Kernel}

demonstrates how to extract the kernels in an

expression.

Use the Hyperdoc Browse facility to see what operations are
applicable to expression.

At the time of this writing, there were 262 operations with 147
distinct name in \axiomType{Expression Integer}.

For example, \axiomFunFrom{numer}{Expression} and
\axiomFunFrom{denom}{Expression} extract the numerator and
denominator of an expression.

\xtc{

H

\spadpaste{e := (sin(x) - 4)**2 / ( 1 - 2*y*sqrt(- y) ) \bound{el}}
}

\xtc{

H

\spadpaste{numer e \free{el}}

}

\xtc{

H

\spadpaste{denom e \free{el}}

}

\xtc{

Use \axiomFunFrom{D}{Expression} to compute partial derivatives.
H

\spadpaste{D(e, x) \free{e}}

}

\xtc{

See \downlink{‘‘Derivatives’’}{ugIntroCalcDerivPage} in Section 1.12
\ignore{ugIntroCalcDeriv}

for more examples of expressions and derivatives.

H

\spadpaste{D(e, [x, yl, [1, 2]) \free{el}}

}

See \downlink{‘‘Limits’’}{ugIntroCalcLimitsPage}

in Section 1.10\ignore{ugIntroCalcLimits} and
\downlink{‘‘Series’’}{ugIntroSeriesPage} in Section 1.11
\ignore{ugIntroSeries}

for more examples of expressions and calculus.

Differential equations involving expressions are discussed in
\downlink{‘‘Solution of Differential Equations’’}
{ugProblemDEQPage} in Section 8.10\ignore{ugProblemDEQ}.
Chapter 8 has many advanced examples: see
\downlink{‘‘Integration’’}{ugProblemIntegrationPage}

in Section 8.8\ignore{ugProblemIntegration}

for a discussion of Axiom’s integration facilities.
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When an expression involves no ‘‘symbol kernels’’ (for example,

\axiom{x}), it may be possible to numerically evaluate the
expression.

\xtcq

If you suspect the evaluation will create a complex number,

use \axiomFun{complexNumericl}.

H

\spadpaste{complexNumeric(cos(2 - 3*\%i))}

}

\xtc{

If you know it will be real, use \axiomFun{numeric}.

H

\spadpaste{numeric(tan 3.8)}

}

The \axiomFun{numeric} operation will display an error message if
the evaluation yields a calue with an non-zero imaginary part.
Both of these operations have an optional second argument
\axiom{n} which specifies that the accuracy of the approximation
be up to \axiom{n} decimal places.

When an expression involves no ‘‘symbolic application’’ kernels,
it may be possible to convert it a polynomial or rational
function in the variables that are present.

\xtc{

H

\spadpaste{e2 := cos(x**2 - y + 3) \bound{e2}}

}

\xtc{

H

\spadpaste{e3 := asin(e2) - \%pi/2 \free{e2}\bound{e3}}

}

\xtc{

H

\spadpaste{e3 :: Polynomial Integer \free{e3}}

}

\xtc{

This also works for the polynomial types where specific variables
and their ordering are given.

H

\spadpaste{e3 :: DMP([x, y], Integer) \free{e3}}

}

Finally, a certain amount of simplication takes place as
expressions are constructed.

\xtc{

H

\spadpaste{sin \/pi}

}

\xtc{
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H

\spadpaste{cos(\%pi / 4)}

}

\xtc{

For simplications that involve multiple terms of the expression,
use \axiomFun{simplify}.

H

\spadpaste{tan(x)**6 + 3*tan(x)**4 + 3xtan(x)**2 + 1 \bound{tan6}}
}

\xtc{

H

\spadpaste{simplify \) \free{tan6}}

}

See \downlink{‘‘Rules and Pattern Matching’’}{ugUserRulesPagel} in
Section 6.21\ignore{ugUserRules} for examples of how to write your own
rewrite rules for expressions.

\endscroll
\autobuttons
\end{page}

\begin{patch}{ExpressionXmpPagePatchl}
\begin{paste}{ExpressionXmpPageFulll}{ExpressionXmpPageEmpty1}
\pastebutton{ExpressionXmpPageFulli}{\hidepaste}
\tab{5}\spadcommand{sin(x) + 3*cos(x)**2}
\indentrel{3}\begin{verbatim}
2
(1) sin(x) + 3cos(x)
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPageEmpty1l}
\begin{paste}{ExpressionXmpPageEmptyl}{ExpressionXmpPagePatchl}
\pastebutton{ExpressionXmpPageEmptyl}{\showpaste}
\tab{5}\spadcommand{sin(x) + 3*cos(x)**2}
\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPagePatch2}
\begin{paste}{ExpressionXmpPageFull2}{ExpressionXmpPageEmpty2}
\pastebutton{ExpressionXmpPageFull2}{\hidepaste}
\tab{5}\spadcommand{tan(x) - 3.45x*x}
\indentrel{3}\begin{verbatim}

(2) tan(x) - 3.45 x

Type: Expression Float

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPageEmpty2}
\begin{paste}{ExpressionXmpPageEmpty2}{ExpressionXmpPagePatch2}
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\pastebutton{ExpressionXmpPageEmpty2}{\showpaste}
\tab{5}\spadcommand{tan(x) - 3.45*x}
\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPagePatch3}
\begin{paste}{ExpressionXmpPageFull3}{ExpressionXmpPageEmpty3}
\pastebutton{ExpressionXmpPageFull3}{\hidepaste}
\tab{5}\spadcommand{(tan sqrt 7 - sin sqrt 11)**2 / (4 - cos(x - y))}
\indentrel{3}\begin{verbatim}

(3)
- tan(\
cos(y - x) - 4
Type: Expression Integer
\end{verbatim}

\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPageEmpty3}
\begin{paste}{ExpressionXmpPageEmpty3}{ExpressionXmpPagePatch3}
\pastebutton{ExpressionXmpPageEmpty3}{\showpaste}
\tab{5}\spadcommand{(tan sqrt 7 - sin sqrt 11)**2 / (4 - cos(x - y))}
\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPagePatch4}
\begin{paste}{ExpressionXmpPageFull4}{ExpressionXmpPageEmpty4}
\pastebutton{ExpressionXmpPageFull4}{\hidepaste}
\tab{5}\spadcommand{log(exp x)QExpression(Integer)}
\indentrel{3}\begin{verbatim}

(4) x

Type: Expression Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPageEmpty4}
\begin{paste}{ExpressionXmpPageEmpty4}{ExpressionXmpPagePatch4}
\pastebutton{ExpressionXmpPageEmpty4}{\showpaste}
\tab{5}\spadcommand{log(exp x)@Expression(Integer)}
\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPagePatch5}
\begin{paste}{ExpressionXmpPageFull5}{ExpressionXmpPageEmpty5}
\pastebutton{ExpressionXmpPageFull5}{\hidepaste}
\tab{5}\spadcommand{log(exp x)@Expression(Complex Integer)}
\indentrel{3}\begin{verbatim}
X
(5) log(he )
Type: Expression Complex Integer

\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}
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\begin{patch}{ExpressionXmpPageEmpty5}
\begin{paste}{ExpressionXmpPageEmpty5}{ExpressionXmpPagePatch5}
\pastebutton{ExpressionXmpPageEmpty5}{\showpaste}
\tab{5}\spadcommand{log(exp x)@Expression(Complex Integer)}
\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPagePatch6}
\begin{paste}{ExpressionXmpPageFull6}{ExpressionXmpPageEmpty6}
\pastebutton{ExpressionXmpPageFull6}{\hidepaste}
\tab{5}\spadcommand{sqrt 3 + sqrt(2 + sqrt(-5))\bound{algnuml }}
\indentrel{3}\begin{verbatim}

® \
Type: AlgebraicNumber
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPageEmpty6}
\begin{paste}{ExpressionXmpPageEmpty6}{ExpressionXmpPagePatch6}
\pastebutton{ExpressionXmpPageEmpty6}{\showpaste}
\tab{5}\spadcommand{sqrt 3 + sqrt(2 + sqrt(-5))\bound{algnuml }}
\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPagePatch7}
\begin{paste}{ExpressionXmpPageFull7}{ExpressionXmpPageEmpty7}
\pastebutton{ExpressionXmpPageFull7}{\hidepaste}
\tab{5}\spadcommand{\% :: Expression Integer\free{algnumi }}
\indentrel{3}\begin{verbatim}

™ A\
Type: Expression Integer
\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPageEmpty7}
\begin{paste}{ExpressionXmpPageEmpty7}{ExpressionXmpPagePatch7}
\pastebutton{ExpressionXmpPageEmpty7}{\showpaste}
\tab{5}\spadcommand{\}, :: Expression Integer\free{algnumi }}
\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPagePatch8}
\begin{paste}{ExpressionXmpPageFull8}{ExpressionXmpPageEmpty8}
\pastebutton{ExpressionXmpPageFull8}{\hidepaste}
\tab{5}\spadcommand{height mainKernel sin(x + 4)}
\indentrel{3}\begin{verbatim}
(8 2
Type: Positivelnteger
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\end{verbatim}
\indentrel{-3}\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPageEmpty8}
\begin{paste}{ExpressionXmpPageEmpty8}{ExpressionXmpPagePatch8}
\pastebutton{ExpressionXmpPageEmpty8}{\showpaste}
\tab{5}\spadcommand{height mainKernel sin(x + 4)}
\end{paste}\end{patch}

\begin{patch}{ExpressionXmpPagePatch9}
\begin{paste}{ExpressionXmpPageFull9}{ExpressionXmpPageEmpty9}
\pastebutton{ExpressionXmpPageFull9}{\hidepaste}
\tab{5}\spadcommand{e := (sin(x) - 4)**2 / ( 1 - 2xy*sq